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PREFACE 


This book is a slight extension of the third edition. Apart from some small 
additions to various sections, it contains a new extended section on Calorons in 
chapter 17, a topic that was only touched upon in the previous edition. Calorons 
are finite temperature instantons in the pure non-abelian SU(2) and SU(3) gauge 
theories, and have been the subject of intensive investigations in the past twelve 
years. As has been shown analytically, they possess very interesting properties, and 
appear to provide a connection between non-perturbative instanton like excitations, 
vortices and monopoles. Because they are excitations of the pure non-abelian gauge 
theories, they can also be studied in detail in ensembles of lattice gauge field config- 
urations using conventional Monte Carlo methods, where their indirect role played 
for the confinement problem becomes visible. As always we have tried to present 
the material in a transparent way, avoiding mathematical details, which are quite 
complex, as well as details in the simulations, which are in fact quite subtle. 


Note from the author 


We would be grateful if the reader would inform us about any errors he may find. 
The e-mail address is: H.J.Rothe@web.de 
Important corrections to this book which come to the authors attention, will 
be posted on World-Wide Web at 
http://www.thphys.uni-heidelberg.de/~rothe_h/LGT.html 
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PREFACE TO THE THIRD EDITION 


Apart from minor modifications, this new edition includes a number of topics, 
some of which are of great current interest. These concern in particular a discus- 
sion in chapter 17 of instantons and calorons, and of the role played by vortices for 
the confinement problem. Furthermore we have included in chapter 4 a section on 
Ginsparg—Wilson fermions. In chapter 10 we have added a section on the pertur- 
bative verification of the energy sum rule obtained in section 10.3. Some details of 
the calculations have been delegated to an appendix. New sections have also been 
added in chapters 14 and 15. In chapter 14 we come back to the Ginsparg-Wilson 
discretization of the action and discuss the ABJ anomaly within this framework. In 
the same chapter we also have included a detailed analysis of the renormalization of 
the axial vector current in one-loop order, since it provides an instructive example 
of how lattice regulated Ward identities can be used to determine the renormaliza- 
tion constants for currents. In chapter 15 we have included a very general treatment 
of the ABJ anomaly in QCD and show that in the continuum limit one recovers 
the well known result, irrespective of the precise way in which the action has been 
discretized. 

Following our general principle which we have always tried to implement, we 
have done our best to convey the main ideas in a transparent way as possible, and 
have presented most of the non-trivial calculations in sufficient detail, so that the 
reader can verify them without too much effort. As always we have only included 
results of numerical calculations of pioneering work, be it in the early days of the 
lattice formulation of gauge field theories, or in more recent days. 

Finally, we want to thank W. Wetzel and I. O. Stamatescu for a number of very 
fruitful discussions and constructive comments, and in particular Prof. Stamatescu 
for providing me with some unpublished plots relevant to instantons on the lattice. 
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PREFACE TO THE SECOND EDITION 


The objective of this extended edition of the book which appeared in 1992 
remains the same as at that time. The book is intended to provide the reader 
with the necessary theoretical background and computational tools in lattice gauge 
theories, to enable him to follow the vast literature on this subject, and to carry 
out research in this field. We have invested much effort in presenting the material 
in a (hopefully) transparent way. Wherever possible we exemplified complex ideas 
in simple models. Analytical calculations have been carried out in detail, so as to 
acquaint the reader with the computational techniques. 

Although the numerical computations have improved substantially since the 
appearance of the first edition, we have refrained from including recent results in 
this volume. Thus apart from a new section in chapter 17, where we discuss the 
dual superconductor picture of confinement, the data we present is the same as in 
the original volume. Our emphasis is on the early pioneering work which has been 
the motor for subsequent investigations, and which at the same time demonstrates 
the difficulties that physicist were confronted with (and still are) when carrying 
out numerical simulations. This is in line with the introductory character of the 
book. For more recent results the reader should confer the numerous conference 
proceedings. 

In this edition we have added a substantial amount of new material. In chapter 
4 we have included an additional section where the fermion doubling problem is dis- 
cussed in more detail. We have also added a chapter on lattice sum rules which have 
played an important role in the past years in numerical simulations of the flux-tube 
picture of confinement. Chapter 15, where we discuss the lattice Feynman rules for 
QCD, now also includes a derivation of the expression for the four-gluon vertex, 
which in the first edition had been kindly provided us by W. Wetzel. The original 
chapter 17 on finite temperature field theory has been expanded significantly, and is 
now replaced by chapters 18 and 19. Chapter 18 deals in detail with the thermody- 
namics of some simple, exactly solvable, bosonic and fermionic systems formulated 
within the path integral formalism. It provides the basis for a better understanding 
of the lattice formulation of field theories, and allows us to point out some subtle 
points which are not discussed in the literature. Chapter 19 is then devoted to fi- 
nite temperature perturbation theory in the continuum and on the lattice. The first 
part of this chapter treats the \¢°-theory in the continuum formulation, and, apart 
from minor changes, contains the material covered in the first edition. Thereafter 
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we derive the finite temperature-finite chemical potential Feynman rules for QED 
and QCD in the continuum and on the lattice, and apply them to calculate in detail 
various quantities of interest. This will provide the reader with a sound knowledge of 
the techniques used for carrying out perturbative computations at finite temperature 
and chemical potential in the continuum and on the lattice. 

The final chapter is devoted to non-perturbative QCD at finite temperature. 
The main body of this chapter consists of the material of chapters 19 and 20 in the 
original version, with minor modifications. We have included an additional section, 
in which we implement the theoretical ideas introduced in the first two sections in 
a simple lattice model. This model also serves to introduce the reader to a powerful 
computational technique used in the literature to study lattice gauge theories for 
strong coupling. 

What we have not discussed at all is the electro-weak sector of the standard 
model, and in particular lattice Higgs and Yukawa models. These models are treated 
in detail in the recent book by I. Montvay and G. Miinster (Quantum Fields on a 
Lattice, Cambridge University Press (1994)), where the reader can also find a number 
of topics not covered in this book. 

Writing this extended version has taken up much of the time that I should 
have spend with my family, and in particular with my children, who have asked 
me so many times in vain to play with them. I am very grateful to all of them 
for having had so much patience with me. I am also very grateful to T. Reisz and 
R. Haymaker for their critical reading of some sections of the book and their very 
helpful comments, and to P. Kaste for having checked a number of formulae. 


PREFACE TO THE FIRST EDITION 


This book is based on a one year course I held at the University of Heidelberg 
and on a series of lectures I gave at the “Autumn College on Techniques in Many- 
Body Problems” at Lahore, Pakistan, in november of 1987. These lectures have 
been published in the proceedings to this school by World Scientific (Rothe, 1989). 
I was later encouraged by the editors of World Scientific to expand on the material 
presented at the autumn college. This I have done in this book. 

The purpose of my lectures at Lahore was to introduce lattice gauge theories 
to young physicists who may not have the opportunity to attend a course on this 
subject at their home universities. I had therefore kept the discussion as elementary 
as possible, including only enough thechnical details to enable the reader to follow 
the published literature on this subject. In this book I have expanded substantially 
on the material presented at Lahore, and have included a number of technical details 
which I felt would be very helpful to those readers who may want to carry out 
research in this branch of elementary particle physics. I did, however, arrange the 
material in such a way that those physicists who are mainly interested in getting 
a bird eyes view on the subject can safely skip the technical parts, without the 
danger of getting lost at a later stage. This concerns, in particular, the discussion in 
sections 4 and 5 of chapter 4 on lattice fermions, and the weak coupling expansion in 
lattice quantum chromodynamics (QCD), chapter 14. I have included this material 
for the readers convenience, since it is not discussed in such detail in the literature. 
I also decided to include a chapter on the path integral formalism, since the entire 
book is based on the path integral approach to quantization, and I do not assume 
that everybody is familiar with this formalism. Those readers that have never come 
in touch with the path integral formulation of quantum field theory may find this 
chapter a bit technical. However, the results we derive, of which we will make ample 
use in this book, are very simple, and are easily understood by everybody. 

This book is mainly addressed to graduate students interested in particle 
physics. But it is also of interest to physicists actively engaged in research in the 
field of lattice gauge theories, and who may want to get a more general view on this 
subject. It assumes that the reader has a fair background in quantum field theory. 
A moderate knowledge of the continuum formulation of quantum chromodynamics 
would certainly be very helpful. Also physicists working in statistical mechanics may 
profit from reading this book, since the lattice formulation of field theories resembles 


closely that of complex statistical mechanical systems. 
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The book is divided in two parts. In the first part, comprising chapters 1 to 16, 
I discuss the zero temperature formulation of field theories on a space-time lattice, 
and in particular QCD. They are the lattice analogues of the usual continuum field 
theories discussed in standard text books. The second part, consisting of chapters 17 
to 20, deals with finite temperature field theory. The emphasis will be on QCD, but 
I shall use a scalar field theory to introduce the reader to a number of new concepts 
which play an important role in finite temperature QCD. 

Since the main goal of this book is to stimulate the readers interest in this fasci- 
nating branch of elementary particle physics, I have taken an optimistic standpoint, 
selecting some results of Monte Carlo calculations which illustrate the phenomena 
in a particularily dramatic way. I did not attempt to present a critical analysis of 
the results, and have left it to the reader to confer the original literature. Nor did 
I attempt to give a complete list of references, which the reader can find in the 
numerous proceedings to lattice conferences. More detailed discussions of most of 
the topics presented in this book can be found in the proceedings to various schools. 
An introduction to lattice gauge theories can also be found in the monograph by 
M. Creutz: Quarks, Gluons and Lattices, published by Cambridge University Press 
(1983). 

Hopefully this book will stimulate some of the readers to carry out some re- 
search in the field of lattice gauge theories. If so, I have achieved the purpose it has 
been written for. 

I like to take this opportunity to thank a number of colleages for their con- 
structive criticisms and for having read several chapters of this book. In particular 
I am grateful to A. Actor, I. Bender, D. Gromes, F. Karsch, K.H. Mütter, I.O. Sta- 
matescu and W. Wetzel. I am especially grateful to W. Wetzel for having checked a 
number of formulae, and for his extensive technical help in getting the manuscript 
into its final form. I also want to express my gratitude to Mrs. U. Einecke, and 
Mrs. M. Steiert for having typed so patiently the manuscript in TEX. Finally, I am 
particularily thankful to my family, whose continued support has made this book 
possible. In particular my children had to dispense of their father for many (!) hours. 
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CHAPTER 1 


INTRODUCTION 


It is generally accepted that quantum field theory is the appropriate framework 
for describing the strong, electromagnetic and weak interactions between elemen- 
tary particles. As for the electromagnetic interactions, it has been known for a long 
time that they are described by a quantum gauge field theory. But that the prin- 
ciple of gauge invariance also plays a fundamental role in the construction of a 
theory for the strong and weak interactions has been recognized only much later. 
The unification of the weak and electromagnetic interactions by Glashow, Salam 
and Weinberg was a major breakthrough in our understanding of elementary par- 
ticle physics. For the first time one had been able to construct a renormalizable 
quantum field theory describing simultaneously the weak and electromagnetic in- 
teractions of hadrons and leptons. The “electro-weak” theory of Glashow, Salam 
and Weinberg is based on a non-abelian SU(2) x U(1) gauge symmetry, which is 
broken down spontaneously to the U(1) symmetry of the electromagnetic interac- 
tions. This breaking manifests itself in the fact that, in contrast to the massless 
photon, the particles mediating the weak interactions, i.e., the Wt, W- and Z° 
vector bosons, become massive. In fact they are very massive, which reflects the 
fact that the weak interactions are very short ranged. The detection of these par- 
ticles constituted one of the most beautiful tests of the Glashow-Salam- Weinberg 
theory. 

The fundamental fermions to which the vector bosons couple are the quarks and 
leptons. The quarks, which are the fundamental building blocks of hadronic matter, 
come in different “flavours”. There are the “up”, “down”, “strange”, “charmed”, 
“bottom” and “top” quarks. The weak interactions can induce transitions between 
different quark flavours. For example, a “u” quark can convert into a “d” quark 
by the emission of a virtual W* boson. The existence of the quarks has been con- 
firmed (indirectly) by experiment. None of them have been detected as free parti- 
cles. They are permanently confined within the hadrons which are built from the 
different flavoured quarks and antiquarks. The forces which are responsible for the 
confinement of the quarks are the strong interactions. Theoretical considerations 
have shown, that the “up”, “down”, etc., quarks should come in three “colours”. 
The strong interactions are flavour blind, but sensitive to colour. For this reason one 
calls the theory of strong interactions Quantum Chromodynamics, or in short, QCD. 
It is a gauge theory based on the unbroken non-abelian SU(3)-colour group (Fritzsch 
and Gell-Mann, 1972; Fritzsch, Gell-Mann and Leutwyler, 1973). The number “3” 
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reflects the number of colours carried by the quarks. Since there are eight generators 
of SU(3), there are eight massless “gluons” carrying a colour charge which medi- 
ate the strong interactions between the fundamental constituents of matter. By the 
emission or absorption of a gluon, a quark can change its colour. 

QCD is an asymptotically free theory (’t Hooft, 1972; Politzer, 1973; Gross and 
Wilczek, 1973). Asymptotic freedom tells us that the forces between quarks become 
weak for small quark separations. Because of this asymptotic freedom property it 
was possible for the first time to carry out quantitative perturbative calculations of 
observables in strong interaction physics which are sensitive to the short distance 
structure of QCD.* In particular it allowed one to study the Bjorken scaling viola- 
tions observed in deep inelastic lepton nucleon scattering at SLAC. QCD is the only 
theory we know that can account for these scaling violations. 

The asymptotic freedom property of QCD is intimately connected with the fact 
that it is based on a non-abelian gauge group. As a consequence of this non-abelian 
structure the coloured gluons, which mediate the interactions between quarks, can 
couple to themselves. These self couplings, one believes, are responsible for quark 
confinement. Since the coupling strength becomes small for small separations of the 
quarks, one can speculate that the forces may become strong for large separations. 
This could explain why these fundamental constituents of matter have never been 
seen free in nature, and why only colour neutral hadrons are observed. A confir- 
mation that QCD accounts for quark confinement can however only come from a 
non-perturbative treatment of this theory, since confinement is a consequence of the 
dynamics at large distances where perturbation theory breaks down. 

Until 1974 all predictions of QCD were restricted to the perturbative regime. 
The breakthrough came with the lattice formulation of QCD by Kenneth Wilson 
(1974), which opened the way to the study of non-perturbative phenomena using 
numerical methods. By now lattice gauge theories have become a branch of parti- 
cle physics in its own right, and their intimate connection to statistical mechanics 
make them of interest to elementary particle physicists as well as to physicists work- 
ing in the latter mentioned field. Hence also those readers who are not acquainted 
with quantum field theory, but are working in statistical mechanics, can profit from 
a study of lattice gauge theories. Conversely, elementary particle physicists have 
profited enormously from the computational methods used in statistical mechanics, 
such as the high temperature expansion, cluster expansion, mean field approxima- 


tion, renormalization group methods, and numerical methods. 


*For an early review see Politzer (1974). 
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Once the lattice formulation of QCD had been proposed by Wilson, the first 
question that physicists were interested in answering, was whether QCD is able to 
account for quark confinement. Wilson had shown that within the strong coupling 
approximation QCD confines quarks. As we shall see, however, this is not a justified 
approximation when studying the continuum limit. Numerical simulations however 
confirm that QCD indeed accounts for quark confinement. 

There are of course many other questions that one would like to answer: does 
QCD account for the observed hadron spectrum? It has always been a dream of 
elementary particle physicists to explain why hadrons are as heavy as they are. 
Are there other particles predicted by QCD which have not been observed exper- 
imentally? Because of the self-couplings of the gluons, one expects that the spec- 
trum of the Hamiltonian also contains states which are built mainly from “glue”. 
Does QCD account for the spontaneous breakdown of chiral symmetry? It is be- 
lieved that the (light) pion is the Goldstone Boson associated with a spontaneous 
breakdown of chiral symmetry. How do the strong interactions manifest themselves 
in weak decays? Can they explain the AJ = 1/2 rule in weak non-leptonic pro- 
cesses? How does hadronic matter behave at very high temperatures and/or high 
densities? Does QCD predict a phase transition to a quark gluon plasma at suffi- 
ciently high temperatures, as is expected from general theoretical considerations? 
This would be relevant, for example, for the understanding of the early stages of the 
universe. 

An answer to the above mentioned questions requires a non-perturbative treat- 
ment of QCD. The lattice formulation provides the only possible framework at 
present to study QCD non-perturbatively. 


The material in this book has been organized as follows. In the following chap- 
ter we first discuss in some detail the path integral formalism in quantum mechanics, 
and the path integral representation of Green functions in field theory. This formal- 
ism provides the basic framework for the lattice formulation of field theories. If the 
reader is well acquainted with the path integral method, he can skip all the sections 
of this chapter, except the last. In chapters 3 and 4 we then consider the lattice 
formulation of the free scalar field and the free Dirac field. While this formulation 
is straight-forward for the case of the scalar field, this is not the case for the Dirac 
field. There are several proposals that have been made in the literature for placing 
fermions on a space-time lattice. Of these we shall discuss in detail the Wilson and 
the Kogut-Susskind fermions, which have been widely used in numerical simula- 
tions, and introduce the reader to Ginsparg-Wilson fermions, which have become of 


interest in more recent times, but whose implementation in numerical simulations 
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is very time consuming. In chapters 5 and 6 we then introduce abelian and 
non-abelian gauge fields on the lattice, and discuss the lattice formulation of QED 
and QCD. 


Having established the basic theoretical framework, we then present in 
chapter 7 a very important observable: The Wilson loop, which plays a fundamental 
role for studying the confinement problem. This observable will be used in chapter 8 
to calculate the static potential between two charges in some simple solvable models. 
The purpose of that chapter is to verify in some explicit calculations that the inter- 
pretation of the Wilson loop given in chapter 7, which may have left the reader with 
some uneasy feelings, is correct. In chapter 9 we then discuss the continuuum limit 
of QCD and show that this limit, which is realized at a critical point of the theory 
where correlations lengths diverge, corresponds to vanishing bare coupling constant. 
Close to the critical point the behaviour of observables as a function of the coupling 
constant can be determined from the renormalization group equation. Knowledge of 
this behaviour will be crucial for establishing whether one is extracting continuum 


physics in numerical simulations. 


Chapter 10 is devoted to the discussion of the Michael lattice action and energy 
sum rules, which relate the static quark-antiquark potential to the action and energy 
stored in the chromoelectric and magnetic fields of a gg-pair. These sum rules are 
relevant for studying the energy distribution in the flux tube connecting a quark 
and antiquark at large separations. 

Chapters 11 to 15 are devoted to various approximation schemes. Of these, 
the weak coupling expansion of correlation functions in lattice QCD is the most 
technical one. In order not to confront the reader immediately with the most com- 
plicated case, we have divided our presentation of the weak coupling expansion into 
three chapters. The first one deals with a simple scalar field theory and merely 
demonstrates the basic structure of Feynman lattice integrals. It also includes a 
discussion of an important theorem proved by Reisz, which is the lattice version of 
the well known power counting theorem for continuum Feynman integrals. In the 
following chapter we then increase the degree of difficulty by considering the case 
of lattice quantum electrodynamics (QED). Here several new concepts will be dis- 
cussed, which are characteristic of a gauge theory. Readers having a fair background 
in the perturbative treatment of continuum QED will be able to follow easily the 
presentation. As an instructive application of lattice perturbation theory, we in- 
clude in this chapter a 1-loop computation of the renormalization constant for the 
axial vector current with Wilson fermions, departing from a lattice regularized Ward 
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identity. Also included is a discussion of the ABJ-anomaly within the framework of 
Ginsparg-Wilson fermions. The next chapter then treates the case of QCD, which 
from the conceptional point of view is quite similar to the case of QED, but is tech- 
nically far more involved. The Feynman rules are applied to the computation of the 
ABJ anomaly which is shown to be independent of the form of the lattice regularized 
action. 

At this point we leave the analytic “terrain” and discuss in chapter 16 various 
algorithms that have been used in the literature to calculate observables numeri- 
cally. All algorithms are based on the concept of a Markov process. We will keep the 
discussion very general, and only show in the last two section of this chapter, how 
such algorithms are implemented in an actual calculation. Chapter 17 first summa- 
rizes some earlier numerical results obtained in the pioneering days. Because of the 
ever increasing computer power the numerical data becomes always more refined, 
and we leave it to the reader to confer the numerous proceedings for more recent 
results. We have however also included in this chapter some important newer devel- 
opments which concern the vacuum structure of QCD and the dynamics of quark 


confinement. 


The remaining part of the book is devoted to the study of field theories at 
finite temperature. It has been expected for some time that QCD undergoes a 
phase transition to a quark-gluon plasma, where quarks and gluons are deconfined. 
In chapter 18 we consider some simple bosonic and fermionic models, and discuss in 
detail the path-integral representation for the thermodynamical partition function. 
In particular we will construct such a representation for a simple fermionic system 
which is exact for arbitrary time step, and point out some subtle points which are 
not discussed in the literature. Chapter 19 is devoted to finite temperature pertur- 
bation theory in the continuum and on the lattice. The basic steps leading to the 
finite-temperature Feynman rules are first exemplified for a scalar field theory in 
the continuum. We then extend our discussion to the case of QED and QCD in 
the continuum as well as on the lattice and discuss in detail the temporal structure 
of the free propagator for naive and Wilson fermions. The Feynman rules are then 
applied to calculate the screening mass in QED and QCD in one-loop order, off 
and on the lattice. These computations will at the same time illustrate the power 
of frequency summation formulae, whose derivation has been relegated, in part, to 
two appendices. 

Chapter 20 is devoted to non-perturbative aspects of QCD at finite tempera- 
ture. The lattice formulation of this theory is the appropriate framework for studying 
the deconfinement and chiral phase transitions, and deviations of thermodynamical 
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observables from the predictions of perturbation theory at temperatures well above 
the phase transition. In this chapter we discuss how thermodynamical observables 
are computed on the lattice, and introduce an order parameter (the Wilson line or 
Polyakov loop) which characterizes the phases of the pure gauge theory. This order 
parameter plays a central role in a later section, where we present some early Monte 
Carlo data which gave strong support for the existence of a deconfinement phase 
transition. The theoretical concepts introduced in this chapter are then implemented 
in a simple lattice model which also serves to illustrate the power of the character 
expansion, a technique which is used to study SU(N) gauge theories for strong 
coupling. The remaining part of this chapter is devoted to the high temperature 
phase of QCD which, as already mentioned, is expected to be that of a quark gluon 
plasma. 


The material covered in this book should enable the reader to follow the exten- 
sive literature on this fascinating subject. What the reader will not have learned, is 
how much work is involved in carrying out numerical simulations. A few paragraphs 
in a publication will in general summarize the results obtained by several physicists 
over many months of very hard work. The reader will only become aware of this by 
speaking to physicists working in this field, or if he is involved himself in numerical 
calculations. Although much progress has been made in inventing new methods for 
calculating observables on a space time lattice, some time will still pass before one 
has sufficiently accurate data available to ascertain that QCD is the correct theory 


of strong interactions. 
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CHAPTER 2 


THE PATH INTEGRAL APPROACH TO QUANTIZATION 


Since its introduction by Feynman (1948), the path integral (PI) method has 
become a very important tool for elementary particle physicists. Many of the modern 
developments in theoretical elementary particle physics are based on this method. 
One of these developments is the lattice formulation of quantum field theories which, 
as we have mentioned in the introduction, opened the gateway to a non-perturbative 
study of theories like QCD. Since the path integral representation of Green functions 
in field theory plays a fundamental role in this book, we have included a chapter 
on the path integral method in order to make this monograph self-contained. In 
the literature it is customary to derive the Pl-representation of Green functions in 
Minkowski space. But for the lattice formulation of field theories, we shall need 
the corresponding representation for Green functions continued to imaginary time. 
Usually a rule is given for making the transition from the real-time to the imaginary- 
time formulation. This rule is not self-evident. Since we shall make use of it on several 
occasions, we will verify the rule for the case of bosonic Green functions, by deriving 
directly their path integral representation for imaginary time. What concerns the 
fermionic Green functions, we will not derive the Pl-representation from scratch, 


but shall present strong arguments in favour of it. 


In the following section, we first discuss the case of non-relativistic quantum 
mechanics.* The results we shall obtain will be relevant in section 2, where we 
derive the PI-representation of bosonic Green functions which are of interest to the 
lattice formulation of quantum field theories involving Bose-fields. In section 3 we 
then discuss the transfer matrix for bosonic systems. Green functions of fermionic 


operators are considered in section 4. 


As we shall see, the Pl-representation of Green functions is only formally de- 
fined for systems whose degrees of freedom are labeled by a continuous variable, as is 
the case in field theory. One is therefore forced to regularize the path integral expres- 
sions. In section 5 we discuss this problem on a qualitative level, and motivate the 
introduction of a space-time lattice. This, as we shall comment on, corresponds 


* For a comprehensive discussion of the PI-method in quantum mechanics in 
the real-time formulation, the reader should confer the book by Feynman and Hibbs 
(1965). 
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in perturbation theory to a particular choice of regularization of Feynman 
integrals. 


2.1 The Path Integral Method in Quantum Mechanics 


In the Hilbert space formulation of quantum mechanics, the states of the sys- 
tem are described by vectors in a Hilbert space, and observables are represented 
by hermitean operators acting in this space. The time evolution of the quantum 
mechanical system is given by the Schrodinger equation, or equivalently by* 


bE) =e MEO ab(to)), (2.1) 


where H is the Hamiltonian. Thus if we know the state of the system at time to, 
(2.1) determines the state at a later time t. Let q = {qa} denote collectively the 
coordinate degrees of freedom of the system and |q) the simultaneous eigenstates of 
the corresponding operators {Qa}, i.e., 


Qala) = qalq), a@=1,...,n. 


Then (2.1) implies the following equation for the wave function w(q,t) = 
lly) 


pd, t) = fusd taua t), 
where 
Gd, ta, t) = (d'le Eg) (2.2) 


is the Green function describing the propagation of the state |Y(t)}, and where the 


integration measure is given by 


dq = || dga. 
a= 


A very important property of the Green function (2.2) is that it satisfies the following 


composition law 
G(t,qd;q,t) = farata: dor IOU t 4,0). (2.3) 


This relation follows immediately by writing exp(—iH(t’ — t)) = exp(—iH (t — 
t"))exp(—iH(t” — t)) in (2.2) and introducing a complete set of intermediate states 


* We set A = 1 throughout this book. 
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|q") between the two exponentials. Using the property (2.3), Feynman derived a 
path integral representation for the matrix element (2.2), which exhibits in a very 
transparent way the connection between the classical and quantum theory. In clas- 
sical physics the time evolution of the system is given by the Lagrange equations of 
motion which follow from the principle of least action. To quantize the system, one 
then constructs the Hamiltonian, and writes the equation of motion in terms of Pois- 
son brackets. This provides the starting point for the canonical quantization of the 
theory. By proceeding in this way, one has moved far away from the original action 
principle. The path integral representation of Feynman reestablishes the connection 
with the classical action principle. In the following we derive this representation for 
the Green function (2.2) continued to imaginary time, t > —ir,t’ + —ir', since we 
shall need it in the following section. 


Consider the matrix element 


tq tlg,t) Sige 10, (2.4) 


where 
la, t) = e*l) 
are eigenstates of the Heisenberg operators 
Qa(t) = &#Q eit, (2.5) 


1.€., 


Qalt)lat) = qalq, t). 


Inserting a complete set of energy eigenstates to the right and left of the exponential 
n (2.4), we have that 


(7, tla, t) =e Bn Dab (q' WA(Q), 


where W,(q) = (q|En) is the eigenfunction of H with energy En. The sum over n 
extends over the discrete as well as the continuous spectrum of the Hamiltonian. 
This expression can now be continued to imaginary time. Making the replacements 
t + —ir,t’ > —ir’, we arrive at an expression which is dominated by the ground 
state in the limit 7’ — T > on: 


(dtd, t) pie, = Deng na) 
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The right-hand side is just the matrix element (q'|exp(—H(r' — r))|q). Hence, as 
expected from (2.4), the Green function continued to imaginary times is given by 


(0's t/|a,t) pie, = (qe Fa). (2.6) 


To arrive at a path integral representation for the right-hand side of (2.6), we split 
the time interval* |7,7’] into N infinitesimal segments of length € = (r'— 7)/N. Let 
T1,T72,..-,TN—1 denote the intermediate times, i.e., T < T} < Ta <---< T’. Then the 
imaginary-time Green function can be obtained by a sequence of infinitesimal time 
steps as follows, 


gle“ lq) = (d'le H(r' TN-1) @ H(tn-1—-TN-2) 7 Hn) |q) 


N-1 
Š / [] 4a° le") 
l=1 
Reger Mere gic egies lg), (2.7) 


where 


dq = | [ dq. 


Here |g) denote the complete set of eigenstates which have been introduced in the 


th intermediate time step. 


In order to evaluate the matrix elements in (2.7), we must now specify the 
structure of the Hamiltonian. Let us assume it to be of the form 


H= J) PVO), (2.8) 


where P, are the momenta canonically conjugate to Qa. Making use of the Baker- 
Campbell-Hausdorff formula, 


gape eAt B+ AB}. 
we conclude that exp(—He) can be approximated for small € by 


— zil PN 
e He xe E3 Ua Pae V (Q) 


It follows that 


(GED e T gO me (gD ea La Pa g enu, 


* We shall henceforth refer to 7 as “time”. 
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To evaluate the remaining matrix element, we introduce a complete set of momentum 
eigenstates to the right and left of exp (—§ >, PZ). With 


(alp) = |] see, 
per V 21 
we have that 
(gD eHO) ax gov) ‘i I] dpa I] 
GB=1 gh a=1 


(€+1) (2) 
1 — qa 
x exp {-* E (0? a ip (2) | ; 
€ 


Substituting this expression into (2.7) we arrive at the following approximate path 


integral representation in phase space, valid for small e: 


, in (tD O) _ 
C #9) |q) & f Dapet (Eak Jonia) (2.9a) 
where 
=q, Grad, (2.9b) 
n N-1 N-1 dp? 
DqDp = [J [J u9 ae (2.9¢) 
G=1 f=1 é=0 
and 
ei 2 
H(q,p) =$ spa” +V”) (2.94) 


Notice that the number of momentum integrations exceeds that of the coordinates. 

Actually, as the reader can readily verify, the above formula holds just as well 
for any Hamiltonian of the form H (Q, P) = T(P) +V(Q), with T(P) a polynomial 
in the canconical momenta. For the case where T(P) has the quadratic form given 
in (2.8), we can also obtain a configuration space path integral representation, by 
carrying out the Gaussian integration over the momenta. The following expression 


is valid for infinitesimal time slices, 


ni N-1 n dg? N=1 ep (gl) gO 
(dle (T —\q) x f lI lI me him ERSP, eae 
l'=1 a=1 


where 


| i 
Lela”, g) =) zie +V), (2.106) 
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41 2 

gOS qa") = qe (2.10c) 
€ 

and q% = q, q™ = q'. The subscript “E” on Lz is to remind us that we are studying 
the Green function in the “euclidean” formulation.* Let us interpret the right-hand 
side of (2.10a). Consider an arbitrary path in q-space connecting the space-time 
points (q,7) and (q', T"), consisting of straight line segments in every infinitesimal 
time interval. Let gq denote the set of coordinates of the system at time ty (see 


fig. (2-1)). To emphasize this correspondence let us set 


gq? = da (Te), 


where 7 = T, Ty = T'. Then (2.10c) is the “euclidean velocity” in the time interval 
[72,741] Of a “particle” moving in an n-dimensional configuration space, and Lg 
is the discretized version of the classical Lagrangean in the euclidean formulation 
(notice the “plus” sign between the kinetic term and the potential). The action 
associated with the path depicted schematically in fig. (2-1) is given by 


N-1 


Seld = do € [Y E (dal)? +V (a(n): (2.11) 


L=0 a 


This is the expression appearing in the argument of the exponential in (2.10a). 
We therefore arrive at the following prescription for calculating the Green function 


for imaginary time: 


i) Divide the interval [7,7’] into infinitesimal segments of length e€ = (7' — r)/N. 

ii) Consider all possible paths starting at q at time 7 and ending at q’ at time 7’. 
Approximate these paths by straight-line segments as shown in fig. (2-1), and 
calculate the action (2.11) for each path. 

iii) Weigh each path with exp(—Sz|q|) and sum these exponentials over all paths, 
by integrating over all possible values of the coordinates at intermediate times. 

iv) Multiply the resulting expression with (1/V/27e)"", where n is the number of 
coordinate degrees of freedom and take the limit € + 0, N — œ, keeping the 
product Ne = (T — T) fixed. 


* In the following chapters, where we will study the Pl-representation of field 
theories in detail, the transition to imaginary time corresponds to formulating the 
theories in euclidean space-time. We shall therefore refer in the following to the 
imaginary-time formulation as the euclidean formulation. 
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Fig. 2-1 Path connecting the space-time points (q,r) and (q’,7’) 
contributing to the integral (2.11a). 


The result of steps i) to iv) we formally denote by 


(qt lg) =f Dq e Sela (2.12a) 


where 


1 


Sela] = f dr" Lalal”), ål”), (2.120) 


and where, for later convenience, we have introduced the short-hand notation 


(d, Tla, T) = (d e7]; (2.12c) 


in analogy to (2.4). This is the path integral expression we wanted to obtain. Notice 
that because the paths are weighted with exp(— Sg), important contributions to 
(2.12a) are expected to come from those paths for which Sgfq] takes values close to 


the minimum, where 
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This is the principle of least action which leads to the classical euclidean equa- 
tions of motion. Hence, within the path integral framework, the quantization of a 
classical system amounts to taking into account fluctuations around the classical 
path. In the euclidean formulation these fluctuations are exponentially suppressed 
if Sg > 0. On the other hand, in the real time formulation, an analogous proce- 
dure to the one followed above, leads to the following path integral representation 
of (2.4): 


> j q A 
(d'le t-a) = if Dq 54, (2.13) 
q 


where Sj|q] is the action for real time. The path integral (2.13) is defined in the 
same way as before (see Feynman and Hibbs, 1965), but the paths are now weighted 
with an oscillating function. For this reason this path integral representation is not 
suited for numerical calculations. It is, however, a useful starting point for carrying 
out semiclassical approximations, where one expands the action about a minimum 
up to terms quadratic in the coordinates. For an instructive example the reader may 
consult the paper by Bender et al. (1978), where the energy spectrum and eigen- 
functions are calculated in the WKB approximation for a one-dimensional periodic 


potential. 


An exact evaluation of the path integral (2.12) or (2.13) is only possible in 
a few cases. The standard example in the real time formulation is the harmonic 
oscillator. It is discussed in detail in the book by Feynman and Hibbs (1965). The 
Coulomb potential already provides a quite non-trivial example (Duru and Kleinert, 
1979). It therefore may appear that the path integral method is of little practical 
use. This is true for quantum mechanics, where more efficient methods are avail- 
able to calculate scattering amplitudes, bound state energies and eigenfunctions. 
But in field theory, we only know how to compute Green functions in perturba- 
tion theory (except for some simple models which can be solved exactly). It is here 
where physicists first became very interested in the path integral method, since it 
allowed one to derive the Feynman rules for gauge theories like QCD in a very 
straightforward way. This is, however, only one of the merits of the method. As 
we have already pointed out, many of the modern developments in theoretical ele- 
mentary particle physics are based on the path integral formalism. In the following 
section we extend the above discussion to bosonic Green functions of interest in field 


theory. 
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2.2 Path Integral Representation of Bosonic Green Functions 
in Field Theory 


In quantum mechanics all physical information about the quantum system 
is contained in the Green function (2.2). In field theory, on the other hand, this 
information is stored in an infinite set of vacuum expectation values of time-ordered 


products of Heisenberg field operators. The simplest such operator is the real scalar 
field ¢(x) = $(Z,t). Its time evolution is given by 


p(Z, t) = e*6(Z, 0)e"™, 
where H is the Hamiltonian of the system. The coordinates % label the infinite 
number of coordinate degrees of freedom of the system. They play the role of the 


discrete index “a” labeling the Heisenberg operators Qa(t) defined in (2.5). The 
Green functions of the scalar field are defined by 


Ga, #,..., 20) = (QJT ($(a1)d(a2) ...6(xe)) Q), (2.14) 


where x; = (i, ti), and |Q) denotes the ground state (vacuum) of the system whose 
dynamics is determined by the Hamiltonian H. The time-ordering operation “T” 
orders the operators from left to right according to descending time. The analogue 
of (2.14) in our quantum mechanical example is evidently given by 


Goran... (ti, ti, te) = (Eo|T (Qo, (t1) Qa (t2) a Qa (te))| Eo). (2.15) 


Let us assume that we have ordered the operators in (2.15) according to descending 
time from left to right; then 


Garesti (ti, ti, tae , te) = (EolQax (t1)Qas (t2) tee Os, (te)|Eo), 
(ty > ty >- > te). (2.16) 


We are interested in a path integral representation of (2.16) continued to imag- 
inary times, ti + —77;. It is this representation which we shall need to formulate 
bosonic field theories on a lattice. The transition to imaginary times is made by 
replacing the operators Qa; (ti) by 


a(t’) = Qa 8. (2.17) 


This corresponds to setting t = —i7 on the right-hand side of (2.5). The euclidean 
version of (2.16) is therefore given by 


(EolQox (Osx (72)... Quy (Te) | Eo). (2.18) 
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To derive a path integral representation for this ground state expectation value we 
proceed in two steps. We first show that (2.18) can be extracted from the matrix 


elements 
(g, TÂ (71) Qas (T2) cians Qa (To) lq, T) 
= (q'e 7 Qea (T1)Âa (T2) --. QoelTe)e la), (2.19) 


by studying this expression for large positive and negative values of 7’ and 7. We 
then demonstrate that (2.19) has a path integral representation which is an (almost) 
obvious generalization of (2.12a). 

We begin with the first mentioned step. Inserting a complete set of energy 
eigenstates to the left and right of the operators exp(HT) and exp(—#H7’) in (2.19), 
we have that 


(dq, TÂ (71) pares Ox (Te) Iq, T) 
= YO Pe oP (q! Ug) (Ew Âa (T) <- < Qay(T) Ex). (2.20) 
Assuming that there exists an energy gap between the ground state and first excited 
state, we therefore find that 


(dT Qa (71) --- Qay(7)|9,7) 
ee Pah (qh (4) (EolÂa (T) --- Qae(Te)|Eo)- (2.214) 


Tt! 00 
T——00 


Furthermore, replacing the Oe: (7;)’s in this expression by the unit operator, we have 
that 


(rla T) > eoll) (2.216) 
From (2.21a,b) we are led to the following important statement: 


(q', T'|Qa (71) es Qoae (To)lq, T) Zoe (EolQa, (71) ae Ox (To) | Eo). (2.22) 
(d. 74,7) a 


T—+—0O 


Notice that according to (2.22) we are free to choose for q = {qa} and q! = {qi} 
any values as long as (q|Eo) and (q’|Eo) are different from zero! In other words, 
the ground state wave function must have non-vanishing support at q and q’. Since 
(2.22) actually holds for arbitrary time, 71,...,72, it follows that a corresponding 
expression holds for the time-ordered product of the operators, i.e., 


(q', PM Cul) Cu (Te)) lą, T) = (Eo TÔ (71) = -Qa,(Te))|Eo)- (2.23) 


T—+—00 
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This completes the first step of our program. We now proceed with the second 
step, and construct the path integral representation for the numerator appearing on 
the left-hand side of (2.23). The Pl-representation for the denominator has already 
been obtained in the previous section. Our starting point, however, is not this nu- 
merator, but the matrix element (2.19), with 7, > T2 >--- > Te. Let us first write 
out the time dependence explicitly, by making use of the definition (2.17): 


(4',7'|Qos(T1)Qaa(T2) -- -Qae (Te) I4, 7) 


= (gle FO MQ, ETT Qae Fe) She 
x a et One eg), 


We next insert a complete set of eigenstates of Ôa} to the right and left of each 
of the operators Qos: These operators are diagonal in this representation. Let us 


denote the integration variables associated with Ôa; collectively by q®. Then 


(d, T'|Âa (71) tee Qa(T)I4, T) 


l 
= / [da 7/la, a U., rile, TE ...a (a, rela, 7). 
i=l 


Inserting for (q, 7:|q, 7;), etc., the path integral expressions analogous to (2.12a) 
one finds that 


CEA --- Qae(Te)|4,7) 
= il Daga lai gal TE E dr” Le latr”) a”) 
q 
(T> Sent Say Tc); (2.24) 
where the path integral is calculated as follows: 


i) Split the interval [r,r] into N infinitesimal time intervals of length € = (7’ — 
T)/N. 

ii) Consider all paths starting at q at time 7 and ending at q’ at time 7’. Approxi- 
mate these paths by straight line segments in each infinitesimal time interval. 

iii) Weigh each path with exp(—Sglq]), where Sglq] is the action defined in (2.11), 
and with the product of the coordinates qq,,..-,@a, at times 7),...,7¢, respec- 
tively. Sum the contributions over all paths by integrating over all possible values 
of the coordinates at intermediate times. 

iv) Multiply the resulting expression with (1//2ze)"%, where n is the number of 
degrees of freedom of the system, and take the limit € — 0,N — oo, keeping 
the product Ne = T’ —7 fixed. 
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In deriving the above expression we have assumed that T’ > n > mn >- > 
Te > T. Instead of (2.24) we can therefore also write 


(0',7'IT (Qai(71) «+ Qag(7)) 1a) 
g 1 ar 
=f Data 14) += dae een F 4D, (2.25) 
q 


But because of the definition of the T-product, we can now write the product of the 
operators Qa, (T) in any order we wish. This symmetry under the exchange of any 
two operators is reflected in the path integral, since the q,’s are ordinary commuting 
variables. 


We are now ready to write down the path integral expression for the right-hand 
side of (2.23). Inserting the expressions (2.25) and (2.12a) into the left-hand side of 
(2.23), and taking the indicated limit, we find that 


_ J Dalos (T) - - - dau (Te)e~ SeN 


(BolT Qa, (7) --- Qae(2))|Eo) T | 


(2.26a) 


where (2.12b) is now replaced by 


Ssl] = fdr Le(a(r).4(r)) (2.268) 
Sg is the euclidean action associated with the path q(7). The integrals in (2.26a) are 
carried out over all paths starting and ending at arbitrary points at times T = —oo 
and T = +00, respectively. This is true as long as the ground state wave function has 
non-vanishing support at q and q’. In practical calculations the size of (q|Eo) and 
(q|Eo) is important. The reason is that in most cases of interest we cannot evaluate 
the path integral analytically, but must recur to numerical methods. This forces one 
to calculate the multiple integrals on finite time lattices. It is then essential that the 
contributions to the sum in (2.20) coming from higher energy states are suppressed 
as much as possible. When (2.26a) is calculated numerically one usually imposes 
periodic boundary conditions, i.e., q = q’, and allows q to take arbitrary values. 
This choice of boundary conditions turns out to be very convenient. 


We now make some further comments about the path integral expression 
(2.26a). The evaluation of the right-hand side demands that we first calculate the 
multiple integrals on a time lattice with finite lattice spacing €, and then take the 
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limit € — 0. Unfortunately, one can only carry out this program for path integrals 
of the Gaussian type. As an example consider the following integral, 


N 
2a 
a fil dqiqar qaz - - - qare? Dain anMnmam (2.27) 
i=1 


where M is a real, positive definite symmetric matrix, and where the sum extends 
over nım = 1,..., N. This integral can be calculated as follows. Introduce the 


generating functional 
N 
1 
Zo|J| = / [ [dae e er ee, (2.28) 
i=1 


Then (2.27) is evidently given by 


ð! Zol] 
g | 2.2 
Too (sar node, ) = (2.29) 


We therefore need to calculate the integral (2.28). This can be easily done by per- 

forming an orthogonal transformation on the coordinates {qa} which diagonalizes 
the matrix M. One then finds 

(27)? a Jn Mah J, 

Zo[F] = ee? Ym InMamJm 2.30 

E vay 

where M~! is the inverse of the matrix M, and det M is the determinant of M. 

This expression is very useful for carrying out a perturbative expansion of Green 

functions in theories where the potential is a polynomial in the coordinates and can 

be treated as a small perturbation. Thus suppose we want to calculate the integral 


N 
Kaiza = JU diay Ia te dae T, (2.314) 
i=l 
where 
1 


with Sz|q] a polynomial in the coordinates {qn}. The integral (2.31a) is given by 
(2.29), but with the generating functional (2.28) replaced by 


N 
Z{J] = J Theses Irn 
i=l 
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Expanding exp(—S7|q]), we have that 


oo 4 k N 
Z| J] = ys ~ J TL aatsitayse t= drMnmdmt+ din Indn 
` i=1 


k=0 


This expression can also be written in the form 


“ey (si | ZT) a 


k=0 


where S7{0/0.J] is obtained from S;|q| by making the replacements qn > 0/3 Jn (n = 
1,..., N) in the argument of S;, and where Zo|.J] is the generating functional (2.30). 
The above formula allows us to compute the generating functional Z[J] of the inter- 
acting theory in every order of Sz. This is the first comment we wanted to make. The 
second comment concerns our earlier claim, that the path integral representation of 
Green functions opens the possibility of studying field theories non—perturbatively. 
The reason for this is the following. Consider the right-hand side of (2.26a). If the 
action is bounded from below, then this expression has the form of a statistical 
ensemble average, with a Boltzmann distribution given by exp(—Sz|q]). This allows 
us to use well-known statistical methods to calculate Green functions in theories 
with a large number of degrees of freedom. The entire book is based on this simple 
observation. Because of this similarity with statistical mechanics we shall speak of 
the euclidean Green functions as correlation functions, and write (2.26) in the form 


1 E 
(dai (T1) -- + Gae(Te)) = z | Paat) aulre em (2.32a) 
where 
Z= f Dge #4, (2.32b) 


We want to point out, however, that the right-hand side of (2.32a) should not 
be confused with a canonical ensemble average in classical statistical mechanics. 
Nevertheless, we shall refer to (2.32b) as the partition function. 

For reasons mentioned at the beginning of this chapter, we have concentrated 
our attention on Green functions continued to imaginary times. The derivation of the 
path integral representation for the real-time Green functions (2.15) can be found 
in the review article by Abers and Lee (1973), and in most modern text books on 
field theory. We only quote here the result: 


= f Dq daz (t1) +++ day (to) l 
f Dq eżsSla] 


(Eo|T (Qoi (ti) <- - Qae (te) |Eo) (2.33) 
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Here S|q] is the action whose variation leads to the equations of motion for real 
times. In our quantum mechanical example S[q] is given by 


sia = f i dt p> a 2 via | (2.34) 


The quantity appearing within brackets is the Lagrangean describing the dynamics 
of the classical system. On the other hand, we have seen that the “euclidean” action 
S'p[q| has the form 


Sela = fdr Ex (#) ! via} (2.35) 


—co 


whose variation leads to the “euclidean” equations of motion. By comparing (2.35) 
and (2.34), we see that Spg|q] can be obtained from Sq] by the following formal rule: 
Consider the action Sq]. Replace t by —ir wherever t appears explicitly, and qa(t) 
by qa(T), where the coordinates are treated in both cases as real valued functions of 
their arguments. Then 


iSlq] = —Szlal, 
t —1T 
where “t + —ir” stands for the above formal prescription. Of course we have only 
proved this rule for systems, where the kinetic part of the Lagrangean is quadratic 
in the velocities. For fermionic systems this is not the case, but the prescription is 
still correct. Since we are usually given the action of the system for real times, the 
above rule is useful for determining the form of the euclidean action that enters the 
path integral expression (2.32a). 


As we have demonstrated in this section, euclidean path integrals involve the 
integration over real valued coordinates on an euclidean time lattice. A similar state- 
ment holds for the PI-representation of Green functions defined for real times. The 
difference between the two representation, merely resides in the structure of the 
action. Thus in the real-time formulation the paths q(t) are weighted with a phase, 
while the corresponding weight in the euclidean formulation can be interpreted as 
a “Boltzmann factor”, if the action is a real valued functional of the coordinates, 
bounded from below. This was the main point we wanted to demonstrate by deriving 
directly the path integral representation for Green functions continued to imaginary 


times. 
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2.3 The Transfer Matrix 


Consider the partition function (2.32b). For a system whose dynamics is dic- 
tated by the Hamiltonian (2.8), Z has the following explicit form on a finite, periodic, 
euclidean time-lattice:* 


a 2 
F g eo ce vo) 


z= | Tse a ; (2.36) 


Let us write this expression in the form 


N-1 


N-1 
Z= I I] dq”? I] TID, (2.37a) 
L'=0 


l= 


where dq = IT, dar”, and 


1 n/2 = > (EE) aveo] 
Tet Se | a e : (2.37b) 
2T€ 


From (2.9) we see that 


gD len He 


Tyler g® = ( |g). (2.38) 


The matrix defined by (2.38) is the so-called transfer matrix. It describes the evo- 
lution of the system in an infinitesimal timestep e€. Actually, the more fundamental 
definition of the partition function is given by (2.37a) , with the transfer matrix 
defined in (2.38). This is evident from our discussion in the previous two sections, 
where the matrix elements of exp(—eH) played a fundamental role. 


Suppose now that we were given the transfer matrix. Can we extract from it 
the Hamiltonian (2.8)? Indeed, this can be done by reversing the steps which led us 
from (q+ | exp(—He)|q) to (2.9).** We now give the details. The states |q)) are 
simultaneous eigenstates of the coordinate operators Qa: 


Qala) = qq». 


Let us introduce the momentum operators P, canonically conjugate to Qa, which 
satisfy the commutation relations 


Liss Ps] = Wap: 


* Le., g® and q™) are identified. 
** See e.g., Creutz (1977). 
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Then exp(—ié- P), with €- P = > &.Pa, generates finite translations by € = 
GE SE en) 


e Pig) = lq +6). 


Since 


(d'la) = J [ 8l — 4a), 


Qa 


we conclude that 


(QM lee gO) | Pog a —6,). (2.39) 


Now the matrix element (2.38) can also be written in the form 
ae ae (£) 
Tengo = fa I] LEED — qO — £a) 28a be“ VO), 


where 


By making use of the relation (2.39), this expression becomes 


Tyernge = (9 | f agek Easra] ee Og) 


Performing the Gaussian integral we therefore find that 


Tengo = (qD e- [Ea 2PAtV()] gO), 


By comparing this expression with (2.38), we conclude that the Hamiltonian is given 
by (2.8). 

The above described procedure for constructing the Hamiltonian, given the 
transfer matrix, will be relevant later on, when we discuss the lattice Hamiltonian of 
a gauge theory. In the lattice formulation of field theories we are given the partition 
function. By writing the partition function in the form (2.37a), the identification 
(2.38) will allow us to deduce the lattice Hamiltonian. 


2.4 Path Integral Representation of Fermionic Green Functions 


So far we have considered quantum mechanical systems involving only bosonic 


degrees of freedom. But the fundamental matter fields in nature are believed to carry 
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spin 1/2. In contrast to the bosonic case these fields anticommute in the limit A — 0, 
and hence become elements of a Grassmann algebra in this limit. We therefore expect 
that the path integral representation of Green functions built from fermion fields 
will involve the integration over anticommuting (Grassmann) variables.* We hence 
begin this section with a discussion of how one differentiates and integrates functions 
of Grassmann variables. The integration rules are then applied to calculate specific 
integrals, which will play an important role throughout this book. The results we 
shall obtain will give us a strong hint regarding the path integral representation of 
fermionic Green functions in theories of interest for elementary particle physics. We 
begin our discussion with some basic definitions. 


Grassmann Algebra 


The elements 71,...,7n are said to be the generators of a Grassmann algebra, 
if they anticommute among each other, i.e., if 


From here it follows that 
nj = 0. (2.41) 


A general element of a Grassmann algebra is defined as a power series in the 7;’s. 
Because of (2.41), however, this power series has only a finite number of terms: 


f(n) = fo+ ` fini + 5 fiini + +++ + fi2.. NMN- NN- (2.42) 
i ij 


As an example consider the function 


g(n) = e7 Dhar AGN 


It is defined by the usual power series expansion of the exponential. Since the terms 
appearing in the sum - being quadratic in the Grassmann variables - commute among 
each other, we can also write g(7) as follows 


g(n) = [jen 


i,j 


* For a comprehensive discussion of the functional formalism for fermions the 
reader may consult the book by Berezin (1966). 
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or, making use of (2.41), 
N 
gn) = [ [C - nAn). 


Next we consider the following function of a set of 2N-Grassmann variables which 
we denote by 71,...,9N,71,---57)N: 


h(n.) =e Ea om, 


Proceeding as above, we now have that 


h(n.) = J [C -Aym ) 


i, j=1 


Notice that in contrast to previous cases, this expression also involves diagonal 
elements of Ajj. 


Integration Over Grassmann Variables 


We now state the Grassmann rules for calculating integrals of the form 


i Tanson, 


where f(7) is a function whose general structure is given by (2.42). Since a given 
Grassmann variable can at most appear to the first power in f(7), the following 
rules suffice to calculate an arbitrary integral [Berezin (1966)]: 


[enn =1. 


When computing multiple integrals one must further take into account that the 


(2.43) 


integration measures {dn;} also anticommute among themselves, as well as with 
all n;’s 


(didm y = {dri,nj} =0, Vi, j. (2.43b) 


These integration rules look indeed very strange. But, as we shall see soon, they are 
the appropriate ones to allow us to obtain a Pl-representation of fermionic Green 
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functions. As an example let us apply these rules to calculate the following integral: 


N 
IA] = MICA Zij- MiAijni, (2.44) 

(=1 
We could have also denoted the Grassmann variables by 7,...,72n, by setting 


"n+; = i- But for reasons which will become clear later, we prefer the above nota- 
tion. To evaluate (2.44), we first write the integrand in the form 


N 
e7 ig MAING — I] en Dj- ijn | 
i=1 
Since 7? = 0, only the first two terms in the expansion of the exponential will 
contribute. Hence 


e7 tas MANN = (1 — mAn Na (1 — BAM) (1 — AwAnin Nin); (2.45) 


where a summation over repeated indices ip(f = 1,..., N) is understood. Now be- 
cause of the Grassmann integration rules (2.43a), the integrand of (2.44) must in- 
volve the product of all the Grassmann variables. We therefore only need to consider 


the term 
K(n, 7) = XO MiNi. iy fin Ari, Arig. Anins (2.46) 
irin 
where we have set NkNi, = —Ni Tk to eliminate the minus signs appearing in (2.45). 
The summation clearly includes only those terms for which all the indices 21,..., iN 


are different. Now, the product of Grassmann variables in (2.46) is antisymmetric 
under the exchange of any pair of indices iẹ and zy. Hence we can write expression 
(2.46) in the form 


K(n,f) = Mine- --NNÜN D> Cixin.in Ari Adin -» Ani 
irin 
where Eiis..iy IS the e-tensor in N-dimensions. Recalling the standard formula for 
the determinant of a matrix A, we therefore find that 
K(n, ñ) = (det Ajman . - - NNN- 


We now replace the exponential in (2.44) by this expression and obtain 


N 
1A] = |] f didninin;,| det A = det A. 
i=1 
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Let us summarize our result for later convenience: 


[Pome Ej MAU — det A, 
N (2.47) 
D(in) = I] dijedne. 
=1 


There is another important formula we shall need, which is the analog of (2.30). 


It will allow us to calculate integrals of the type 
Ti, ist. [A] = J Dimm gies Ee Dij- MAING (2.48) 
Consider the following generating functional 
Z\|p, pl = [Pome Xag MATL (Tpit PEM) | (2.49) 
where all indices are understood to run from 1 to N, and where the “sources” {p;} 


and {p;} are now also anticommuting elements of the Grassmann algebra generated 
by {ni, Ti, Pi, Pi}. To evaluate (2.49) we first rewrite the integral as follows: 


ZAP p| = | S Pome Vij ar eX ij PiAGy Pi 
where 
N; = — ` Ax, Pk, 
k 
T = Mi — ` PrAgy 
k 


and A`! is the inverse of the matrix A. Making use of the invariance of the integration 
measure under the above transformation* and of (2.47), we find that 


Z\p, p] = det AeX+s PA Pa, (2.50) 


Notice that in contrast to the bosonic case, this generating functional is proportional 
to det A [instead of (det A)~'/?; see (2.30)}. 


* This is ensured by the Grassmann integration rules. 
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Differentiation of Grassmann Variables 


We now complete our discussion on Grassmann variables by introducing the 
concept of a partial derivative on the space of functions defined by (2.42). Suppose 
we want to differentiate f(n) with respect to n. Then the rules are the following: 


i) If f(7) does not depend on n;, then ôn f(n) = 0. 

ii) If f(7) depends on n, then the left derivative 0/On; is performed by first bringing 
the variable ņ; (which never appears twice in a product!) all the way to the left, 
using the anticommutation relations (2.40), and then applying the rule 


o 
n=l. 
An; | 
< 
Correspondingly, we obtain the right derivative 0 /On; by bringing the variable n; 
all the way to the right and then applying the rule 


3 


aS 
1) On, 
Thus for example 


ð f f 
gka (i £ j), 


or 


a 


LT = =j. 
Notice that, because of the peculiar definition of Grassmann integration, we have 
that 
J ante = <1. 
Oni 
Hence integration over 7; is equivalent to partial differentiation with respect to this 
variable! Another property, which can be easily proved, is that 


ð ð 


Let us apply these rules to some cases of interest. Consider the function 


E(P) = e% P, 


where {n;, pi} are the generators of a Grassmann algebra. If they were ordinary 


c-numbers then we would have that 


E EO) = nE) 
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This result is in fact correct. To see this let us write E(p) in the form 
E(P) = | [0 + an). 
j 
Applying the rules of Grassmann differentiation, we have that 


a 
Opi 


E(D) = m | [G+ 5m). 
j+żi 


But because of the appearance of the factor n; we are now free to include the extra 
term 1 + Jin; in the above product. Hence we arrive at the above-mentioned naive 
result. It should, however, be noted, that the order of the Grassmann variables in 
Š; Pim was important. By reversing this order we get a minus sign, and the rule is 
not the usual one! By a similar argument one finds that 


— 
eži Tipi — ner Tipi, 


Let us now return to the generating functional defined in (2.49). Proceeding as 
above one can easily show that 


= = 

o o O o 
Inicial A] = eon = |p, p ; 2.51 
£504) l ] OA Opi, [o pl Opi Opi, a ( ) 


where the left-hand side has been defined in (2.48). By making use of the explicit 
expression for Z[p, p] given in (2.50), one can calculate the right-hand side of (2.51). 
Since we shall need this expression in later chapters, we will derive it here. To this 
effect we first rewrite (2.50) as follows 


Z[p, p] = det A] |e > Ag Pi = (det A)(1 + pi, Az}, pr) 


A (1 + Piz Aj, bn Pka) wes (1 + Pis Ake Phe) yee |; (2.52) 
where the indices ky,...,k¢ are summed, and |...] stands for the remaining factors 
not involving the variables f;,,...,(;,. The only terms which contribute to the left 


derivatives in (2.51) are those involving the product J; ...;,. Furthermore since we 
will eventually set all “sources” p; and J; equal to zero, we can replace |...] by 1. 
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The contribution in (2.52), which is relevant when computing (2.51), is therefore 
given by 


Zip, p| = det A ` Pin Arh Pki pa “Pigg, Ohi 
{ki} 
where all k;’s are different, and the “prime” on {k;}’ indicates that the k;’s take only 
values in the set (74, 75,..., 7), labeling the right derivatives in (2.51). Thus we can 


write the above expression in the form 
1 1 ie 7 _ 
= det A >, Ani Aint, ba Ai itp, Pir Pip, PinPi'p, ++ PipPi'p, 
(2.53a) 


where the sum extends over all permutations 


woh .. & 
P: r e (2.53b) 
Pi Pz eee Pe 


Each of the products of Grassman variables appearing in the sum (2.53a) can be 


put into the form 
Fie! = Dipi Didi, Digbi, 


by using the anticommutation rules for Grassmann variables. It follows that 


o — —1 
5- 1) PAi Pi hd Avie, 


P 


Zp, p] = (det A) Pp 


where (—1)7P is the signum of the permutation (2.53b). We now apply the left and 
right derivatives indicated in (2.51) to the above expression and obtain the following 


important result: 
J Dimm < Mig Mi + MLE Lig MAIS 


= €,(det A) ENP are ATi (2.54) 


P 


where € = (—1)-/?, As a particular case of (2.54) we have that 
J Damme Eunn = (dot AAG (2.56) 


Let us define the two-point correlation function 


J D(an)nnje” Xij MAN; 
J Diane dig MAN; 


(nity) = (2.56) 
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Then it follows from (2.47) and (2.55) that 
nity = (nifly) = AG’. (2.57) 
We shall refer to (2.57) as a contraction. The generalization of (2.57) to arbitrary 
“correlation” functions, 


JS Dean) nis -+ -Mia Tage” Hia HAIG 
J Dine” is Am 


(ieee fune s -Tias ) = : (2.58) 


follows from (2.54) and (2.47). One finds that 


Ae, S a 
(Niria <- - Niis <<.) = Nia Nia -Nii Tis, Te 
l 


| > aa | L 


(2.59) 


where the right-hand side stands for the sum of all possible pairwise contractions 
(2.57) of the Grassmann variables, multiplied by a phase (—1)?, where p is the 
number of transpositions required to place the contracted variables next to each 


other in the form 77. 


This completes our discussion of Grassmann variables. Let us now answer the 
question what all these exercises with Grassmann variables have to do with the path 
integral representation of fermionic Green functions. To this effect let us consider 
the simplest type of relativistic field theory involving only fermionic fields: the free 
Dirac field. The corresponding action in Minkowski space is given by* 


Sel, 8] = f d'zý(a)(iy"ð, — Myv(2), 


where 7“ are the Dirac y-matrices, and where the Lorentz index u is summed. Let 


us write this action in the form 


Sp =F | ded yin(2) Kaale, yale), 
a, 


where 


Kapla, y) = (i3, — M)agd (x — y). 


* We assume the reader is familiar with the quantization of the free Dirac field. 
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The two-point function (fermion propagator) is related to the inverse of the matrix 
K as follows: 


(Q|T(Va(2)Va(y))|Q) = iKa (2, y), 


where the time-ordering operation “T” orders the operators from left to right ac- 
cording to descending time, treating the operators V, and Wg as elements of a 
Grassmann algebra. But we have just learned above how to compute the inverse of 
a matrix by means of Grassmann integrals. Thus a naive application of the formulae 
(2.56) and (2.57) leads to the following Pl-expression for iky, s(x, y): 


f Dbb)Walx)ba(yetse Ol 


at =, 
iKa (£, y) = f Deby jee 4 i 
where the measure is formally defined by 
-Il dia (x)dWa(x 


and where w and ~ are Grassmann-valued fields. The above observation suggests 
that the Pl-representation of Green functions involving an equal number of Dirac 
fields of type Y and W is given in Minkowski space by* 


(AT (Gas (#1) «+ Pael) Wa, (tn) --- Waeye))12) 
S Debby ar (21) «+ Vee (ee) Pa, (Mr) --- bar (yo) ee 
g J Dipper 


This is certainly true for the free Dirac field, as follows from a naive application of 


(2.60) 


formula (2.59), which is nothing but Wick’s theorem. But it is also true for theories 
like QED or QCD, where the fermionic contribution to the action is again a bilinear 
function in the fields 7 and 7. In these theories, this fermionic contribution also 
depends on a collection of bosonic variables (the gauge potentials) and the path 
integral (2.60) gives the Green function evaluated in external gauge fields. When 
quantum fluctuations of these fields are taken into account, the appearance of the 
determinant of the matrix A in (2.55) (rather than 1/V/det A, which is characteristic 
of the bosonic case) will play a crucial role. This will become clear later on, when 
we discuss these theories in detail. 


* All other functions vanish because of the Grassmann integration rules. For a 
derivation of the path integral expression for fermions from fundamental principles, 
see Berezin (1966). 
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As the reader will have noticed, we have not discussed the path integral rep- 
resentation of fermionic Green functions continued to imaginary times. We shall do 
this in chapter 4, using the rule derived in section 2 for Green functions involving 
bosonic variables. In the case of the free Dirac theory, the correctness of this rule 
can be checked explicitly by comparing the results obtained by the Pl-method with 
those derived using conventional canonical Hilbert space methods. In field theories 
with interactions like QED or QCD, such a comparison can be made in perturbation 
theory. The non-perturbative definition of the correlation functions in these theories 
is assumed to be given by the PI expressions. 


We close this section with a remark. In contrast to the bosonic case, we cannot 
calculate numerically “ensemble averages” of products of Grassmann variables using 
statistical methods. Nevertheless, we will still be able to study theories like QED 
or QCD numerically. The reason is that, as we have just mentioned, the fermionic 
contributions to the action in these theories is bilinear in the fields Y and 7. This 
allows one to perform the Grassmann integrals and to recast the path integral ex- 
pression for the euclidean correlation functions in the form of a statistical mechanical 
ensemble average, with a new effective action. This action depends in a non-local 
way on the bosonic fields to which the fermions are coupled. It is this non-locality 
that makes numerical computations of correlation functions involving fermions very 


time-consuming. 


2.5 Discretizing Space-Time. The Lattice as a Regulator 
of a Quantum Field Theory 


As we have pointed out repeatedly in the previous sections, the path integral 
expressions for Green functions have only a well-defined meaning for systems with 
a denumerable number of degrees of freedom. In field theory, however, where one is 
dealing with an infinite number of degrees of freedom, labeled by the coordinates x 
and, in general, by some additional discrete indices, the multiple integrals are only 
formally defined. To give the path integrals a precise meaning, we will therefore 
have to discretize not only time, but also space; i.e., we will be forced to introduce 
a space-time lattice. Eventually we will have to remove again this lattice structure. 
This is a quite non-trivial task. Those readers acquainted with the renormalization 
program in continuum perturbation theory know that the renormalization of Green 
functions first requires the regularization of the corresponding Feynman integrals 
in momentum space. These integrals will then depend on one or more parameters 


which are introduced in the regularization process (momentum cut-off, Pauli—Villars 
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masses, dimensional regularization parameter). Since the effect of any regularization 
procedure is to render the momentum integrations in Feynman integrals ultraviolet 
finite, let us loosely say that the first step in the renormalization program consists 
in the introduction of a momentum cutoff. If the original Feynman integrals are di- 
vergent, then the regularized integrals will be strongly dependent on the cutoff. The 
second step in the renormalization program now consists in defining renormalized 
Green functions, which approach a finite limit as the cutoff is removed. This demands 
that the bare parameters of the theory become cutoff dependent. This dependence 
is determined by imposing a set of renormalization conditions, which merely state 
that such quantities as the physical coupling strength measured at some momentum 
transfer, and particle masses are to be held fixed as the cutoff is removed. 


The above described renormalization program is carried out on the level of 
Feynman integrals in momentum space. In the lattice approach this program can be 
formulated without reference to perturbation theory. The first step (regularization) 
consists in introducing a space-time lattice at the level of the path integral. This 
regularization merely corresponds to defining what we mean by a path integral. 
The second step of the renormalization program then corresponds to removing the 
lattice structure. This amounts to studying the continuum limit. It is therefore not 
surprising that the bare parameters of the theory will have to be tuned to the lattice 
spacing in a very definite way depending in general on the dynamics, if physical 
observables are to become insensitive to the underlying lattice structure. Thus if 
the reader had some uneasy feelings about the way the infinities are removed in 
conventional perturbation theory, he will probably feel much better after having read 
this book. In this connection we also want to mention that within the perturbative 
framework the introduction of a space-time lattice corresponds to a particular way of 
regularizing Feynman integrals. As we shall see, this regularization does not amount 
to the naive introduction of a momentum cutoff. Although the momentum space 
integrals will indeed be cut off at a momentum of the order of the inverse lattice 
spacing, the integrands of Feynman integrals will not have the usual structure, but 
are modified in a non-trivial way. This is one of the reasons why lattice weak coupling 
perturbation theory is so difficult. The other reason is that in the lattice formulation 
of gauge theories, new interaction vertices pop up, which have no analogue in the 


continuum formulation. 


The appearance of a momentum cutoff in the lattice formulation is not surpris- 


ing. Consider a function f(x) of a single continuous variable. If its absolute value is 
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square integrable, then f(x) has the following Fourier representation: 
fay= fF Fae. (2.61) 
yi 
On the other hand, if x is restricted to a multiple of a “lattice spacing” a, i.e., x = na 
with n an integer, then f(na) can be Fourier-decomposed as follows: 
T/a dk ~ i 
TE | dk F epera, (2.62) 
—r/a 2T 
where fa(—r/a) = f,(a/a). Hence the “momentum” integration is now restricted to 


the so-called Brillouin zone (BZ) [—1/a,7/a]. fa(k) can be represented by a Fourier 
series. The coefficient of exp(—ikna) is given by (2.62) multiplied by a: 


ODD (2.63) 

The right-hand side is just the discretized version of the expression for f (k) obtained 

by inverting (2.61). By setting f(na) = 1/27 in (2.63), we obtain a Fourier series 
representation of the d-function in the BZ, 

bp(k) = — Sev inte, (2.64) 


= oe - 


where the subscript P stands for “periodic”. It emphasizes the fact that dp(k) has 
non-vanishing support at k = 0 modulo 2nz. The Dirac 6-function, 6(x — y), of 
course becomes the Kronecker-d (multiplied by 1/a) on the z-lattice: 


t/a dp . 
AE f CP eiv(n—m)a, (2.65) 
—t/a 2T 


The above formulae are trivially extended to functions depending on an ar- 
bitrary number of variables. In particular, in four space-time dimensions, all four 
components of momenta will be restricted to the interval [—1/a,a/a]. Thus the in- 
troduction of a lattice provides a momentum cutoff of the order of the inverse lattice 
spacing. 

We are now ready to embarque on the main task of this book, i.e., the for- 
mulation of field theories on a space-time lattice. As a warm-up, we begin in the 
following chapter with a very simple field theory: the free scalar field. Although the 
lattice formulation will be trivial in this case, we will nevertheless learn a number 


of important facts by studying it in detail. 
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CHAPTER 3 


THE FREE SCALAR FIELD ON THE LATTICE 


Consider the classical field equation 


(0+ M?)d(x) = 0, (3.1) 


where ¢ is a real field, O is the d’Alembert operator, and x stands for the space-time 


vector with components x,,(4 = 0,1,2,3). This equation of motion follows from an 
action principle, 6S = 0, where 


1 
s=- f dora) (3.2) 
is the action associated with the Lagrangian density 
1 1 
L= z2 60,6 — zP. 


In the quantum theory the coordinates qz(t) = ¢(x) and momenta pz(t) = ġ(æ) 
become operators, ®(x) and (x), satisfying canonical commutation relations. The 
information about the quantum theory is contained in the Green functions 


G(x, y,-.-) = QIT(@(@) ®(y) --- )]Q), (3.3) 


where |Q) stands for the ground state of the system (physical vacuum) and T denotes 
the time-ordered product of the operators ®(x). These Green functions have a path 
integral representation which can be formally obtained from (2.33) by making the 
replacements Q(t) > ®(Z,t) and qalt) > (2, t): 


_ J DGG(a)o(y)--- ei! | 


G(z,Y,.-.) f Doets 


(3.4) 
Here f Dọ denotes the sum over all possible field configurations ¢(x). The effects 
arising from quantum fluctuations are contained in those contributions to the inte- 
gral (3.4) coming from field configurations which are not solutions to the classical 
equation of motion (3.1) and hence do not lead to a stationary action. Now for 
reasons mentioned in chapter 2 we are interested in the analytic continuation of 
(3.4) to imaginary times, 7° 4 —ix4,y° > —iy,, etc. Let, from now on, x and y 
denote the euclidean four vectors with components x, and y,, (u = 1,...,4). It then 
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follows from our discussion in chapter 2 that the Green functions (3.3) continued to 
imaginary times have the following path integral representation 


_ J Dd(G(z) dy) .. Je S24! 
E f DoeSzl¢l y 


(o(x) oly) ---) (3.5) 
where we have made use of the notation for the euclidean Green functions, intro- 
duced in chapter 2. The euclidean action S'g[¢] appearing in (3.5) is obtained from 
(3.2) by i) making the replacement x9 — —ix4 where-ever x° appears explicitly, 
ii) substituting for $(Z,t) the (real valued!) field ¢(a) = @(#,x4),* and iii) mul- 
tiplying the resultant expression by —i. This leads to the following expression for 


Spd), 


Selo] = 5 | dted(2)(-0+ M62), (3.64) 


where O denotes from now on the 4-dimensional Laplacean 


4 
=. 00.5 (3.60) 
p=1 


In passing to the imaginary time formulation, the Green functions take the form 
of correlation functions of a statistical mechanical system defined by the partition 


function 
z= | Doe, 


where the integration measure Dø is formally defined by 


Do = | [ d¢(z, z4). 


= 
£,x4 


So far the path integral (3.5) has not been given a precise mathematical meaning. 
We do this now by introducing a space-time lattice with lattice spacing a. Every 
point on the lattice is then specified by four integers which we denote collectively by 
n = (n1, n2, nz, n4). By convention the last component will denote euclidean time. 
The transition from the continuum to the lattice is then effected by making the 


* We are a bit sloppy in our notation: $(%, 24) is not obtained from ¢(Z%,t) by 
substituting x4 for t, but denotes a real field which is a function of the euclidean 
variables x (u = 1,...,4). 
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following substitutions: 


pes — a Y, (3.7a) 


where the action of the dimensionless lattice Laplacean O is defined by 


d(na) = X (9(na + ĝa) + (na — ĝa) — 2¢(na)). (3.76) 


H 


A 


Here ji = €,,, where ê, is a unit vector pointing along the y-direction. 

We next want to obtain a path integral expression involving dimensionless 
variables only. To this effect we scale the mass parameter M and the field @ ac- 
cording to their “canonical” dimension. As seen from (3.6a) ¢ has the dimension of 


inverse length (the same as M). Hence we define the dimensionless quantities M and 


Ên by 


on = ad(na), 
M=aM. S28) 


With (3.7) and (3.8) expression (3.5) translates into 
2 -JIL denm- eSF 


A z s 3.9 
(nm ++) TTL due Sz (3.94) 
where 
1 7 4 1 a Aia 
Se = —3 X bnPnin + (8 + M’) X | bndn, (3.90) 
n,u n 


and where the sum over u extends over all positive and negative directions. Notice 
that the lattice spacing no longer appears in these expressions! This is not partic- 
ular to the free field theory considered here, for it is merely a consequence of the 
fact that, measured in units of A, the action is dimensionless, which is true for any 
theory. 


It is important to realize that the form of the lattice action (3.9b) is not 
unique, and that we have merely chosen the simplest one. Thus, a priori, the only 
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requirement that any lattice action should fulfil is that it reproduces the correct 
classical expression in the naive continuum limit.* Indeed, the scalar field is the 
only case in which a simple prescription of the above type gives the correct lattice 
action describing the quantum theory. Already the free Dirac theory will require a 


more careful treatment! 


Let us now consider the integral (3.9a) in more detail. Its structure is analogous 
to that encountered in the statistical mechanics of a spin system with nearest neigh- 
bour interactions. In the present case, however, the theory is easily solved since the 
variables bn are allowed to take on any real value. To carry out the integral (3.9a) 
we rewrite the action (3.9b) in the form 


1 b K 
where Kym is given by 
p>0 


Consider the generating functional 
ZolJ] = l T| dee SPER Jade, (3.11) 
2 


It can be easily calculated, since the (multiple) integral is of the Gaussian type. 
Apart from an overall constant, which we shall always drop since it plays no role 
when computing ensemble averages, we have that (cf. e.g., (2.28) and (2.30) 


1 1 —1 
Zo[F] = ee? En Kand, 3.12 
WAE IER am 
Here K~! is the inverse of the matrix (3.10b), and det K is the determinant of K. By 
differentiating (3.12) with respect to the sources we obtain any desired correlation 
function. For our purpose it suffices to consider the 2-point function. From what we 


have learned in chapter 2, we get 


(Ondm) = Kem: (3.13) 
The inverse matrix K~! is determined from the equation 
>. Kak sg, Ou (3.14) 
2 


* Le., scaling the variables with a appropriately, and letting a — 0. 
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and is easily computed by working in momentum space, where dpm is given by 


7 d'h ik- (n-m 
fam = ff on (3.15) 


We have introduced the “hat” on k = (ka, EA ka) to emphasize that these variables 
are dimensionless. Making use of the Fourier representation (3.15), one finds that 
(3.10b) is given by 


Kym = i. Ee K (kee) (3.16a) 
zer) l 


where 


+M?. (3.16b) 


Notice that the integration in (3.16a) is restricted to the Brillouin zone (BZ), =r < 
ku < a. The inverse matrix (3.13) is now easily determined from (3.14) by making 
the ansatz 


— i dtk 3.) ik- (n-m 
Bas aE OAM ), 


and performing the sum over £ using the expression (2.64) with (a = 1) for the 
periodic delta function: 


T d*k ek: (n—m) 


Kel = (baba) = f = (3.17) 
-r 2m)" 45 sin? Ëe + M2 

The right-hand side of this expression depends on the lattice sites n and m, and on 

the dimensionless mass parameter WM. To make this explicit let us define 


G(n,m; M) = (ondm)- 


Suppose we were given (3.17) and were asked to study its continuum limit in order 
to extract the physical two-point correlation function, (¢(7)¢(y)). The obvious thing 
to try would be to introduce the lattice spacing by rescaling bn and M according to 
(3.8), and to take the limit a > 0, holding M, ¢, x = na and y = ma fixed. Hence 
one must know which quantities are to be held fixed as one removes the lattice 
structure! For example, in an interacting theory the mass parameter M would in 
general be unphysical and cannot be held fixed as we let the lattice spacing go to 
zero. In the present simple case, however, the naive procedure just described gives 
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the correct continuum limit; i.e., we claim that the right-hand side of 
(o(x)o(y)) = lim 56 (2,2 2 ; Ma) (3.18) 
a>0 a 
approaches a finite limit, and reproduces the well-known result for the scalar two- 
point function. For this to be the case, G(x/a,y/a; Ma) must clearly vanish in the 
limit a > 0. From (3.17) one finds after a trivial change of integration variables 
that 


n/a 4 ik-(x—y) 
G (Z, 2; Ma) ze a se (3.19) 
—n/a (27) be k? + M? 


where ka is given by 


~ 2 . ka 
k, = — sin — 3.19b 
BS sin 5 ( ) 
Since the integration in (3.19a) is restricted to the interval |[—*, 4], the integral will 


be dominated by momenta which are small compared to the inverse lattice spacing; 
hence we may set ku — k,. Taking the limit a — 0 we arrive at the well-known 
result: 
fore) dék ett (@—-y) 
= : 3.20 
(ow) = | weap (3.20) 


The above discussion has made explicit use of the lattice spacing. But suppose we 


were not in the position of performing the continuum limit analytically, but must 
rely on a numerical calculation of the path integral (3.9) where the lattice spacing 
does not appear. What does it mean to study the continuum limit in such a case? 
The idea is of course to make the lattice finer and finer with physics remaining the 
same as we approach the continuum limit. Consider for example a physical correla- 
tion length €. Decreasing the lattice spacing means increasing the correlation length 
é measured in lattice units. But é may be controlled by the parameters on which the 
theory depends! Thus, doubling £ by choosing these parameters appropriately, we 
have cut down the lattice spacing by a factor of 1/2. Now what controles the corre- 
lation length € in our example is the dimensionless parameter M. In the continuum 
limit the correlation function (3.20) decays exponentially for large |x — y| with a 
correlation length given by the inverse mass. Hence the corresponding correlation 
length measured in lattice units, i.e., £ = a diverges as a — 0! Thus from the point 
of view of a statistical mechanical system described by the partition function (3.11) 
with J = 0, the continuum limit is realized for M — 0 at a critical point of the the- 
ory! It is therefore evident that in any practical numerical calculation carried out on 
a finite-size lattice we can never actually go to the continuum limit. How do we then 
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decide whether we are extracting continuum physics? In principle the answer is very 
simple: We must ensure that our lattice is fine enough (i.e., M small enough in the 
present case) so that physical quantities become insensitive to the lattice structure. 
But quantities like (6(x)¢(y)) are dimensioned, and we can only calculate dimen- 
sionless objects! So we must consider dimensionless ratios of physical quantities. In 
our case the simplest quantity is (¢(x)¢(y))/M?; hence we must study the lattice 
ratio (bnQm)/M? for small values of M, keeping M|n — m| ~ M|x — y| fixed. If for 
sufficiently small M this ratio becomes independent of M , then our lattice is fine 
enough and we are extracting continuum physics. 

Admittedly the case of a free scalar field was a very simple one. Nevertheless it 
has served to elucidate several ideas that go into a lattice formulation. In an inter- 
acting theory the story will be certainly more complicated. But the main messages 
of this chapter will remain. 
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CHAPTER 4 


FERMIONS ON THE LATTICE 


In the preceding chapter we have shown that the lattice formulation of the free 
scalar field theory poses no problems. The correct continuum limit was reached by 
simply scaling all dimensionless variables appropriately with the lattice spacing a, 
and taking the limit a — 0 holding physical quantities fixed. The purpose of these 
lectures, however, is to arrive at a lattice formulation of QCD which describes the 
interaction of quarks and gluons. Hence we must learn how to deal with fermions and 
gauge fields on a lattice. While there is a clear-cut and elegant way of introducing 
gauge fields on a space-time lattice, the situation regarding fermions is not so clear. 
As we shall see, the difficulties arise already on the level of the free Dirac field. From 
the psychological point of view it would therefore be preferable to discuss that part of 
lattice gauge theories first which one believes to be well understood, and to introduce 
lattice fermions at a later stage, since they are endowed with special problems not 
encountered for bosonic fields. On the other hand, having discussed the scalar field, 
it is only natural to attempt a similar naive formulation for the other kind of matter 
field. Thus it is interesting that in the case of fermions the lattice forces us to deviate 
from the naive type of prescription adopted in the previous chapter, in order to avoid 
the so-called fermion “doubling” problem. Several proposals have been made in the 
literature to get around this problem, and we shall discuss the two most popular ones. 


4.1 The Doubling Problem 


We begin by pointing out the difficulties one encounters when latticizing the 
free Dirac field. 


Consider first the Dirac equation in Minkowski space 
(i7"0, — M)y(x) = 0, 
where q” are 4 x 4 Dirac matrices satisfying the following anticommutation relations 
TI aa, 
and w is a 4-component field, whose components we shall label by a Greek index 


(a, B, etc.). The equation of motion for Y and Y(= ~'y°) follow from the independent 
variation of the action 


Sel, 8] = Fi de D(x)(iy"O — Mhl) 


43 
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with respect to the fields Y and w. In the quantum theory, w and Yt become opera- 
tors, W and W satisfying the following canonical equal-time commutation relations 


{Palt VLG, t)} = apd (# — 9). 
The path integral representation of the Green function* 
(Q(T (Way (21) --- Vag (te), (yr) - -- ¥s,(ye))|2) 
is given by (2.60), i.e. 


Į _ f DDyyala) .. poly) -SF 
(QT (Wa(x)... Poly). JN) = Topper | 


The corresponding representation of the Green functions continued to imaginary 
times is obtained by replacing iSp[w, Y] by -SEH y, a), where goa is the 
euclidean action, and identifying x, y etc. with the euclidean four-vectors. We denote 
the euclidean Green functions by (w(x)... Wg(y)...). Then 


_ J DvDvwala) ..- daly) -- Je- SE wA 
f DỌ Dye Sr WA l 


(Vals). --Valy)---) (4.1) 


The euclidean action can be obtained from Sp by the prescription discussed in sec- 
tion 2 of the previous chapter. But since in euclidean space the Lorentz group is 
replaced by the rotation group in four dimensions, it is convenient to express the 
action in terms of a new set of y-matrices y (u= 1,...,4), satisfying the algebra 


tai y = 2 pv. 


With the hermitean choice yf = y°, yF = —iy’, the euclidean action then takes the 
form 
oo = f raiona, + M(x). (4.2) 


Since from now on we shall be interested only in the euclidean formulation, we shall 
drop any labels reminding us of this. 


So far the path integrals in (4.1) are only formally defined, since x, y etc. are 
continuous variables. So let us introduce a space-time lattice. The fields Y and w 


* Here x;, y;(i = 1,...,€) denote four vectors in Minkowski space. 
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then live on the lattice sites na, where a is the lattice spacing, and the integration 


measure is given by 


DYDY = ILZ na ) L aot ma) 
Next we rewrite (4.1) in terms of dimensionless lattice variables, by scaling M, w 
and y with a according to their canonical dimensions. This is achieved by making 
the replacements 


Ta 
M > -M, 
a 
T ws 
Palt) > -z Valn), 
FET, 
i (4.3a) 
Palt) > gavel); 
Toni 
Oythal a) > yOptha(n), 
where On, is the antihermitean lattice derivative defined by 
“eM Pes a A i 
Optbaln) = Fial + å) — aln — A). (4.3b) 
Then the lattice version of (4.2) reads 
Sp = D Va Kag(n, m)ýs(m), (4.4a) 
a 0,8 
where 
4 A 
Kapl n, m) = 2 (Yu) apl Orina = Oren] + Momnbap- (4.4b) 
H 


With this action the lattice correlation functions are given by the following 
path integral expression 


f DbDbba(n)---Bp(m) -e8 


(aln): Yam) =) = T DåDýe-5- ; (4.5a) 


where the integration measure is defined by 


DiDib = J | aba(n) J] aeia(m). (4.50) 
m, 8 


n,a 
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The correlation functions (4.5a) can be obtained from the generating functional 
A E f Db Des +En elenii] (4.6) 


by carrying out the appropriate differentiations with respect to the Grassmann- 
valued sources na(n) and Na(n) (see chapter 2). The integral (4.6) can be performed 
(cf. eqs. (2.49) and (2.50)) and we obtain 


Zin, ñ] = det KeXnmaa tal Kap mns), 
Hence the two-point function is given by 


(tho(n)abg(m)) = Kz}(n,m). 


So far everything is quite analogous to the scalar case considered in the previous 
chapter. In particular we want to emphasize that the lattice action (4.4) was ob- 
tained by proceeding in the most naive way possible. Such a prescription was shown 
to work in the case of the free scalar field. Hence there is no a priori reason why 
it should fail to do so in the present case. But the fact is that it fails! To see this 
let us compute the physical correlation function (w,(x)Wg(y)) by carrying out the 
continuum limit in a manner analogous to the scalar case (cf. eq. (3.18)), ie 


(Wo(x)ve(y)) = = lim Toy Ge f; ; Ma), 


a0 a3 


where Gag(n,m,M) = Koole m). The factor 1/a? arises from scaling the fields 


Qa 


according to (4.3a). The inverse matrix Kamm): defined by 
` Ka (n, L)Kxg (£, m) = ÔapÔnm, 
AL 


can be easily calculated by proceeding as in the previous chapter, and one obtains 


(wa(x)Wa(y)) = lim ii d'p ia Dnb, + M]as eiP(e— y) 


(4.7a) 
a0 —n/a (Qi )* Di b, + M? 


where Py is given by 


=- č 1., 
b sin(p„a). (4.7b) 


For ia — p, the above integral would reduce to the well-known 2-point function 
in the limit a > 0. Recall that in the scalar case, we had encountered a similar 
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situation, but with an all important difference! The argument of the sine-function 
in eq. (3.19b) is only half of that in (4.7b)! This makes a big difference and is the 
origin of the so-called “fermion doubling” problem. While in the case of the scalar 
field we could argue that ky in (3.19a) can be replaced by k, in the continuum limit, 
such a replacement cannot be made in the present case. The reason for this is most 
clearly seen by looking at fig. (4-1) where we have plotted Pu as a function of p,,, for 
Pu within the Brillouin zone. The straight line corresponds to p,, = p,. Within half 
of the BZ the situation is analogous to that encountered in the scalar case: near 
the continuum limit, the deviation from the straight line behaviour occurs only for 
large momenta where p, and Py are both of order 1/a. 


Fig. 4-1 Plot of sin(p,a)/a versus p, in the Brillouin zone. The 


straight line corresponds to Pu = p,. The continuum limit is determined by 


the momenta in the neighbourhood of p, = 0 and p, = £7/a. 


What destroys the correct continuum limit in the fermionic case are the zeros 
of the sine-function in (4.7b) at the edges of the BZ. Thus there exist sixteen 
regions of integrations in (4.7a), where Py takes a finite value in the limit a — 0. 
Of these, fifteen regions involve high momentum excitations of the order of a/a 
(and —7z/a), which give rise to a momentum distribution function having the form 
resembling that of a single particle propagator. Hence in the continuum limit, the 
Green function (4.7a) receives contributions from sixteen fermion-like excitations in 
momentum space, of which fifteen are pure lattice artefacts having no continuum 
analog. In d space-time dimensions the number would be 2%; i.e. it doubles for each 
additional dimension. 

The “doubler” contributions, arising from momentum excitations near the cor- 


ners of the Brillouin zone, are in fact essential for avoiding an apparent clash with a 
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well known result in continuum QED. For vanishing fermion mass the QED action 
is invariant under the global chiral transformation 


pep, pape, (4.8) 


where @ is a parameter, and 75 = 71727374 is a hermitean matrix which anticom- 
mutes with y,,(~ = 1,2,3,4). Naively this implies the existence of a conserved axial 
vector current. But because of quantum fluctuations this current has actually an 
anomalous divergence [Adler (1969); Bell and Jackiw (1969)]. In a lattice regular- 
ized theory, on the other hand, such a symmetry implies that this current is strictly 
conserved for any lattice spacing. The way the lattice resolves this apparent puzzle, 
consists in generating extra excitations (— doublers) that have no analog in the 
continuum, and which cancel the anomaly of the continuum theory arising from 
momentum excitations around p = 0 [Karsten and Smit (1981)]. 

Since the phenomenon of fermion doubling is a serious stumbling block in 
constructing lattice actions involving fermions, we will look at it in more detail 


in the following section. 


4.2 A Closer Look at Fermion Doubling 


Before we discuss the lattice Dirac propagator in more detail, it is instructive to 
demonstrate the essence of the fermion doubling problem in some simple examples. 
In particular we want to show that the origin of fermion doubling lies in the use of 
the symmetric form for the lattice derivative. 


(i) Example 1 


Consider the following eigenvalue equation 


The solution is given by f(x) = f,(0)e%*. Next consider the discretized version of 
this equation, where the derivative is replaced by the right “lattice” derivative. Let 
f(n) be the value of f(x) at the lattice site x = na, where a is the lattice spacing. 
Then 


—i[f((n + 1) — f(n)] = AF(n), 


where \ is the eigenvalue measured in units of the lattice spacing, i.e. \ = Aa. The 
equation can be solved immediately by iteration: 


fx(n) = er in(+4d) £9), 


Fermions on the Lattice 49 


In the continuum limit, which is obtained by setting n = <, Â = Aa, and taking the 
limit a — 0 with A fixed, we recover the above solution. 

Let us now consider a discretization which respects the hermiticity of the op- 
erator i. This requires the use of the symmetric lattice derivative. 


-ŻA + 1)) = f((n— 1))] = AF (n). (4.9) 


Thus our estimate of the derivative now involves twice the lattice spacing! As a 
consequence one finds that for each eigenvalue \ there exist two solutions to the 
eigenvalue equation (4.8). Not both of the solutions can possess a continuum limit, 
since the continuum eigenfunctions are non-degenerate. Indeed, equation (4.8) can 
be solved with the Ansatz 


fi(n) = Ce?” 


where p satisfies the equation 


sinp = À. 
For a given positive (negative) eigenvalue \ this equation possesses two solutions 
for p: one lying in the range 0 < p < 5 (—3 < p < 0), and the other in the interval 


T 


Z <P<T (-1 <p< —}). The corresponding eigenfunctions are given by 


F” (n) = AettaresinA)n (4.10a) 
fn) _ B(—1)Pe7tlaresind)n (4.100) 

where 
= < arcsin À < 7 (4.10c) 


The solution (4.10a) possesses a continuum limit which is realized by setting 
n = Wa, \ = Xa, and taking the limit a > 0 with A fixed. In this limit we re- 
cover the solution to the original continuum eigenvalue equation. On the other hand 
(4.10b) does not possess such a limit because of the factor (—1)” which alternates in 
sign as one proceeds from one lattice site to the next. Notice that the origin of the 
“doubler” solution (4.10b) is a consequence of having used the symmmetric form 
for the lattice derivative. One might be tempted to merely ignore this solution. In 
this case, however, our eigenfunctions would no longer constitute a complete set. 


(ii) Example 2 


Consider the Green function for the differential operator 5 +M: 


É + m| G(t, t) = 8t — t’). (4.11) 
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The general solution is given by 
G(t, t) = Aet) ota ete (4.12) 


Next consider the dimensionless discretized version of (4.11), where the derivative 
is replaced by the symmetric lattice derivative: 


1 Z i 
EE = On 2a) + Mbp Gin’, m) OTN (4.13) 


n’ 


Here M is the “mass” M measured in lattice units, i.e., M = Ma. The most general 
solution to the homogeneous equation reads: 


GO m =A T E el mem (4.14) 


Thus, when discretized, the homogeneous equation has an additional solution which, 


because of the factor (—1)”7™, possesses no continuum limit. This limit is realized 


for M => 0, n,m — co with Mn = Mt and Mm = Mt fixed. The homogeneous 
solution to (4.11) is then seen to correspond to the first term appearing on the rhs 
of (4.14). 


A particular solution to the inhomogeneous equation (4.13) can be obtained by 
making the Fourier Ansatz 


A (part) = i dp ip(n— m) 
Ge nm) = | Eepe 


T 


Introducing this expression into (4.13) we obtain 


A) (par dp ee m) 
Grn m= f pees (4.15) 
-r 2Tisinp+M 


The integral can be easily evaluated by introducing the variable z = e””. Then 


N ar 1 n-m 
Ge (n,m) = fa a ; 
mi Jo z?+2Mz-1 


where integration is carried in the counterclockwise sense along a unit circle in the 


complex zplane centered at z = 0. For n— m > 0 the integral is determined by 
the residue of the pole at z = —M + v1 + M2. On the other hand, for n — m < 0 
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we can distort the integration contour to infinity, taking into account the pole at 
z=—-M-—V1+ M2, located outside the unit circle. One then finds that 


~ (part) e~ (n—m)arsinhM e(n—m)arsinhM 
G2") (n,m) = O(n — m) —— + (-1)"""6(m — n) (4.16) 
(1+ M?) (1 + M2) 


where 6(0) = 3. Note again, that only the first term on the rhs possesses a con- 


tinuum limit. For lattice spacings small compared to vi i.e. for small M, and 
for fixed t = na and t = ma, we have that 
may Go! f e , 
Gen E =| MOE =1 je OOD OF =e. (4.17) 
aa 


While the second term is not defined for a — 0, the first term reproduces the 
inhomogeneous solution to (4.11), given by the second term in (4.12). 

The expression (4.17) could also have been obtained as follows, without actually 
carrying out the integrals. Let us set p = pa, M = Ma, and t = na, t = ma in 


(4.15). Then 
aim (0) = / tS (4.18) 
M aa) J_=2rżŻsinpa+ M` l 


For a > 0 the relevant contributions to the integral come from momenta for which 


sin pa ~ O(a), i.e. from i) finite (dimensioned) momenta p, and ii) momenta close 


to the corners of the Brillouin zone. Let us therefore decompose the integral (4.18) 
M a’a -z 27 + sin pa + M z 2r $sin pa + M 


“za dp e-t) 
T ae 
-z 2r + sin pa + M 


as follows: 


a 


Making the change of variables p = * + p’ and p = —* +p’ in the last two integrals, 
respectively, one finds that 


ÊC) t 4 S L dp ep(t-t’) | cat 5 dp eip(t—t’) 
M a'a si 2r sin pa + M | z In —4sinpa+M- 


2a 


The integrations now extend over only one half of the Brillouin zone. For a > 0 
the two integrals are therefore dominated by finite momenta p, for which sin pa is 
of O(a). Hence for a — 0 we can replace sin pa by pa and obtain 


Gvart) t 4 = f dpe? tn 7 cyt F dp enn 
aa a0 £88 2r ip + M ina 27 ip — M’ 


which can be readily integrated to yield (4.17). 
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The simple examples we discussed show how the discretization of an equation 
can lead to a doubling of solutions. The “doubler”-like solutions manifested them- 
selves in the appearance of a phase factor which changes sign as one proceeds from 
one “lattice” site to the next. This is not only peculiar to the above examples. In fact 
that doubler contributions to the Dirac propagator (4.7a) are expected to manifest 


themselves in the same way. This we will show below. 


(iii) Fermion Propagator 

In the case of the fermion propagator one is confronted with matrix valued 
integrals over four dimensional momentum space. The characteristic structure of 
the “doublers” contributions to the Green function can nevertheless be easily ex- 
hibited by proceeding in the way we have just described. Our starting point is the 
expression (4.7a). To exhibit the effect of fermion doubling we decompose each of 


the momentum integrations into the following two regions 


f T 
< — 
O pl <= 
and 


x T T 
(ii) aa [Pal < x (4.19) 


After changes of variables similar to those we made before, the reader can easily 
convince himself that the two-point function (4.7a) can be written in the form 


(bala a ae n-m ee d*p |- EE dnubu + M]as eP (e— y) 
-Z (2Q7)4 Dp b, + M? 


(4.20a) 


where x = na, y = ma, and 
õp, = e”. (4.20b) 


The sum in (4.20a) runs over all possible sets of four-momenta p (measured in 
lattice units), labeling the 16 corners of the hypercube in the first quadrand in mo- 
mentum space: (0,0,0,0), (7,0,0,0)---, (7,7,0,0)---, (m,m, m, 0), (m,m, m,m). The 
dots stand for all possible permutations of the components. Notice that all the inte- 
J, 54] Of the sixteen 


terms in the sum, only the term corresponding to p = (0,0,0,0) yields the familiar 


grations in (4.20a) extend over the reduced Brillouin zone |— 


result in the continuum limit. While the remaining 15 integrals also possess a contin- 
uum limit, the phase factor exp|ip-(n — m)| does not. The structure of these fifteen 
integrals is the same as that corresponding to p = (0,0,0,0), except that each term 
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is the Dirac propagator in a different representation of the gamma-matrices. Thus in 
each of the integrals the sign of the gamma matrix 7, is reversed if p, = 7. The new 
set of gamma matrices are related to the standard set by a similarity transformation. 
Let us denote the matrices which induce these transformations by Tg: 


To uty ' = pu Vu (4.21) 


They have a different structure depending on the number of non-vanishing compo- 
nents of p. Let Tp, Tz Tavs Tixo (all indices distinct) stand for the matrices 75 
which induce a reversal of signs of those y-matrices corresponding to the set of sub- 
scripts. Their explicit form is given by T, = Ws; Tis = WW, Tiva = VWwWvYnxy5, and 
Tavio = %5, where 7; is the hermitean matrix: ys = y1y27374- By the same reasoning 
as that given in example ii), the propagator is found to take the following form close 
to the continuum limit: 


ip Pau > d'p Ste Wipe tM ; 
—y)= Pa Ee HEK ip (a—y) | 7-1 
Sp(x— y) De Tp Lf (27)4 EP + M2 E Tg 


3 D Volz) Sp (z — y) Vp U), (4.22a) 


where 
Volz) = Pi Tp (4.22b) 


and 


le) 4 a M f 


co r) Zupp + M? 


is the continuum Feynman propagator. 


The above structure of the correlation function is intimately connected with a 
symmetry of the lattice action. Indeed one readily verfies that the gamma matrices 
satisfy the following relation, 


Vp(z) Vp (ZE fa) = yp. 


As a consequence the lattice action 
$= SD ahW(o)yulvle + ha) — Yo — fa) + MY a(x )(2) 
is invariant aie the transformation l 
V(x) > Vola)¥(e), 
Ble) > ple) V72). 


54 Lattice Gauge Theories 


In momentum space the action of the operator V; corresponds to a shift in the 
momenta by p. Corresponding to the sixteen edges of the BZ there exist sixteen 
such symmetry transformations. The fermion doubling phenomenon is a consequence 
of the existence of these symmetry transformations. 


Finally, let us take a look at how the doublers manifest themselves in the naive 
lattice fermion two-point function for a massless field with definite chirality (as is 
the case for the neutrino). This field is an eigenstate of the projection operator 
Pr = ¿(1 — ys). The two point function is given by 


(wr (x)vr(y)) = Pr (w(x) b(y))Pr 


where wz(n) = Pry(n), and Pr = (1 + ys). It therefore has the form 


5 4 —i é 
Woda) = Pe | Arete, 


where we have made use of the fact that ys anticommutes with the y-matrices Yn, 
and that P? = 1. On the other hand the corresponding lattice version is given by 


2a dé —i 
(Yra) Jatt = page : T | S T eE (423) 
ob, 


Now one can easily verify that 
T- y)T7 = (1 — ep5), (4.24a) 
where 


H 


Hence we can also write (4.23) in the form 


R Ee di o; p l 
OME DDCA | f eem a T 


uPu 


a 

— 
~N 
pa 

er 
N 


(4.25) 


Since there are eight momenta p for which e5 = 1, and eight momenta p for which 
€5 = —1, it follows that the sum involves sixteen integrals which in the continuum 
limit have the form of eight left handed and eight right handed correlators in different 
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representations of the y-matrices. Fifteen of these integrals are however multiplied 
by phase factors characteristic for the doubler contributions. 


As we have already stressed, the origin of the doubling problem lies in the use 
of the (antihermitean) symmetric form for the lattice derivative (4.3b). Thus while 
our lattice scale is a, our estimate of the derivative involves twice the lattice spacing. 
By using the right derivative 


O(n) = b(n + fi) — Y(n), (4.26a) 
or left derivative 
Ord(n) = vn) — (n= ji), (4.260) 


our estimate of the derivative would involve a distance which is just the lattice spac- 
ing and the doubling problem would not occur. In this case the hermitean conjugate 
of ôL would be —ôR. A detailed analysis however shows that in the presence of inter- 
actions the use of the left or right derivative gives rise, for example, to non-covariant 
contributions to the fermion self energy and vertex function in QED which render 
the theory non-renormalizable.* 


That the doubling phenomenon must occur in a lattice regularization which 
respects the usual hermiticity, locality and translational invariance requirements, 
follows from a theorem by Nielsen and Ninomiya [Nielsen (1981)| which states that, 
under the above assumptions, one cannot solve the fermion doubling problem with- 
out breaking chiral symmetry for vanishing fermion mass.** This suggests that one 
may get rid of the doubling problem at the expense of breaking chiral symmetry 
explicitly on the lattice. A proposal in this direction was made originally by Wil- 
son (1975), and is one of the two most popular schemes dealing with the doubling 
problem. 


* A very detailed study of the precise form of these non-covariant contribu- 
tions has been carried out by Rothe and Sadooghi (1997). Actions using one side 
lattice differences have been considered in the literature before, where by a suit- 
able averaging procedure the correct continuum behaviour of the quantum theory 
is restored. The reader may confer the references cited in the above mentioned 
paper. 

** For a simple derivation of the theorem, based on the Poincare-Hopf index 
theorem, we refer the reader to the book by Itzykson and Drouffe (1989). 
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4.3 Wilson Fermions 


As we have emphasized in the last chapter, there are many different lattice 
actions which have the same naive continuum limit, and we have merely chosen the 
simplest one. We now exploit this ambiguity to modify the action (4.4) in such a 
way that the zeros of the denominator in (4.7a) at the edges of the BZ are lifted 
by an amount proportional to the inverse lattice spacing. This appears to be a 
perfectly legitimate procedure. What will, however, be particular to it is that, while 
one usually constructs the lattice action in accordance with the symmetries of the 
classical theory, one is forced to break explicitly the chiral symmetry which the 
original theory possesses for vanishing fermion mass. This is the price one has to 
pay to eliminate the fermion doubling problem and to ensure the correct continuum 
limit. 

Let us now modify the action (4.4) by a term which vanishes in the naive 
continuum limit and is not invariant under chiral transformations. As we shall see 


below a second derivative term is a good candidate. Thus consider the action 


Sp = Sr- Z > d(n)Ob(n), (4.27) 


where r is the Wilson parameter and U is the four-dimensional lattice Laplacean 
defined by (3.7b) with a = 1. Setting ù = a*/2) and A = a0, we see that the 
additional term in (4.27) vanishes linearly with a in the naive continuum limit. 


Inserting for Au(n) the expression analogous to (3.7b), the Wilson action can be 


written in the form 


sw) = Daal KM (n,m)da(m), (4.28a) 


where 
1 (n, m) = (M + Ar) bnmdap 
1 (4.280) 
g 2 E _ Yulapm,n+h + (r + ales nari 
H 


Notice that for r 4 0 this expression breaks chiral symmetry even for M => 0. 


The action (4.28) leads to the following two-point function of the continuum 
theory 


E dtp Bare + M(p)las cir (ey) 


ala) = lim E 
(va()balu)) sat saa 


(4.29a) 
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where Pu is given by (4.7b) and 
2r 
M(p)=M+— in? 2). 4.29b 
De a PEGAR (4.290) 


From (4.29b) we see that for any fixed value of p,, M (p) approaches M for a > 0. 
Near the corners of the BZ, however, M(p) diverges as we let the lattice spac- 
ing go to zero. This eliminates the fermion doubling problem, but at the expense 
that the chiral symmetry of the original action (4.4) for M = 0 has been bro- 
ken. This makes this scheme less attractive for studying such questions as spon- 
taneous chiral symmetry breaking in QCD (which requires a fine tuning of the 
parameter M ). So let us turn to the discussion of an alternative scheme for putting 
fermions on the lattice, known in the literature as the staggered fermion formulation 
(Kogut and Susskind (1975); Susskind, 1977; Banks et al., 1977). In contradistinc- 
tion to Wilson fermions one then speaks of Susskind, Kogut—Susskind, or staggered 


fermions. 


4.4 Staggered Fermions 


As we have seen above, the fermion doubling problem owes its existence to 
the fact that the function (4.7b) vanishes at the corners of the Brillouin zone. This 
suggests the possibility of eliminating the unwanted fermion modes by reducing 
the BZ, i.e. by doubling the effective lattice spacing. This could in principle be 
accomplished if a) we were able to distribute the fermionic degrees of freedom 
over the lattice in such a way that the effective lattice spacing for each type 
of Grassmann variable is twice the fundamental lattice spacing, and b) if in the 
naive continuum limit the action reduces to the desired continuum form. Hence let 
us first take a look at the number of degrees of freedom required to double the 
effective lattice spacing. To this end consider a d-dimensional space-time lattice 
and subdivide it into elementary d-dimensional hypercubes of unit length. At each 
site within a given hypercube place a different degree of freedom, and repeat this 
structure periodically throughout the lattice. Then the effective lattice spacing has 
been doubled for each degree of freedom. In fig. (4-2) we show the case of a 2- 
dimensional lattice. Since there are 2% sites within a hypercube, but only 2¢/? com- 
ponents of a Dirac field (in even space-time dimensions) we need 24¢/? different Dirac 
fields to reduce the BZ by a factor of 1/2. In four space-time dimensions such a 
prescription may therefore be appropriate for describing 2? different “flavoured” (i.e. 
“up”, “down”, etc.) quarks. The corresponding Dirac fields we denote by Yf, where 
f denotes the flavour and a the spinor index. The concrete realization of the above 
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program is, however, not as simple as it sounds. Thus the sites of an elementary 
hypercube will be occupied by certain linear combinations of the fields Yf chosen in 
such a way that the lattice action reduces in the naive continuum limit to a sum of 
free fermion actions, one for each of the quark flavours: 


seis) / dix X` Wh (2) (YOu + Map) (a). (4.30) 
ab, f 


In a staggered-fermion formulation much of the work goes into the construction of 
the quark fields from the different one-component fields populating the lattice sites 
within an elementary hypercube, and into the study of the lattice symmetries.* In 
the following we briefly describe the main steps involved in arriving at a staggered 
fermion formulation, so that the reader will be acquainted with some expressions 
occurring frequently in the literature. Our presentation will essentially follow the 
work of Kluberg-Stern, Morel, Napoly and Petersson (1983). The technical details 
are relegated to the next section. 


Fig. 4-2 Distributing 2¢ degrees of freedom on a two dimensional (d = 2) lattice. 


Consider the naive action (4.4) for a free Dirac field on the lattice: 
1 = 7 y z 
S= 5) Eyl + A) - hlyn — å S A (4.31) 
nu 


By making a local change of variables 


(n) = T(n)x(n), (4.32) 


ý 
b(n) = X(n)T*(n), 


* See e.g., Kluberg-Stern et al. (1983), Golterman (1986a), Jolicoeur, Morel, and 
Petersson (1986), Kilcup and Sharpe (1987). 
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where T(n) are unitary 2“? x 2%? matrices, one can “spin diagonalize” this expres- 
sion by choosing the matrices T(n) in such a way that 


TH(n)y.T(n-+ A) = nln), (4.33) 


where 7,, are c-numbers (notice that different space-time points are involved!), and 
ll is the unit matrix. The matrices 


EO Se ae (4.34) 
satisfy (4.33) with the following phases 1,,(n): 


Mu(n) = (SA a, T, (4.35) 


Written in terms of the fields y(n) and x(n) the action (4.31) reads 


S = N na(n) aln jô uXaln )+ MD Koln) 


where Ô, is the lattice derivative defined in (4.3b). So far, of course, we have merely 
rewritten (4.31). Now comes a crucial step. Since we have got rid of the Dirac matrix 
Y we can in principle let œ run over any number of possible values, a = 1,2,...,k. 
The minimal choice is k = 1, so that we shall omit this index from now on. The 
corresponding action 


Spe = mle) x(n + A) — X(n)x( AN) + M > /x{n) x(n) (4.36) 


now involves only one degree of freedom per lattice site, and the only remnants 
of the original Dirac structure are the phases 7,,(n). The expression (4.36) is the 
action of the staggered fermion formulation in the absence of interactions. For it 
to be of physical relevance one must still show that in the continuum limit it may 
be written in the form (4.30) where the flavoured Dirac field components Yf are 
given as linear combinations of the one component fields living at the lattice sites 
within an elementary hypercube. Hence for finite lattice spacing the space-time 
coordinates of the fields ws will be those labeling the position of the particular 
hypercube considered. Let us look at the “reconstruction” problem in somewhat 
more detail. 

Consider a hypercube with origin at ¢,, = 2N, (N, integers); then the lattice 
coordinates at the 2% sites within this hypercube are given by 


Tie = 2N F Pos 
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where p, = 0 or 1. This suggests the following relabeling of the fields y(n) 
Xp(N) = x(2N + p), (4.37) 


and similarly for x. Notice that N = (Nji,..., Na) now labels the space-time points 
of a lattice with lattice spacing 2a, and that the (multi) index p labels the 2% 
components of the new field y. From these components one then constructs 24/2 
flavoured Dirac fields Yf (f =1,..., 2%?) with components Wf (a = 1,..., 24/2), by 
taking appropriate linear combinations: 


= Mo Date ere X(N $ (4.38a) 


Here 
T= Wee PO (4.380) 


By choosing the normalization constant No in (4.38a) appropriately, the action (4.36) 
then takes the following form in terms of the fields of and of : 


gE Se Dew )(ywOn + MJD (N) +, (4.39) 


where ô, is now the lattice derivative on the new (blocked) lattice, and where the 
“dots” stand for terms which vanish in the naive continuum limit.* For finite lattice 
spacing, however, these terms are no longer invariant under the full chiral group. 
Nevertheless for M = 0, (4.39) preserves a continuous U (1) x U(1) symmetry which 
is a remnant of the original chiral symmetry group. Because of this, one can use the 
staggered fermion formulation to study the spontaneous breakdown of this remaining 
lattice symmetry, and the associated Goldstone phenomenon (zero mass excitation, 
accompanying the spontaneous breakdown). This is a major advantage of staggered 
fermions over the Wilson fermions discussed before. Of course the staggered formu- 
lation has its drawbacks. Thus for example it can only be the lattice version of a 
theory with 2%/? degenerate quark flavours, whereas there is no restriction on the 


flavour number in the Wilson formulation. 


We close this section with a remark. Making use of the relation (4.38), one 


can calculate correlation functions of flavoured quark fields, by taking appropriate 


* See the following section. 
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linear combinations of the y-correlation functions. The latter are given by the fol- 
lowing path integral expression 


iS = _ a(stag) 
J DXDxXp,(N1) +++ Xo (Ne)e SF 


(Xa (N1) Xpe(Ne)) = =r (4.40a) 
oe nee ee f DłDye SF” 
where 
DxDx = | | daxN) [J dxo (N^. (4.40b) 
p,N oP, N! 


This all sounds rather simple. Nevertheless, the details can become rather involved. 
Thus one must make sure that the composite fields that one constructs to study the 
properties of hadronic matter carry the correct quantum numbers in the continuum 
limit. In particular one wants to know what are the flavour, spin, and parity contents 
of the states excited by these operators. These are the problems which demand a 
lot of effort. We shall not discuss them here. The interested reader may consult for 
example the papers by Morel and Rodrigues (1984), Golterman and Smit (1985), 
Golterman (1986b). 


4.5 Technical Details of the Staggered Fermion Formulation 


Having sketched the main ideas which go into the staggered formulation, we 
now present some mathematical details. Should the reader not be interested in the 
details for the moment, he may skip this and the following section and go on to the 
next chapter without any danger of getting lost at a later stage. 


Consider the action (4.36). As we have already pointed out, the coordinates 
n, of any lattice site may be written in the form n, = 2N, + py, where 2N, are 
the coordinates labeling the hypercube to which the site belongs, and p is a vector 
whose components are either one or zero. Since it follows from the definition (4.35) 
that n (2N + p) = n we can rewrite the action in the form 


gists) =i milo) X(2N + p)[x(2N + p+ ft) — x(2N + p — fi)] 
age (4.41) 
+ MS" X(2N + p)x(2N + p). 
N,p 


We next express (4.41) in terms of the 2“component field defined in (4.37). To 
this effect we must remember that the components of p are restricted to the values 
one or zero. Hence we must exercise some care in rewriting the difference y(2N + 
p+ f) — x(2N + p— ft) appearing in the expression (4.41). Consider for example 
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x(2N + p+ fi). If p+ fis a vector of type “p”, i.e. if the components of p+ fi are 
either one or zero, then 2N + p+ ff labels a site within the hypercube with base 
at f? = 2N. Hence in this case x(2N + p + À) can be identified with Xp+a( N). On 
the other hand if p+ / is not a vector of type p, then p — fi is such a vector, and 
x(2N+ p+ ft) = Xp-~( N+). These conclusions can be summarized by the equation 
XEN + pt jt) = T + dp- XØ (N + Â), (4.42a) 
p! 

where p’ is understood to be a vector whose components are either one or zero.* 

In a similar way one obtains that 
XN +p- i) = Slbp-ap Xo) + SpraeXe(N - A]. (442) 

p! 

Inserting the expressions (4.42a,b) into (4.41), we obtain 


sta, 1 
gs g-) E 


5) ` Nalo) X(N) pta xo N) 


Npp (4.43a) 
+ Sp- Or Xp (N)| + M >D X (N)X(N), 
N,p 


where oF and or are the left and right (block) derivatives analogous to (4.26a,b), 
defined by 


(4.43b) 


Before proceeding, let us digress for a moment and calculate the 2-point corre- 
lation function (y,(V)xX,/(N’)) from the path integral expression (4.40). A quick way 
of proceeding is to rewrite (4.43a) in momentum space by introducing the Fourier 
transforms** 


T dtp i O 
xN) = f qarab)", 


7 a ne 
wal) = f (Ome relPe PN 


(4.44) 


* Tt will be understood from now on, that vectors denoted by the symbol rho 


(i.e. p, p', etc.) have components restricted to these values. 
** Here, and in the following we shall restrict ourselves to four space-time 


dimensions. 
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into (4.43a), and performing the sum over N using eq. (2.64). A simple calculation 


yields 
pistes: ) = D 
> S ROK OO (4.452) 
where 
= ir J sin £ — ae MS pp"; (4.45b) 
Boe) — pib-(p—p’)/2pu 
2) o PA Be (4.45c) 
and 
Foy = Optio + 5b 5—p,0'|Nu(P)- (4.45d) 
Hence the Fourier representation of the yy-correlation function is given by 
Ng (ND) = . AP ig 5) ib (N-N’) 4.46 
oN XN) = | GEPA, (4.46) 


The inverse of the matrix (4.45b) can be easily calculated by making use of the 


relation 

a r’} = 2ô ll, (4.47) 
where Il is the unit matrix.* This relation follows from the definition (4.45d) and 
can be proved by making use of the following properties of the phases (4.35): 


Tu(p + Ê) = nap), 
nlem + Â) = -mhp +P), (“A v). 
From (4.47) and the definition of rp (P) given in (4.45c), it follows that for given 
p, these matrices also satisfy E relations analogous to (4.47). Hence 
the inverse of the matrix (4.45b) can be written down immediately: 
—i T” (Ĥ)sin Pu +M 
DD sin? Pu + M2 ` 


a E 


Because of the appearance of the factor 1/2 in the argument of the sine function 
in the denominator, the integral (4.46) will be dominated for M — 0 (i.e. in the 
continuum limit) by the momenta in the immediate neighbourhood of p = 0. Hence 
no doubling problem of the type discussed before arises here. The same conclusion 


* The I“’s therefore satisfy the same algebra as the Dirac matrices 7“. 
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will then also hold for the quark correlation functions, since they can be constructed 
from (4.46) by taking appropriate linear combinations. 


After this intermezzo, let us return now to expression (4.43a), and express the 
left and right derivatives (4.43b) in terms of the symmetric first and second block 


derivatives, defined by 
f 1 n 5 
aXe N) = 5N + å) — X(N — å)), 


xl) = X(N + Â) + X(N — Â) — 2xp(N). 
In terms of these derivatives, the action (4.43a) takes the form 


=5 XO X(N) bs i Oy + ae 3 p) + aiidns Xø (N), (4.48a) 


N,p,0" H 


where I”, has been defined in (4.45d), and 
T°) = (Sp-ayp’ ornp) Mu(P): (4.48) 

The matrices T” and I satisfy the same anticommutator algebra as the direct 
products y, & Il and 75 ® Ys, respectively, where ys = 7127374; i.e., in addition 
o (4.47) we have that 

Cree a, 

{r5 Raa eee l. 
This suggests that T” and ’ are unitarily equivalent to the above mentioned direct 
products. If the second matrix in these products is interpreted to operate in flavour 
space, while the first matrix acts in Dirac space, then (y, Q 11)0, would be the 
matrix version of the kinetic term in (4.30). This suggests that the fields Yf and 
wi are related to Xp and X, by the unitary transformation which brings T” and [°“ 
into the form y, ® Il and 75 ® Yy7s, respectively. We now construct this unitary 
transformation. Because of the way the y-fields had been introduced originally (cf. 
eqs. (4.32) and (4.34)) and the appearance of the phase ,,(p) (rather than 1,,(7)) 
in the definitions of T“ and I, it is not surprising that the transformation will 
involve the matrix 7,, defined by 


To = WW B N - (4.49) 
Thus consider the following sixteen component fields 


apl N) = No 2 Uap, PX (N), (4.50a) 


dal N) =M Du NU! og, (4.50b) 
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where No is a normalization constant to be determined later, and where 


(a (4.50¢) 


Since in four space-time dimensions a and ( take the values one to four, and since 


Uap,p = 


p = (p1,---, p4) runs over the sixteen sites within a hypercube, we see that U is a 
16 x 16 square matrix whose rows are labeled by the double index af. Equations 
(4.50a,b) can be readily inverted by noting that because the trace of any product of 
distinct y-matrices vanishes, T, satisfies the following orthogonality relation 


PET Ty) = 1Spp'. 
For the matrix U defined in (4.50c) this relation reads 
(UU) por = Ôp 


where (Ut) pas = Uig. = 


ap, 


3 (Toes: We hence obtain 


1 i 
X(N) = VA D U! „atap N), 
0 oe 
z 1 * 
X(N) = No N dap(N)Uas.p: 
ab 


Introducing these expressions into (4.48a), and making use of* 
(UU') as,0/8' = Saa'5ap", 


we arrive at the following expression for the staggered fermion action in terms of 
the “quark” fields w and w: 


sta; 1 Y 
Sí tag.) — A ` sd ` Agbo p On 
0 N,a,8,c 3’ u 
(4.51a) 
1 5u A p T 
+ 3 opp H + 2M baa dg" Waa (N), 


* This relation can be verified by using the following representation for the 


y-matrices in (4.49) 
[0 -ic _ (10 
Ye io; 0 ’ a= 0-1 ’ 


where g; are the Pauli matrices, and 1l the 2 x 2 unit matrix. 
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where 


Aig, al 3! T => Uab, pl p Ul, sa! BN) (4.516) 


and 


Ave a’ 3! =e Uap, ol P sop U, „a Bl" (4.51c) 


Making use of the explicit re ten of the y-matrices given in the previous 
footnote, one finds that 


Aapo T (Yu )aa’d 36"; 
5 
Apap = (Ys)aw (tuts) 3a", 


where t, = y} and ts = 75. Since in the naive continuum limit only the first and third 
term in (4.51la) contribute to the action, it follows by comparing this expression with 
(4.39) that a and 8 should be identified with the Dirac and flavour quark—degrees 
of freedom, respectively. In (4.38a) we had made this fact explicit by writing the 
field components in the form Yf, rather than Dap: Accordingly, A“ and A“ can be 
written as the following direct products, 


A" = y%@ I, 

PRS stats, 
where the first matrix appearing on the right hand side acts in Dirac space, while 
the second matrix acts in flavour space. 


Finally, we must determine the normalization constant No in (4.5la). To this 
effect we study the naive continuum limit of this expression by introducing the 
dimensioned fields Yag and block derivatives ô, in the standard way; i.e., Y = b73/ 2a) 
and ô, = lg Here b is the lattice spacing of the blocked lattice. By choosing 
No = 1/V2 the action (4.51a) then takes the form 


Glstag.) — DR biy [Oy Q 1), 


pf 


+ = Ə tyts)O,]Y(e) +2M Y E) yhe) (452) 


where M = 1M and where the sum over x (= Nb) runs over all hypercubes of the 
blocked lattice. In the naive continuum limit (b > 0) this expression reduces to the 


form 


getas) =?) i dnp! (0) (Zra +m] (2) 
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where My = 2M, and where Yag has been replaced by yf. Notice that the appear- 
ance of the mass 2M instead of M in eq. (4.52) is not surprising since we have scaled 
M with the lattice spacing of the blocked lattice. Thus Mo = 1M is the dimensioned 
mass parameter of the original fine lattice. 


Consider now the two point correlation function of the quark fields, 
(E(N YE (N ‘)), where we have introduced the more suggestive notation w/ men- 
tioned above. This two-point function can either be computed from the x — ¥ cor- 
relation functions (4.46) by taking appropriate linear combinations, as dictated by 
the eqs. (4.50a,b), i.e., 


* ei 1 
(BLN OL (N’)) = 5 So Vaso X(N) Xo (NYP ea ps 
pp 


and multiplying the expression with b73, or by inverting the matrix operator ap- 
pearing within square brackets in eq. (4.52). This inversion is easiest done by going 


to momentum space. Introducing the Fourier decompositions 


D FN dtp 7 ip- Nb 
w(Nb) ~~ ie (anya We ’ 


z o ae dtp T —ip-Nb 
Hv) = j apto 


into (4.52), and making use of the relation 
J Bele PN — (on) 450)(p — p), 
N 
where 0p is the periodic delta function, one finds that 


m/b gp _ i 
G(stag.) — | d'p w(p) {Ele Q ll); sin(p,,b) 


H 


- Z0 = coslpb))as © tuts] + Mo Jip). (4.53) 


The propagator in momentum space is given by the inverse of the matrix appearing 
within curly brackets: 


X |— i @ I)i sin p,b + =(Y5 Q tuts) sin? pet + Mol & 1 


4.54 
ae = sin? Pub + Mé l ) 


S(p) = 
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Notice that the denominator is the same as for the scalar field discussed in chapter 3. 
In the naive continuum limit (b — 0), the above expression reduces to 


—i ” (n 8 Dp, + Mol @ 1 
S(p)? 2 2 
—>0 p? + Mé 


zs 


which is the correct fermion propagator describing four degenerate flavoured Dirac 
particles. Because the denominator in (4.54) has the same structure as for the scalar 
field, the two-point function (Wf (a), (x)) obtained by Fourier transforming this 
expression and taking the limit b > 0, is given by 


-ey oo d'p ae 
WEND = fer SaolP)érre" ON 
where 
MG 
S(p) = 74+ M? 


Finally let us compare the expression (4.52) with the lattice action for four 
flavoured Wilson fermions. Clearly, the generalization of eq. (4.27) (with Sp defined 
in (4.4)) to the case of four quark flavours is 


GO D atọ (n) 2 [ou & jo, — = & ll) | + M1® n} p(n). (4.55) 
n u 
Thus the only difference between the Wilson and the staggered fermion actions, 
consists in the matrix structure of the second derivative term. This term does not 
contribute in the naive continuum limit, but is responsible for lifting the fermion 
degeneracy. So why not choose the simpler (Wilson) version, which has the merit 
that the number of quark flavours is not restricted? We only give a brief answer 
to this question without going into details: In the naive continuum limit both 
actions (4.52) and (4.55) possess a U(4) x U(4) (chiral) symmetry for M = 0. 
This symmetry is broken in both cases by the second term. But whereas the 
axial symmetry (involving the generator y; in Dirac space) is completely lost for 
Wilson fermions, the staggered fermion action preserves a non-trivial piece of the 
full chiral symmetry, whose generator is ys ® ts. Under this abelian subgroup the 
fields transform as follows 


O(N) > iet (N), 
B(N) > P(N) 
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where a is an arbitrary parameter which does not depend on N. For this reason 
the staggered fermion formulation is more adequate for studying spontaneous chiral 
symmetry breaking and the associated Goldstone phenomenon in theories like QCD 
with massless quarks. 


4.6 Staggered Fermions in Momentum Space 


In the previous section the transition from a one-component field to a 24- 
component field x, was carried out in configuration space. We now want to construct 
an alternative lattice action by working in momentum space. As we shall see, this 
action differs from (4.52) in several interesting respects. For some papers which are 
of relevance to this section confer Sharatchandra, Thun and Weisz (1981), Van den 
Doel and Smit (1983), Kluberg-Stern et al. (1983) and Golterman and Smit (1984). 


Our starting point is again the action (4.36). Inserting for y(n) and y(n) the 
Fourier decomposition analogous to (4.44), and writing the phase 7,,(n) as 


in-H) 


Nu (n) =€ ’ 
where 


§@) = (0, 0, 0, 0), 82) — (T, 0, 0, 0), 
6°) = (n,7,0,0), 64 = (1,7,7,0), 


the action takes the following form in momentum space 


sta; = d*p : dtp -= AP AN APA 
Here 
M(B, p’) = (2n)' S Sp (6 — P + 5 jisinp, + MSP (P — n) (4.568) 
H 


A 


and dp(k) is the periodic delta function. For the following discussion it is conve- 
nient to extend the fields ¥(p) and X(p) periodically with period 27. Let us denote 
the corresponding fields by lô) and CÔ), respectively. Because (4.56b) is itself 27- 
periodic, we can then shift the integration intervals |—7, r] by 7/2. In fig. (4-3) we 


show the new integration region for the case of two space-time dimensions. 
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Fig. 4-3 The four quadrants of the shifted integration region (solid 


lines). 


Next, let us divide the new Brillouin zone, BZ’, into sixteen domains, whose 
centers are the corners of the first quadrant in the original Brillouin zone. For two 
dimensions these domains are shown in fig. (4-3). Because of the appearance of sin p,, 
rather than sin p,,/2 in (4.56b), the x — x correlation function will receive, in the 
continuum limit, contributions from momenta in the immediate neighbourhood of 
the above-mentioned corners. The momenta in the sixteen integration regions can 


be parametrized as follows. 
Bu=ktn (A=1,...,16), 


where 
=f (2 < ky < 7/2, 


and 7‘) are constant vectors, defined by 
a) = (0,0,0,0), r® =(7,0,0,0),..., «°° = (r,r, T, T). 


The integral (4.56a) may then be written in the form 


Ga n/2 dék dÈ = s E EET 
St) = Latte Makk) (457a) 
ARR 
where 


Mas(k', k) = end DR (k — È 478) — 7A 4+ 5H) im” i sin ky, 
a (4.570) 


PA-P, 
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and where we have introduced the 16-component (dimensionless) fields ¢4(k) as 


follows 
balk) = o(k +r). (4.57c) 


This is the analog of (4.37) in the momentum space approach. Notice that the 
integral (4.57a) now extends only over half the BZ. Because Å and Å’ are restricted 
to the interval [—7/2,7/2], the periodic -functions appearing in (4.57b) can be 


written in the form 


SPR — k A rP — aA) = OR — k')ôap, 
5b R rP rA 4 5) = oft 6k R) 


where 6 (k — k ) has only support at k = k’, and where 


4 
Liq (B) lA 4 5) 
nas = [[ ee pene aS). 
v=1 

This factor just expresses the fact that the 4-dimensional periodic 6-function only 
has support in the integration domain given in (4.57a) if a?) — SA) 4 5) equals 
zero or 27 for every component v. Inserting these expressions into (4.57b), and 
performing the integration over k’ in (4.57a), one obtains 


am /2 dêk a. as eee 3 Ob 
Ges) = / balk) Kap(k)dp(k), (4.582) 
r 3 -7/2 (27)* 
where 
Kaplk) =i)“ Mysink, + 84B M, (4.580) 
H 
and 
T in'P) 
ee veal nip (4.58c) 


These matrices satisfy the following anticommutation relations. 
{T#,T’} = 26,1. 


Furthermore it can be shown that the Ê „S are unitarily equivalent to (7,,@ ll). Hence 


we can write (4.58a) in the form 


stag. d d* T yn i S] D f 6 
= i ane) Eon 8 l)2i sin 7 + 2M11@ 1| Q(p) (4.59) 
j i 


72 Lattice Gauge Theories 


where we have rescaled the range of integration to the interval [—7,7]. This is, 
at first sight, a surprising result, for the action is invariant for W = 0 under the 
transformations of the full U(4) @ U(4) chiral group, and in particular under 

Ô — eB UTE) O 


Ô z Qe~i2z (Tz) 
and 


Q > e'8a(158T a) Â 


xn xn P 5 T 
Ô => Qeibarr Q B) 


for each generator Tg in the Ny-dimensional flavour space. This U(4) & U(4) sym- 
metry has however been gained at the expense of giving up the locality of the action 
in configuration space. Indeed, the action (4.59) is a non-local function of the fields 
Q(n) and Q(n), obtained by inverting the Fourier series 


AP) = Y Q(n)e”™. 


Substituting these expressions into (4.59), one finds that 


se 5 Ow) Eon @ U)(Ay)nm +2418 1| Q(m), (4.60a) 
nym m 
where 
i dtp Pens Pp ip- (n-m 
(Ap)nm = L (One sin 3° P- (n=m) (4.60b) 


connects arbitrary sites along the u-direction. The reason for this is the appearance 
of the p,,/2 (instead of p,,) in the argument of the sine function. If p,,/2 were replaced 
by p, in (4.60b), then this expression would equal Onna = (bn+f,m — On—jm)/2 and 
we would be left with an expression for the action involving only nearest neighbour 
couplings of the fields. 

The above discussion suggests that the fields Q(n) are related to the fields 
w(n) by a non-local transformation. This is indeed the case. Thus the fields ¢(p) 
and Q(p) appearing in (4.53) and (4.60a) are connected by a unitary transforma- 
tion which depends on the momentum p (see e.g., Kluberg-Stern et al. (1983). 
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Because of this dependence, the field Q at the lattice site N will be given by a 
linear combination of the “quark” variables w attached to lattices sites which are 
arbitrarily far from n. 


This concludes our discussion of staggered fermions. As the reader is probably 
convinced by now, a thorough discussion of this subject, including all lattice sym- 
metries, becomes quite technical. We believe, however, that the material presented 
in the last two sections will enable the reader to follow the literature on this subject 
without too much difficulties. 


4.7 Ginsparg—Wilson Fermions. The Overlap Operator 


Of the two lattice regularizations discussed above, only the Wilson fermions 
allow one to study models with an arbitrary number of quark flavours. Wilson 
fermions do however break the chiral symmetry of the continuum fermion action for 
massless quarks. This makes it difficult to explore the regime of small quark masses 
in numerical simulations and to study spontaneous chiral symmetry breaking on the 
lattice. In fact, as we have already pointed out, the Nielsen—Ninomiya theorem tells 
us that we cannot get around breaking the symmetry (4.8) of the (massless) fermion 
action, unless we give up at least some important property, like e.g., locality. 

But there is another way of breaking chiral symmetry on the lattice in a par- 
ticular mild and controlled way. It was proposed a long time ago by Ginsparg and 
Wilson (1982), but has not been seriously considered for 16 years. Ginsparg and Wil- 
son had searched for a lattice Dirac operator by starting from a chirally symmetric 
action and following a renormalization group blocking procedure, using a chirally 
non-invariant Kernel. For Ginsparg-Wilson (GW) fermions the fermionic action is 
of the form 


Storm = >| B(x)(D(x, y) + mõsy b (y), (4.61) 


where the “Dirac Operator” D(x,y) is a 4 x 4 matrix in Dirac space which breaks 
the standard chiral symmmetry in a very special way. Since every lattice action must 
possess the correct naive continuum limit, it follows that for a > 0 D(x, y) becomes 
the usual continuum Dirac operator. While in the continuum, or in its naively dis- 
cretized form, this operator anticommutes with %5, the GW-Dirac operator satisfies 
the following GW-relation, 


yD + Dys =aDRy;5D, (4.62) 
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or 

{y5,D} = aDR%;D, (4.63) 
where R is a non singular and local operator proportional to the unit matrix 
in Dirac space, and where D is a matrix whose rows and columns are labeled by a 
spin and space-time index. Note that the rhs is of order a. From here one trivially 
obtains that 


{7s, D7} = aR)s, (4.64) 
which shows that the anticommutator {y5,D~'} breaks chiral symmetry in a very 
mild way. 

A Dirac operator satisfying the GW relation does however not ensure the ab- 
sence of species doubling. It was only in 1998 that an explicit expression for D 
was given (Neuberger, 1998), which is free of doublers and local in a more general 
sense (Hernandez, 1998). The Neuberger solution corresponds to choosing R to be 

1 


a (dimensionless) parameter (R = in) and is given by 


M x 
Do = = (1 | ) (4.65) 
a XIX 
where X is the Wilson—Dirac operator with a negative mass term, 
o 1 j a Mo 
X= Dw(—Mo) = ` 5 WI. 5) = A (4.66) 


u 
with 0 < My < 2, and O, the dimensioned symmetric lattice derivative.* In the 
case where the fermions are coupled to gauge fields, X is replaced by an expression 
depending on the gauge potentials in the way discussed in the following chapter. 
The operator (4.65) is referred to as the overlap Dirac operator. It is not 
the only Dirac operator respecting chiral symmetry for vanishing fermion mass. 
In fact, the so called domain wall fermions of Kaplan (1992), and the exact fired 
point Dirac operator of Hasenfratz (1994/1998) are also solutions to the GW 
relation with chiral symmetry. Furthermore, as has been shown in (Hasenfratz, 
1998a), the fixed point Dirac operator satisfies an exact index theorem, which 
is a lattice version of the Atiyah—Singer index theorem (Atiyah, 1971)** It had 


* For Mo < 0 there exist no massless fermions, and for Mo > 2 doublers are 


present (Niedermayer, 1999). 
** In the continuum the Dirac operator for massless fermions in a smooth back- 


ground gauge field carrying non-vanishing topological charge Q (see section (17.6)) 
possesses left and right-handed zero modes. The difference nz — nz in the number 
of these zero modes equals the topological charge of the background field. 
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been believed that all these operators, which were constructed from quite different 
starting points, had not much in common. But actually they all turned out to satisfy 
the GW relation. 

The above “overlap construction” of the lattice Dirac operator is not the 
only one. The “parametrized Fixed Point Dirac operator” of Hasenfratz et al. 
(Hasenfratz, 2001) is an approximate solution to the GW relation with very good, 
but not exact, chiral behaviour. The chiral symmetry can be made exact by using 
it as input for X in the overlap construction (4.65). This allows one to use a 
polynomial approximation to ax (Hasenfratz, 2002). 

Clearly numerical simulations with GW-fermions are much more costly than 
with Wilson fermions. So why is one so interested in GW-fermions? After all, they 
also break the standard chiral symmetry (4.8). What makes them interesting in 
particular, is that the GW-action still possesses an exact chiral symmetry which 
differs from (4.8) by O(a) lattice artefacts, as was shown by Liischer (1999a). And 
this is true for the free theory as well as interacting case. The only thing that 
matters is the bilinear structure of the action (4.61) in the fermion fields, and 
that D satisfies the GW-relation. The emphasis above is on the word exact. The 
existence of an exact chiral symmetry should allow one to study not only the regime 
of small quark masses, but may possibly also resolve a long standing problem of 
putting chiral gauge theories (like the electroweak theory) on the lattice. 

The exact symmetry referred to above corresponds to the transformations 


i0-y5(1-£D 
epee ap, 


ET) (4.67) 
or infinitessimally 
p> p =yp+ip, p> Y =Y + oy, (4.68a) 
where* 
õpe) = ieys |(1 - 5D)¥| (2), 
Sl) = ie [pa = =D)| (2) ys. (4.680) 


is [(1-§D)v] (x) stands for }7,,(d2y—5D(2, y))b(y). Furthermore [b(1—$D)](x) = 
ey VY) [bye — $D(y, )I- 
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One readily finds that the variation of the action is given by 
5 Storm = i€ VlFe@ ) + Imib(a)ysv(x) + Ae), (4.692) 


where >>, = >>, a*, and 
F(x) = (WD)(2)75¥(2) + ¥(2)75(DY) (z) — a(PD)(x)ys(D¥)(x), (4.69) 


Ala) = -7 [ED esa) + Ha)6(D¥)(2)]. (4.69¢) 


We now note that 
> Fle) = J pe) [is D} - aD 75D] (x, ywy) = 0, (4.70) 


where we made use use of (4.63). Hence for m = 0 the action is invariant under 
the global transformations (4.67), which verifies the observation made by Liischer 
(1998). 

This is all we will say about GW-fermions at this point. We shall return to 
them once more in chapter 14, when we discuss the ABJ axial anomaly. 
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CHAPTER 5 


ABELIAN GAUGE FIELDS ON THE LATTICE 
AND COMPACT QED 


5.1 Preliminaries 


In 1971 F. Wegner studied a class of Ising models, where the global Z(2) 
symmetry of the Hamiltonian was promoted to a local one. Although the models 
did not possess a local order parameter, they did exhibit a phase transition. In con- 
structing the models, Wegner (1971) introduced a number of important concepts 
which turned out to play also a fundamental role in the lattice formulation of gauge 
field theories like QED and QCD. In particular he was led to construct a non-local 
gauge invariant order parameter, whose analog in QCD was later introduced by 
K.G. Wilson (1974), and provides a criterium for confinement. In QCD this order 
parameter is known under the name of Wilson loop, although the name “Wegner— 
Wilson loop” would seem more appropriate. Nevertheless we shall adhere to the 
general praxis and refer to it simply as Wilson-loop. 


A common feature of the above mentioned theories is that they possess a local 
symmetry. In the case of QED or QCD the local symmetry group is a continuous one. 
The action in these theories is obtained by gauging the global symmetry of the free 
fermionic action and adding a kinetic term for the gauge fields. In the continuum 
formulation the construction principle is well known, and we will recapitulate it 
below for the case of QED. The lattice version of the action can be obtained following 
the same general type of reasoning, but it will differ in some important details from 


the naive discretization. 


Let us briefly review how one arrives at the gauge-invariant action in continuum 
QED. The starting point is the action of the free Dirac field: 


SO = fi dtry(x)liyð, — M)W (2). 
This action is invariant under the transformation 


plz) > Gz), 
plz) > o(2)Gr 


where G is an element of the abelian U (1) group, i.e., 
G=, 
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with A independent of x (i.e., a global transformation). The next step consists in 
requiring the action to be also invariant under local U(1) transformations with 7)(7) 
transforming independently at different space-time points. This is accomplished by 
introducing a four-vector potential A„(x) and replacing the ordinary four-derivative 


0, by the covariant derivative D,,, defined by 


D, = ô, +ieA,. (5.1) 
The resulting new action 
see I d'xỌ(iy D, — My, (5.2) 
is then invariant under the following set of local transformations 
Ya) > Glee), T 
p(s) > Y(z)G (2), 
A l£) + G(x) A,,(2)G* (£) — “G(2),.G7"(n), (5.3) 
where 
G(x) = e0, (5.3¢) 


In the present case, (5.3b) is just another form of writing the familiar transformation 
law, A, > A, — 20,A. Since A,, and G commute, we could have written just as well 
A, instead of GA „G~. In the non-abelian case to be considered later, however, this 
will be the relevant structure of the gauge transformations. The crucial property 
which ensures the gauge invariance of (5.2) is that, while A,, transforms inhomoge- 
neously, the transformation law for the covariant derivative (5.1) is homogeneous: 


D, — GD,G". 


Having ensured the local gauge invariance of the action by introducing a four-vector 
field A,,, we now must add to the expression (5.2) a kinetic term which allows A,, 
to propagate. This term must again be invariant under the local transformations 
(5.3c), and is given by the familiar expression 


1 
Sa = E I rigged coy F”, (5.4) 


where Fy = 0,A,—0,A,, is the gauge invariant field strength tensor. The full gauge 
invariant action describing the dynamics of y, p and A, is then given by 


1 = 
SaD = -3 / dak! Fy + i deyli“ D, — MY. (5.5) 
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The Green functions of the corresponding quantum theory (QED) are (formally) 
computed from the generating functional 


ZIJ, n, 7] = | DADE Dae ee ent) (5.6) 


by differentiating this expression with respect to the sources J“(x), n(x) and 7(x), 
where Y, Y, ņ and 7 are Grassmann-valued fields. The integral (5.6) may be given a 
meaning within perturbation theory. For a non-perturbative formulation, however, 
we should define the generating functional on a euclidean space-time lattice. Hence 
let us do this here for QED and generalize it later to the more complicated case 
of a non-abelian gauge theory. Our construction procedure will parallel very closely 
the one described above and is based on the following two requirements: i) The 
lattice action should be invariant under local U(1) transformations and ii) reduce 


in the naive continuum limit to the classical continuum action. 


Before we carry out this program, let us first obtain the euclidean version of 
(5.4) and (5.2); to this effect we let x° become purely imaginary (x° — —ix,) and 
replace at the same time A? by +7A4; the prescription that A? should be replaced 
by +i, is made plausible by considering the case where A, is a pure gauge field 
configuration: A, = 0,,A(x); thus the replacement x° — —ix4 implies ð > +704. 
With this formal substitution (5.4) becomes 


Se ; / OFF, (5.7) 


where a sum over u and v (u,v = 1,2,3,4) is understood. Hence exp(iSg) goes over 
into an exponentially damped functional of A,, (as it should). 

The transition from (5.2) to the imaginary time formulation is also carried 
out immediately by substituting the euclidean derivative 0, in eq. (4.2) by the 
corresponding covariant derivative D, = O, + ieA,.* Hence the action (5.5) goes 


over into iS"), where 
Soap = SE + Sp, (58a) 
with 
ged 1 / deF,F (5.80) 
G = 4 LL uwt uv, . 
se = f ateb(y.D. + Mw. (5.8¢) 


* Notice that the structure of the covariant derivative remains unchanged when 
making the transition, since both ô and Apo follow the rule: 09 —> 704 and Ag > iA4. 
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Here y, (u = 1,...,4) are the euclidean 7-matrices introduced in chapter 4. Since 
from here on we shall always work with the euclidean formulation, we shall drop in 


the following any labeling reminding us of this. 


5.2 Lattice Formulation of QED 


We start our construction program of lattice QED by considering first the 
lattice action for a free Dirac field. To parallel as closely as possible the steps in 
the continuum formulation, we shall work with Wilson fermions, where every lattice 
site may be occupied by all Dirac components Va. The corresponding action is given 
by (4.28) which, after making a shift in the summation variable, can be written in 
the form 


-5 Dr) — mylnan + A) + Dln + Ar + b(n). (5.9) 


nb 


Here we have dropped the “hat” on the fermionic variables for simplicity. It will 
be always evident from our notation, whether we are considering the dimensionless 


lattice- or the dimensioned continuum formulation. 


The action (5.9) is invariant under the global transformations 


y(n) > GY(n), 
Y(n) > p(n)G, 


where G is an element of the U (1) group. The next step of our program consists 
in requiring the theory to be invariant under local U (1) transformations, with the 
group element G depending on the lattice site. Let us denote it by G(n). Because 
of the non-diagonal structure of the second term in eq. (5.9) (whose origin is 
the derivative in the continuum formulation) we are forced to introduce new degrees 
of freedom. Since the group elements Gn) do not act on the Dirac indices, it is suf- 
ficient for the following argument to focus our attention on a typical bilinear term, 


W(n)v(n + fi). 
In the continuum formulation it is well known how such bilinear terms should 
be modified in order to arrive at a gauge-invariant expression. Since according to 


(5.3a) w(x)w(y) transforms as follows, 


V(x)v(y) > Y(a)G*(a)G(y)vy), 
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we must include a factor depending on the gauge potential which compensates the 
above gauge variation. This factor, known as the Schwinger line integral, is well 


known, and is given by 
U(x, y) = e° fe An) (5.10) 
where the line integral is carried out along a path C connecting x and y and a 


summation over u is understood. Notice that U (x,y) is an element of the U(1) 
group. Under a gauge transformation, A, > A, — 19,4, (5.10) transforms as follows 


U(x, y) > G(£)U (z, y)G (y), (5.11) 


where G(x) is given by (5.3c). From the above considerations we conclude that the 


following bilinear expression in the fermion fields y and w is gauge-invariant: 
P(a)U (z, yo(y) = Palette Hee (y). (5.12) 


Suppose now that y = x + e. Then we conclude from (5.12) that (x)(x + €) and 


w(x + €)v(x) must be modified as follows: 
P(a)b(e +e) > Y(a)U(z,2 + y(t +6), 
b(t + 6)\p(z) > v(x + UT (2,2 + eyle), 
where 
U(x,x +€) = Beene) 
and €- A= $, euAy. 
The above considerations suggest that to arrive at a gauge-invariant expression 


for the fermionic action on the lattice, we should make the following substitutions 
in (5.9) 


plnr — y hln + Â) > O(n) (r — Y)Unnsrad(n + fi), (5.13a) 
(n+ Ar + yw)o(n) > O(n + A)r + YW)Unsan(n), (5.130) 

where 
Wiis Us nos (5.14) 


and Un n+n is an element of the U(1) gauge group. It can therefore be written in the 


form 


Un n+ = eeu), (5.15) 
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where ¢,,(n) is restricted to the compact domain [0,27]. The right-hand side of 
(5.13a) and (5.13b) are now invariant under the following set of local transformations 
y(n) > G(n)d(n), 
Y(n) > p(n)G (n), 
Unnin => G(n)\UnnsraG (n + Ê), 
Usa r G(r + Unina 


(5.16) 


Notice that in contrast to the matter fields discussed before, the group elements 
Un, n+p live on the links connecting two neighbouring lattice sites; hence we will refer 
to them as link variables and sometimes simply as links. Because of (5.14) they are 


directed quantities, and we shall use the following graphical representation: 


———_>-__—-4 o—_<—_eo_ 
n n+ pf n n+ pL 
Un nsf Un+in = Oh nth 


Making the substitutions (5.13) in eq. (5.9), we obtain the following gauge-invariant 
lattice action for Wilson fermions 


Sew, p, U] = (M + 4r) X b(n) b(n) 


-ESEE MUta + h) (5.17) 


b(n + ÀÂ)(rṣ WU niati): 


Let us pause here for a moment and forget the arguments which led us to eq. (5.17). 
By requiring that Un n+a and Un+an transform according to (5.16), this expression 
represents a natural way of implementing U(1)-gauge invariance. That the link vari- 
ables should be elements of the U(1) gauge group, follows from the requirement that 
their gauge transforms must also be elements of U(1). One then would have to show 
that in the continuum limit (5.17) can be cast into the form (5.8c) by establishing 
a relation between the link variables and the vector potential A,,(n). The procedure 
would then be the following. The vector potential A,,(n) at the lattice site n is real- 
valued and carries a Lorentz index. The same is true for ġ (n), which parametrizes 
the link variable (5.15). But ¢,,(n) takes only values in the interval [0, 27], while the 
values taken by the vector potential A„(x) in the continuum theory extends over 
the entire real line. This is no problem, for we must remember that A, carries the 
dimension of inverse length, while ¢,, is dimensionless. Let us therefore make the 
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Ansatz ¢,(n) = caA,(n), where a is the lattice spacing, and c is a constant to be 
determined. For a — 0 the range of A,, will hence be infinite. With this ansatz it 
is now a simple matter to check that by scaling M , w and w appropriately with a 
(i.e, M > aM, y > a/y, p > a3/%)) and replacing Un npa for small values of 
the lattice spacing by 


Unnta ~ 1+ icaA,(n) 


expression (5.17) reduces to (5.8c) in the naive continuum limit, if we choose c = e. 
Because of this connection between Up n+ and A, (n) we shall use from here on the 


more suggestive notation 
U (n) = Vani, Serre, (5.18) 


With this identification* it is now an easy matter to verify that U,,(n) transforms 
as follows under gauge transformations 


U,,(n) — G(n)U,(n)G7*(n ek jt) a eit AZn) 


where AÇ (n) is a discretized version of A,(«) — 40,A(«). Hence so far the lattice 
action (5.17) with A,,(n) defined by (5.18) satisfies the basic requirements stated at 
the beginning of this chapter. To complete our construction of the lattice action for 
QED, we must obtain the lattice version of (5.8b) which again should be strictly 
gauge-invariant, and be a functional of the link variables only. Such gauge-invariant 
functionals are easily constructed by taking the product of link variables around 
closed loops on the euclidean space-time lattice. Furthermore, because of the local 
structure of the integrand in (5.8b), it is clear that we should focus our attention 
on the smallest possible loops. Hence we are led to consider the product of link 
variables around an elementary plaquette, as shown in fig. (5-1). Let this plaquette 
lie in the  — v plane. We then define 


Uw (n) = U,(n)UL(n + p)Uh(n + ôU} (n), (5.19) 


where we have path-ordered the link variables. Although this path ordering is irrel- 
evant in the abelian case considered here, it will become important when we study 
QCD. Inserting the expression (5.18) into (5.19), one finds that 


Cis err teen: (5.20) 


* Of course, this identification of A,,(n) with the vector potential is only strictly 
correct in the continuum limit. 
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Un) 
< 


A A A 
n+ n+U+v 


i 
Uy(n) Å U, afi) 


n Un) n+{l 


Fig. 5-1 The contribution U,,,(n) of an elementary plaquette with base 
at n lying in the pv-plane. 


where F;,,(n) is a discretized version of the continuum field strength tensor: 


where the sum appearing on the left-hand side extends over the contributions coming 
from all distinct plaquettes on the lattice.* Hence from now on we shall write the 
lattice action for the gauge potential in the compact form 


1 1 
= t 
Sel] = 3 > h = Uei uh) l (5.21) 
where Up (plaquette variable) stands for the product of link variables around the 


boundary of a plaquette “P” taken (say) in the counterclockwise direction. 


At this point we want to mention an interesting property of the lattice formula- 


tion. In contrast to the continuum formulation where the coupling constant e enters 


* Notice that on the right-hand side of this equation the sum extends over all u 
and v. 
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linearly in the fermionic piece of the action (cf. eqs. (5.8c) and (5.1)), the coupling 
now appears with an inverse power in the action for the gauge field! Thus on the 
lattice, the strong coupling expansion turns out to be the natural one. 

This completes the construction of the lattice action for QED. For Wilson 


fermions it is given by 


SqeolU 0] = ED [t= Ur +U) + + r) D Bowla) 


b(n + Â) + W)UL(n)v(n)]. (5.22) 


The action (5.22) is to be used in a path-integral formulation, from which any correla- 
tion function of the fermionic and link variables can be computed. This path integral 
will involve an integration over all link variables U,,(n), which, as we have empha- 
sized, are elements of a unitary group. Hence the integration is to be performed over 
the (compact) group manifold which in the present U(1) case is parametrized by 
a single real angular variable restricted to the range [0, 27].* Now we have made a 
great effort in ensuring the exact gauge invariance of the action. Hence this gauge 
invariance should not be destroyed in the integration process; i.e., we must de- 
fine a gauge-invariant integration measure! This is quite trivial in the present case, 
for under a gauge transformation the link variables are transformed according to 
(5.16). But since G(n) is an element of the abelian U(1) group, a gauge transfor- 
mation merely amounts to a site-dependent shift in the phase of U,,(n). With the 
parametrization U,,(n) = e?n) the gauge-invariant measure to be used in a path 
integral expression is therefore given by 


DU = ] | dé,(n), (5.23) 


and correlation functions of the link variables and Dirac fields are computed from 
the following path integral expression 


(Wen) +++ we(m)---U,(N)---) 
J DUDEDY( a(n) --- Balm) -+-Uy(N)--- e7$2"° 
J DUDYDye-See> 


(5.24) 


* Since the integration range is compact, one also speaks of compact QED when 
referring to the lattice formulation. 
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These correlation functions depend on the parameters M and e which enter 
the expressions for the fermionic and gauge lattice actions (5.17) and (5.21). In 
the interacting quantum theory defined by (5.24), these parameters can no longer 
be identified with the physical fermion mass and charge, and must be viewed upon 
as bare parameters, having no direct physical meaning. To emphasize this point, one 
usually writes Mo and eg instead of M and e. We have not done so in this chapter, 
since we have merely constructed the lattice action starting from the free fermion 
theory. In the following chapter, where we discuss the non-abelian case, we shall, 
however, make use of this notation. 


One other remark must be made. For the euclidean lattice action (5.22) to be 
a bonafide candidate for defining a quantum theory, it must satisfy the criterion of 
reflection positivity. Reflection positivity is a necessary ingredient for the existence of 
a non-negative hermitean Hamiltonian, with a positive transfer matrix, and a Hilbert 
space formulation. This is an important technical detail which we only mention here. 
The action (5.22) can be shown to satisfy reflection positivity, which within the 
continuum formulation was first discussed by Osterwalder and Schrader (1973). For 
details the reader may consult the book by Montvay and Miinster (1994), and in 
particular the references quoted there. 

This completes the formulation of lattice QED. As we have seen, the group 
aspect has played a central role in the above discussion. In a lattice formulation it is 
not the vector potential which emerges naturally in the process of gauging the free 
Dirac theory, but rather the group elements U,,(n) which live on the links connecting 
two neighbouring sites. Thus the connection between lattice and continuum variables 
is much more subtle than in the case of the matter fields. In fact one may easily 
verify that a naive lattice translation of the minimal substitution rule 0, > D, 
(see eq. (5.1)) will lead to a fermionic action Sp which violates gauge invariance in 
higher orders of the lattice spacing. For reasons we have already mentioned, however, 
we have insisted on the strict gauge invariance of the lattice action. 
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CHAPTER 6 


NON ABELIAN GAUGE FIELDS ON THE LATTICE 
COMPACT QCD 


The lattice gauge theory we discussed in chapter 5 can be easily extended to 
the case where the abelian group U(1) is replaced by a non-abelian unitary group. 
Thus suppose that instead of a single free Dirac field we have N such fields ~% 


(a= 1,..., N) of mass Mo. Then the euclidean fermionic action, replacing (5.9), is 
given by* 
N 1 N 
Sp = (Mo + 4r) > D VWN) — 5 DD Wn) ayin + A) 
n a=l np a=l 
bee (n + f(r yue (n): (6.1) 


This action is invariant under global unitary transformations in N dimensions, and 
in particular under the non-abelian subgroup SU(N).** Introducing the following 


N-component column and row vectors 


yt 
b=[ i], g= p) (6.2) 
ayn 
these transformations read 
ylz) — Gy(z), 
ylz) — ¥(2)G™, 


where G is an element of SU(N). We now want to generalize (5.22) to the non- 


abelian case. This is straightforward. We only have to replace the Dirac fields Y and Y% 
by the N—component vectors (6.2) and the link variables U„(n) by the corresponding 
group elements of SU(N) in the fundamental (-dimensional) representation. Let 
us denote the matrix-valued link variables by U,,(n). They can be written in the form 


Uy(n)=e , (6.3) 


* We omit the “hat” on the dimensionless fields ~, w since it is clear that we are 
discussing the dimensionless formulation. 

** This group consists of all unitary N x N matrices with determinant equal to 
one. 
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where ¢,(n) is a hermitean matrix belonging to the Lie algebra of SU(N). Making 
the above substitutions in (5.17), we obtain the gauged version of (6.1): 


SO) = (My + 4r) 3 Y(njy(n) 


3 Wee (r= y)Uu(nyW(n-+ fe) (6.4) 
Bln + alr + ULrdvla)h 


For the reasons stated at the end of chapter 5, we have now written Mp instead of 
M. Written out explicitly, a typical term in (6.4) reads 


B(n)(r — yO (n)o(n + fi) = X Paln)(r — Yu)JaplUn(n n))avha(n + fi). 


a,3,a,b 


The action (6.4) is invariant under the following local transformations 


pin) > Ginn), 

(6.5a) 
Yin) > p(n)G (n), 
U„(n) > G(n)U, (n) G (n + jt), 

(6.5b) 


n(n) > G(n + M)UL(n)G"(n). 


Here Gn) is an element of SU(N) in the fundamental representation. It can there- 


fore be written in the form 


iA(n) 
G(n)=e (6.5¢) 


where A(n) is a hermitean matrix belonging to the Lie algebra of SU(N). 

It is now a simple matter to construct the other piece of the action analogous to 
(5.21). Clearly Sg should be gauge-invariant. Since U,,(n) transforms according to 
(6.5b), the simplest gauge-invariant quantity one can build from the group elements 
U,,(n), is the trace of the path ordered product of link variables along the boundary 
of an elementary plaquette; this path-ordered product is the generalization of (5.19) 
to the non-abelian case and reads: 


Unln) = Uy (nU(n + UK (n+ UL(n). (6.6) 
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Notice that the trace, and the path-ordering of the links in (6.6) are important now, 
since the group elements do not commute. In analogy to the abelian case discussed 
in chapter 5 we now replace (5.21) by 


So = TY [1 = 5 Ula) + Uh) (6.7) 


where c is a constant which will be fixed below. 


So far we have merely extended the analysis in chapter 5, to the case of a non- 
abelian group. Undoubtedly the lattice theory constructed in this way describes a 
quite non-trivial system. But does it have any relevance for physics, and in particular 
for elementary particle physics? To answer this question we must see whether it has 
a chance of describing in the continuum limit an interesting field theory. To this 
effect let us first fix the gauge group that we expect to be relevant for describing 
the strong interactions of quarks and gluons. It has been known for a long time that 
quarks (and antiquarks) must come in three “coloured” versions, (> Y°, a = 1, 2,3) 
and that the observed strongly interacting particles (hadrons) are colour singulets 
with respect to the group SU(3).* Hence we expect this group to be the one of 
interest. Now any element © lying in the Lie algebra of SU (3) can be written in the 


form 


B= 


= 


where the eight group generators \? are usually chosen to be the (3 x 3) Gell-Mann 


matrices, satisfying the commutation relations** 


8 
[A4, AP] = 2i X fasc. (6.8) 


C=1 


Here fasc are the completely antisymmetric structure constants of the group, 
corresponding to this choice of generators. 


* These hadrons are built from different “flavoured” quarks (i.e., up, down, 
strange, charm, top, bottom). Each of these quarks comes in three colours, and 
they must be combined in such a way that the hadron transforms trivially under 
SU(3). The reader who is not acquainted with these concepts, and is interested in 


learning more about it, may consult the book by Close (1979). 
** See e.g., the book quoted in the previous footnote. 
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Let us now study the naive continuum limit of the action (6.4) for the case 
N = 3, proceeding in a way analogous to the abelian case. To this effect we introduce 
a dimensioned matrix valued lattice field A,,(n) as follows, 


du(n) = goa A(n). (6.9) 


Here ¢,,(m) is defined in (6.3), a is the lattice spacing, and go is a bare coupling 
constant. Again we have written go instead of g to emphasize that in an interacting 
theory this coupling constant is one of the bare parameters on which the action 
depends. Since A,,(n) is an element of the Lie algebra of SU(3) it is of the form 


An(n) = SAB Qn) (6.10) 


where AS (n) are eight real-valued vector fields corresponding to the eight generators 
of SU (3). Inserting (6.9) into (6.3) and expanding the exponential to leading order 
in a, one finds, after scaling Mo, wv and Y appropriately with the lattice spacing, 


that (6.4) reduces to the following continuum action for a > 0: 


SE = f dtap, + igoAy) + Move). 


Next we consider the naive continuum limit of eq. (6.7). To this end we define in 


analogy to (5.20) the matrix-valued lattice field tensor F,» by 


Uw(n) =e (6.11) 


Clearly, the relation between F,,(n) and A,(m) is now much more complicated 


than in the abelian case. The reason is that the link variables appearing in the 
product (6.6) are now matrices which do not commute. In order to arrive at the 
connection between Fy and A,, one needs to make use of the Baker-Campbell- 


Hausdorff formula 
efe? = eAt Bt ABH (6.12) 


where the “dots” will in general involve an infinite number of terms. But be- 


cause ¢,(n) is proportional to the lattice spacing (cf. eq. (6.9)), one only needs 
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to compute a few terms in the exponent of (6.12), when this formula is used to 
calculate the product of link variables. By making use of such relations as 


bp(n + v) ~ a(n) + að Qa (n) i goaA,,(n) + goa, A, (N) aser 
one finds that 
Fuz Fw = 0,A, — O,Ay + igoļ| Ap, Av]- (6.13) 
LUU ia 1 1 lp £ 


This is the well-known expression for the matrix-valued field tensor in continuum 
QCD. Since (6.13) is again an element of the Lie algebra, it can be written in the 


form 
8 : AB 
tw = ae (6.14) 
Making use of (6.8) and of the orthogonality relation of the Gell-Mann matrices, 


Tr(A? AS) = 26a, (6.15) 


one arrives at the following connection between the eight components of F ie and 
A, defined in (6.14) and (6.10), respectively: 


FR = 0,AP — 0,A2 — gofacpA, AP. (6.16) 
Having motivated the introduction of the lattice field strength tensor F,,, according 


to (6.11), we now compute Sg in the naive continuum limit. Approximating (6.11) 
for small lattice spacing by the first two non-trivial terms in the expansion of the 
exponential and inserting this expression into (6.7), one finds that 


Se — Da 
where 
gicom) = in I dF yy Fy, (6.17) 
and a sum over jt, v is understood. This is the well-known gauge field action of QCD. 


Hence we must choose c = 2/gj. The continuum field strength tensor for SU(N) has 
the same form as given in (6.13) with A, an element of the Lie algebra of SU(N). 


Following the same procedure as above one finds that the gauge part of the lattice 
action is given for all N > 1 by 


Er 
ars D h = sy UP + US) (6.18) 
P 
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where 
2N 
b=. (6.18b) 
go 
As in the abelian case, the sum in (6.18a) extends over all distinct plaquettes on the 


lattice, and we have introduced the notation Up for the path-ordered product (6.6) 


of link variables around the boundary of a plaquette P. Both orientations for this 
product are taken into account, thus ensuring the hermiticity of the action. 


The action (6.18) is invariant under the local transformations (6.5b). Inserting 
for U,,(n) the expression 


igoaAy(n) 


U,,(n) =e ; (6.19) 


one finds that (6.5b) implies the following transformation law for A, in the contin- 
uum limit: 
Ayla) > Gaule) a) ~ —G(2)4,."@). (6.20) 
0 
This is the non—abelian analog of (5.3b). 


For those readers not familiar with continuum QCD we want to make the 
following remark. Using the relation (6.15), the expression (6.17) may be written in 
the form 


com 1 
set) = i / dF? FB (6.21) 


pv uv’ 


where F be is related to the coloured gauge potentials by (6.16). Hence, in contrast 
to the abelian case, the pure gauge sector of QCD describes a highly non-trivial 
interacting theory, which involves tripel and quartic interactions of the fields, AB : 
This is the reason why a study of the pure gauge sector of QCD is of great interest. 
In fact, the self-couplings of the gauge potentials are believed to be responsible for 
quark confinement. The first non-abelian gauge theory was proposed by Yang and 
Mills (1954), and was based on SU(2). For this reason one usually refers to (6.18), 
or (6.21), as the Yang-Mills action. 


So far we have constructed the lattice action which possesses the desired naive 
continuum limit. We must now define the quantum theory by specifying the path in- 
tegral expression from which correlation functions may be computed. This expression 
will be of the form (5.24) except that now Ya, Ya and U,(n) will carry additional 
colour indices corresponding to the three-coloured quarks lying in the fundamental 
representation of SU(3). What concerns the integration measure DU on the other 
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hand, it will now depend on the eight real variables parametrizing the group ele- 
ments of SU(3), and the integration is to be performed over the group manifold. 
For the same reasons mentioned before in connection with the abelian theory, this 
integration measure must be gauge-invariant if quantum fluctuations are not to de- 
stroy this important principle. Denoting by af (A = 1,...,8) the group parameters 
on which the @’th link variable depends, the corresponding integration measure will 
be of the form* 


DU = ] | J(ae)(dav), (6.224) 


where ay stands for the set {a}, and 


(day) = [| dof. (6.22) 
A=1 


The structure of the Jacobian J(a¢) in (6.22a) is determined from the requirement 
of gauge invariance. For our purpose it will suffice to know some of the standard 
integrals involving polynomials of the link variables and we shall only list a few of 
them without proof. A general rule, however, is the following: only those integrals 
involving products of the link variables will give a non-vanishing contribution, for 
which the direct product of the corresponding representations contains the identity 
element. With dU, defined by 


dU; = J (ae) (dae), 


some useful SU (3) group integrals are: 


/ dU U% =0, (6.23a) 

I dU U? U“ = 0, (6.23b) 

/ du (uty = baat (6.23¢) 

/ dU ee yee N Ebi baba: (6.23d) 


Here U stands generically for any given link variable. The general rules for evaluating 
arbitrary integrals of the above type have been discussed by Creutz (1978). 


* The integration measure DU is the so-called Haar measure. We will discuss this 
measure in detail in chapter 15, where we shall require its explicit form in order to 
perform the weak coupling expansion of lattice QCD. 
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An arbitrary correlation function involving the fermionic and link variables can 


be computed from the following path integral expression 


(be (1) «+ Bg (m1) + UGS (ki) +) 


1 R _ 
=z | DUDSDuwEe(m) «TH (ma) Uee, (6.24) 

where 
Ts f DU DpDye°2?, (6.24b) 


and where Sgcp is given by the sum of the actions (6.18) and (6.4) with N = 3. For 
later convenience we summarize the results for QCD below: 


Soco = Se[U] + Sp 0, Y, (6.252) 
Se = = Ds i = =U; T uh) i (6.256) 
90 “Pp 6 


SEP = (Mo + 4r) X d(n)¥(n) 


-EEEE -Ulat + A) (6.25¢) 


Hpln + fi)(r + Yu )UL(n)v(n)]. 


We have concentrated here on the case of Wilson fermions. The generalization of 
the free staggered fermion action (4.36) to QCD is obvious. The fields y and x 
become 3-component vectors in colour space and must be coupled to the matrix- 
valued link variables in a gauge invariant way. Each lattice site can accomodate the 


three colours. Denoting by x the vector (x1, x”, x’) in colour space, we have that 
x 


SI) = 5 EO ndog Upln)x(n + ft) — U(r = Axl 7) 
+ My $ x(n)x(n). (6.26) 


For each colour, the different Dirac and flavour components of the quark fields are 
then constructed from the y-variables at the sixteen lattice sites within a hypercube 
in the way described in chapter 4. 

This completes our construction program for lattice QCD. In the following 
chapter we introduce an important observable which will play a central role in the 
study of confinement later on. 
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CHAPTER 7 


THE WILSON LOOP AND THE STATIC 
QUARK-ANTIQUARK POTENTIAL 


One of the crucial tests of QCD is whether it accounts for the fact that isolated 
quarks have never been seen in nature. It is generally believed that quark confine- 
ment is a consequence of the non-abelian nature of the gauge interaction in QCD. 
In contrast to QED where the field lines connecting a pair of opposite charges are 
allowed to spread, one expects that the quarks within a hadron* are the sources of 
chromoelectric flux which is concentrated within narrow tubes (strings) connecting 


the constituents in the manner shown in fig. (7-1). 


é> 


(a) (b) 


Fig. 7-1 (a) Picture of a meson built from a quark and antiquark which 
are held together by a string-like colour electric field; (b) corresponding 


picture of a baryon built from three quarks. 


Since the energy is not allowed to spread, the potential of a quark-antiquark 
(qq) pair will increase with their separation, as long as vacuum polarization effects 
do not screen their colour charge. For sufficiently large separations of the quarks, the 
energy stored in the string will suffice to produce real quark pairs, and the system 
will lower its energy by going over into a new hadronic state, consisting of colour 
neutral hadrons. In fig. (7-2) we give a qualitative picture of this hadronization 
process for the case when the quarks are bound within a meson (qq-system) or 


baryon (qqq-system). 


* We shall often refer to the constituents of hadrons simply as quarks, without 
distinguishing explicitly between quarks and antiquarks. 
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qe 5 — Ep E 


Fig. 7-2 Hadronization of the gq and qqq systems as the quarks are pulled apart. 


Once the colour charges of the quarks and antiquarks have been screened, 
the remaining Van der Waals type interaction between the colour neutral hadrons 
becomes the short-range interaction characteristic of the known hadronic world. 
This picture of confinement can in principle be checked by computing, for example, 
the non-perturbative potential between a static quark-antiquark pair. We now show 
how this potential can be extracted from a path integral representation. To this 
effect, it will be useful to first discuss some of the ideas involved within the context 
of non-relativistic quantum mechanics, since our subsequent presentation of the field 
theoretical case will be quite formal. 


7.1 A Look at Non-Relativistic Quantum Mechanics 


Consider a particle of mass m moving in a potential V(x) in one space dimen- 
sion. Its propagation is described by the amplitude 


K(a',t; 2,0) = (2'|e*#"|z), (7.1) 


where H = p?/2m + V(x). Next consider the static limit of (7.1); letting m — oo, 
the kinetic term in the Hamiltonian may be dropped and H can be replaced by the 
potential. Hence (7.1) takes the simple form 


K(a',t;2,0) — (a — re V ot, (7.2) 

m—> oo 
Continuing this expression to imaginary times (t => —iT), we see that the poten- 
tial V(x) may be determined from the exponential decay of (7.1) as a function of 
euclidean time T. The 6-function appearing in (7.2) just tells us that an infinitely 


The Wilson Loop and the Static Quark-Antiquark Potential 97 


massive particle does not propagate. In fact the only change in the wave function 
with time consists in the accumulation of a phase. Thus in the static limit the wave 
function ~(z,t) is a solution to the following equation 


i0,0(a, t) = V(x)(z, t), 
which may immediately be integrated to give 
(a, t) = eV ab (xr, 0). (7.3) 


The phase exp(—iV) is just the one appearing in eq. (7.2). To substantiate the 
formal arguments given above, we illustrate the result (7.2) for the case of the one- 
dimensional harmonic oscillator whose Hamiltonian is given by H = p?’ /2m + Kz? /2. 
The corresponding propagation kernel has the form* 


MW 1/2 mw p 2,2 , 
K x,t: 2,0 = ( ) Giant (x +a gosong 7.4 
( ) 2misin wt (ra 
where w = „/ k/m is the frequency of the oscillator. In order to extract the potential 
from (7.4), we now take the limit m — oo, holding « (i.e. the potential) fixed. This 
implies that w must vanish like 1/y/m. It is then a trivial matter to show that 


; 1 \M? eno? £(V(e')+V(2))t 
K(x',t; x,0) -= TT e % e 2 (7.5) 
MEN mie 


k fixed 


where e = t/m. In the limit € + 0 (m — oo), the factor appearing within square 
brackets just becomes (x — 2’); hence we arrive at the result (7.2). 


7.2 The Wilson Loop and the Static qq-Potential in QED 


We now generalize this discussion to the case of a gauge field theory. To keep 
things as simple as possible, we shall restrict us for the moment to the case of an 
abelian U (1) gauge theory, and in particular to QED. Furthermore, we shall argue 
entirely within the framework of the continuum formulation where the physical 
picture is most transparent. Our presentation is based on the work by Brown and 
Weisberger (1979), and on the review article by Gromes (1991). 


* See e.g. Feynman and Hibbs (1965) for a derivation of (7.4) within the path 
integral framework. We have set h = 1. 
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Consider a heavy quark (Q) and antiquark (Q), which are introduced into the 
ground state of a quantum system whose dynamics is described by the action (5.5).* 
We want to study the energy of this (infinitely) heavy pair when it is coupled to 
the gauge potential in the usual minimal way. To this effect consider the following 
gauge invariant state 


lbaa(%,9)) = VO (Z, 0)U (2, 0; 7, 0) VY? (g, 0)|0), (7.6) 


where |Q) denotes the ground state, and where, for arbitrary time U(Z,t;y¥,t) is 
defined by 


U(2, t; J, t) = ee SE AEA, (7.7) 


with the line integral extending along the straight line path connecting £ and y. 
This phase ensures the gauge invariance of the state (7.6) which describes a quark 
and antiquark located at x and y at time t = 0. In order to distinguish the heavy 
quarks, serving as test charges, from the (light) dynamical quarks responsible for 
the vacuum polarization effects referred to at the beginning of this chapter, we have 
attached the label “Q” to the corresponding Dirac fields. The state (7.6) is not an 
eigenstate of the Hamiltonean H. It serves however as a trial state to extract the 
energy of the lowest eigenstate of H having a non-vanishing projection on |¢qa). 
This energy will be a function of the separation of the quark and antiquark, and is 
the quantity that we are interested in. As in the case of our quantum mechanical 
example we can extract this ground state energy by studying the propagation of the 
state (7.6). But the procedure will not completely parallel the quantum mechanical 
case. The difference is that whereas the state |), whose propagation we have studied 
there, becomes an eigenstate of the Hamiltonian H = p?/2m + V(x) in the infinite 
mass limit, this is not true for the trial state (7.6). In the field—theoretic case, where 
one is dealing with a system having an infinite number of degrees of freedom, there 
will be many eigenstates of H which have a non-vanishing projection on (7.6); but 
of all these states we are only interested in that state having the lowest energy. In 
our quantum mechanical example we would be confronted with a similar situation if 
we were studying the propagation of a particle of finite mass in the potential V (æ). 
In this case the state |x) is no longer an eigenstate of the Hamiltonian and the 
propagation amplitude will no longer have the simple form (7.2). Instead, we must 


* Although we are studying the U(1) gauge theory, we will refer to the charged 
particles as quarks and antiquarks. 
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consider its general spectral decomposition 

K(a’,t;2,0) = y ama (7.8) 
where Ep are the eigenvalues of H = p?/2m + V(x), and |n) the corresponding 
eigenstates. But from the structure of the right hand side of (7.8) we see that we can 
extract the contribution of the state of lowest energy by studying the propagation 
amplitude for large euclidean (t + —iT) times: 


K(a', -iT; 2,0) —> (2"|0)(O|arye“?. 
— o0 


This is the well-known Feynman-Kac formula. As an example consider the harmonic 
oscillator, where K(x’, t; x,0) is given by (7.4). Taking the above limit, holding the 
mass fixed, one readily finds that Ey) = SW. This is of course not the quantity that 
we were interested in; but the example illustrates the point that in general we must 
supplement the infinite mass limit with another limit involving the euclidean time. 
Furthermore, the order of these limits is important! To extract the ground state 
energy of a quark-antiquark pair, we must first study the propagation of the state 
(7.6) in the infinite mass limit, and then examine the behaviour of the propagation 
amplitude for large euclidean times. With this in mind, consider now the following 
Green function describing the propagation of the state (7.6): 


Gap oplE T TO= ATOT UT 62,0) 
xUP (x, ATOE, 0)U (E, 0; 7, 0) VF, 0))|Q) (7-9) 


where “T” is the time-ordering operator. Since in the limit of infinite quark masses,* 
the positions of the quark and antiquark are frozen, we expect that (7.9) will show 
the following behaviour 


Gup aol TE iT) — SE- EOT- T) Cao al E, 
1)MQo—>2œ 


(7.10) 


where Mg is the quark (antiquark) mass, Cwøg' apl, U) is a function describing the 
overlap of our trial state (7.6) with the ground state of the Hamiltonian in the 
presence of the static pair, and Æ(R) is the ground state energy** of the static pair 
| 


separated by the distance R = |Z — y 


* Actually we shall keep the masses finite, in order to control any divergencies 


that might arise. 
** As we shall see in the next chapter, Æ(R) also includes self-energy effects 


which need to be subtracted when calculating the interquark potential. 
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The right-hand side of (7.9) has the (formal) path integral representation 


1 TH ya E =F Fd i 
Gatos =F [pa Dy Dý DY DPO PT’)... pgs, (7.11) 


where the expression within brackets stands for the quantity whose expectation value 
we are calculating, Z is the normalization constant given by the integral (7.11) omit- 
ting the above mentioned expression, and S is the action describing the dynamics 
of the light and heavy quarks, and of the gauge potential: 


S = Se[A] + Sp[v, p, A] + Soly, pb, Al. 


Here Sg and Sp are defined in (5.4) and (5.2) respectively, and* 
Sq, o, A] = [ard wylen"D, — May (2). (7.12) 


Since this action is quadratic in the fields 2) and w@), one can immediately 
perform the integration over these Grassmann variables in (7.11) (see chapter 2): 


1 = 
Gur aa=—z | DA DY DE[Sao(y. us A)Sarale! 2 A) 
= Sara! (a, y’; A) Sealy, £T; A)| (7.13) 
-U (2,0; 9, 0)U (T, t; Z’, t) det K@) [A]etSoriSr 


Here x,y, 2’ and y’ are the following four-component vectors 


« = (2,0), F (y; y (7.14) 


x= (Ht), y =G',0), 


S(z, 2’; A) is the Green function describing the propagation of a quark in the external 
field A,, 


liq" (ð, + ieA,(z)) — Mg|S(z, 2’; A) = 6 (Z- Z Nt — t’), (7.15) 
and det K(®)[A] is the determinant of the matrix 


KO, [A] = liv" (Ou + ieAy(2)) — Malad“ (E — Y), 


* Recall that we are still in Minkowski space. Hence 7“ (u = 0,1,2,3) are the 
usual Dirac matrices. 
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arising from the integration over the heavy quark fields. In perturbation theory the 
logarithm of this determinant is given by the sum of Feynman graphs consisting of a 
fermion loop with an arbitrary number of fields A, attached to it. This determinant 
approaches an (infinite) constant for Mg — oo which is however canceled by a 
corresponding factor contained in Z. Hence in what follows we can set det K(@) = 1. 

For the same reasons as stated above, we can of course also perform the inte- 
gration over the dynamical quark fields y and w in eq. (7.13). This gives rise to a 
similar determinant; but its dependence on the gauge potential can no longer be ig- 
nored, since these fields have finite mass. It is this determinant which is responsible 
for the vacuum polarization effects mentioned at the beginning of this chapter. 


So far the result (7.13) holds for arbitrary quark mass Mg. We now want to 
study this expression for Mg — oo. Following Brown and Weisberger (1979), we 
drop the spatial part of the covariant derivative, but keep its time component. Thus 


gauge invariance is maintained in this approximation: 
[iy°(Oo + teAg(z)) — Mo]S(z, 2’; A) = 6 (z — 2’). (7.16) 


Here the derivative acts on z. Equation (7.16) can be easily integrated. Making the 
Ansatz 


S(z, 2/; A) = elec # 09 G7, _ 2" (7.17) 


one finds that $(z— 2’) satisfies a differential equation, which does not involve the 
gauge potential: 


(ia — Mg) S(z — 2') = 6O(z — 2’). (7.18) 


This equation can be readily solved by making a Fourier ansatz for S', and leads to 
the following expression for (7.17): 


. pz = 1 ; J 
iS(z, z'; A) = Bz z Ne Seo dt Ao(Z,t) fota z z0) (=) e Ma (20-29) 


2 
1- ; , 
+ Oz, — 20) (=) eee) : 
(7.19) 


This expression shows that the time evolution of the (infinitely) heavy quark fields 
merely consists in the accumulation of a phase determined by Ag and the quark 
mass. This is the statement analogous to (7.3) in our quantum mechanical example. 
We next insert (7.19) into (7.13). Because of the appearance of the spatial delta 
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function, which merely tells us that an infinitely heavy quark cannot propagate 
in space, only the first term in eq. (7.13) contributes since 7 4 y. Recalling the 
definitions of x,y,z’ and y’ given in eq. (7.14), one finds that 


Gorp an > P(E- E VOE -g Paal Pape Mee FAO), 
(7.20a) 
where 
P= la Ee), (7.20b) 


2 
and where the line integral extends over a closed rectangular path with spatial and 


temporal extension R = |z — ğ| and t, respectively, whose corners are located at 
the points (7.14). The bracket ( ) denotes the ground state expectation value in the 
absence of the static quark-antiquark source. It is formally given by 


_ f DA Dw Dw ete $ dz” Ay (z) eiSqep 
7 {DA Dw Dw e?5 QED ? 


(ete f dA) (7.21) 


where Sgen is the action defined in eq. (5.5). 


Finally let us continue the expression (7.20) to imaginary times, t > —iT. This 
is accomplished by replacing —iSggp in (7.21) by its euclidean counterpart (5.8), 
and continuing the exponentials exp(—2i Mgt) and exp(ie $ dzA,,(z)) to imaginary 
times. By writing out explicitely the contour integral, and recalling that Ap must 
be replaced by iA; in this continuation process, one finds that 


[Garpaplisir = 8° — € SOG —F')(Py otal P_)ap 
Mg-70%0 


(7.22a) 
. e Mal (Wo [A] uct.» 

where 

Wo [A] = ete $ Au), (7.22b) 
and 
= (eucl.) 
DA Dy Dw We|Ale 828 

(Wo[A]) eucl. = J v 4 cl le (7.22c) 


f DA Dy Dy e5% 


In (7.22b) the line integral is carried out along a rectangular contour C in euclidean 
space time, with corners given by (7,0), (¥,0), (Y, T) and (Z, 7). This is the famous 
Wilson loop. 


Finally, to obtain the static quark-antiquark potential we must study the 
behaviour of (7.22) for large euclidean times T. Comparing this expression with 
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eq. (7.10), we see that the exponential factor exp(—2MgT) just accounts for the 
fact that the energy of the quark-antiquark system includes the rest mass of the 
pair. Hence we expect that (Wc[A]) behaves as follows for large T 

W(R,T) = (We[A]) — F(R)e 27, 


T= 


where Æ(R) is the interaction energy of the static quark-antiquark pair separated 
by a distance R, and F(R) reflects the overlap of our state (7.6) with the ground 
state of the system in the presence of this pair. Hence we conclude that this energy 

can be calculated as the following limit: 
BR) Sie = E (7.23) 

T=>œ T 

We want to emphasize the formal simplicity of the above result. To compute 
the static interquark potential we “merely” need to calculate the expectation value 
of a gauge invariant quantity built only from the gauge potential. Admittedly the 
derivation of the result involved a bit of handwaving. Furthermore, we have used 
a special trial state constructed from the quark fields and the string like operator 
(7.7), with the line integral taken along a straight line path connecting the quark 
and antiquark. Especially, in QED, where field lines are allowed to spread all over 
space, we expect that there are other trial states which have a better overlap with 
the ground state of the QED-Hamiltonian in the presence of a static source. But 
also in QCD where the field lines are expected to be squeezed into a tube connecting 
the two quarks, the use of other trial states can allow one to determine the potential 


from Wilson loops with a relatively small temporal extension.* 


So far we have argued entirely within the continuum formulation where the 
path integral (7.22c) only has a formal meaning. To define it, we must obtain the 
lattice version of (7.22b) and (7.22c). This can be easily done. Thus on the lattice 
the exponential of the line integral in (7.22b) just corresponds to the product of 
the link variables (5.18) along the rectangular contour C shown in fig. (7-3). Let U; 
denote such a link variable. Then we define the Wilson loop operator by** 


Welt] =] [v: (7.24) 
LEC 


* See e.g., Griffith, Michael and Rakow (1983). 
* In order not to introduce too many symbols, we use the same symbol W as 


in the continuum formulation. The argument of W will tell us which formulation 
we are talking about; notice also that in the abelian case the ordering of the link 
variables is irrelevant. 
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Its ground state expectation value 
W(R,T) = (Wo[U]) (7.25a) 
is given by 


wef) = f DUDPDYWe[U]eSee 441 (7.256) 
ee f DUDpDype- Soe) l 


where in the case of Wilson fermions, Sorp is given by (5.22). Notice that W (R, T) 
is a function of the dimensionless ratios R = R/a and T = T/a, with a the lattice 
spacing. 


=—— >> 


Fig. 7-3 Integration contour appearing in eq. (7.22b), relevant for calcu- 


lating the static interquark potential. 


On the basis of the arguments presented in this chapter, we now define the 
energy of a static gg-pair measured in lattice units, E(R), by an expression analogous 
to (7.23), 


1 Aria 
E(R) = — lim = ln W(R,T), (7.26) 


T—oœ 


where, as we have pointed out before, Ê (È) will still contain R-independent self- 
energy contributions, which have to be substracted when calculating the interquark 
potential. Relation (7.26) will allow us to compute, at least in principle, the 
interquark potential using numerical methods. 
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7.3 The Wilson Loop in QCD 


The non-abelian case can be treated in a very similar manner to that discussed 
in the previous section. The starting point is again a state of the form (7.6), except 
that now the Dirac fields are replaced by (6.2) with N = 3, and we must substitute 
for U(z,t; J, t) the operator 

ig [Ë dz’ Ai (Z,t) 


U(z,t;j,t)=Pe . (7.27) 


where A;(Z,t) is the matrix valued field defined in (6.10), and P denotes the path- 


ordering operation. This path ordering is important to ensure the gauge invariance 
of the state. Let us see why this is so. 


Consider the following generalization of (7.27) to exponentials of line integrals 
performed along an arbitrary path C connecting two different space-time points x 
and y: 

ig fẹ dz" Au (2) 
U(z,y)c =Pe (7.28) 


The path ordering in (7.28) is defined as follows: divide the path C into n infinites- 
imal segments and let £1, 72,...,2%n—, denote the intermediate space-time points 
going from x to y. Furthermore define dze = xe — x¢_1, with xp and x, identified 
with x and y, respectively. On each of the infinitesimal segments the exponential in 
(7.28) can be approximated by the first term in the Taylor expansion. Then (7.28) 
is given as the limit xe — 0 of the ordered product of these (non-commuting) 
expressions along the path from z to y: 


Ula,y)o = Jim [1 +igAy(vo)drt] +: [1 + igAy(an)dvt]. (7.29) 


Consider now an infinitesimal gauge transformation. According to (6.20), A, trans- 
forms as 


Ay) > Anl) + i[8(2), Au) ~ ~2,8(2), 


where 0(x) is an infinitesimal matrix belonging to the Lie-Algebra of SU(3). Up to 


terms linear in dx, and 6(x) we have that 
1+ igA,(x~e_1)dzy > 1+ igA,,(te_1)dx; 
— g[0(0-1), Au(oe-1)]dx (7.30) 


-i (88e) ) at 
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But (0,,0(ae_1))dx = 0(x4) — O(xe_1). Hence up to leading order in 0, (7.30) can 


also be written in the form 
1+ igAy(ass)dal > DLL + igAy(e-s)def] eM, 


We therefore conclude that (7.29) transforms as follows under finite gauge 


transformations 
U(x, y)co > G(x)U(x, y)G™ (y), (7.31) 


where G(x) is an element of the gauge group. The transformation law (7.31) is the 
analog of (5.11) for the non-abelian case. It guarantees that the state analogous to 
(7.6) is gauge invariant. 

On the lattice, the path ordered exponential (7.28) is just the ordered product 
of link variables along a path connecting the lattice sites corresponding to x and y. 
Let us denote these sites by n and m, respectively, and by Cz a path on the lattice 
connecting n and m. Then the transition from (7.28) to the lattice reads 


U(x, y)c > U(n,m) =|] U,, (path ordered), (7.32) 
LECL 
where U; denotes generically a link variable on Cz. Since under gauge transforma- 
tions the link variables transform according to (6.5b), it follows that the right-hand 
side of (7.32) transforms according to 
U(n, Mc, > G(n)U (n, m)c,G™ (m). 
Taking for Cz the Wilson loop, we conclude that 
= Tr I] U; (path ordered) (7.33) 
LECL 


is gauge invariant. This is the analog of (7.24). The corresponding expectation 
value (Wc[U]) = W (R, Î), is then calculated as before according to a path integral 
expression analogous to (7.25b): 


f DU DYDy We|U]e —Sacv[U,¥] 


W(R, T) = f DUDpDypeSacvlU..4] à} 


(7.34) 


where for Wilson fermions Sgcp is the QCD action given by (6.25), and where DU 
is the gauge-invariant measure discussed in chapter 6. The interquark potential is 
then computed according to (7.26). 
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The right-hand side of (7.34) can be written in a form which involves only 
an integration over the link variables and hence will be suited for numerical, Monte 
Carlo, calculations. Indeed, the fermionic contribution to the action, given in (6.25c), 
is bilinear in the fermion fields and has the form* 


sw) [U W, y] = 2 Yal JKnaamorl Ù }w3(m), (7.35) 


where (a,b) and (a, 8) are colour and Dirac-spinor indices, respectively. Hence we 
can immediately perform the Grassmann integration (see chapter 2) and obtain 


f DU We[U]eSe#41 


(We|U]) = f DU e- Ses lU] , (7.36a) 
where the effective action, Seg, is given by 
Seæ[U] = Sg[U] — ln det K[U]. (7.36b) 


Here K|U] is the matrix in Dirac, SU(3)-colour, and x-space defined in (7.35). In 
the continuum formulation the matrix elements of K are given by** 


Kas pyl A] = (u(n + t90Ap) + Mo) oe (z — y). 
The meaning of In det [A] is well known in perturbation theory. It is given by the 
sum of Feynman diagrams consisting of a single fermion loop, with an arbitrary 
number of external gluon fields attached to it. Hence this term gives rise to the 
vacuum polarization effects, referred to at the beginning of this chapter. Ignoring 
these effects amounts to setting detK = 1. This is the so-called quenched approxi- 
mation. In this approximation one expects that the static qq-potential rises with the 
separation of the quarks. This, as we have pointed out before, is a prerequisite for 
the hadronization picture mentioned at the beginning of this chapter. Hence calcu- 
lating the qq-potential in the quenched approximation is an important first check of 


confinement. 


The above analysis does not yield any information about the spin-dependent 
forces between quarks since we have merely studied the static limit. To obtain 
information about the spin-dependent terms in the potential, one must allow the 


* The same is true for the staggered fermion action (6.26). 
“ For simplicity we use the same notation for the Wilson loop, fermionic matrix, 


and effective action as above. 
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quarks to propagate in space. This means that one has to take into account the 
spatial part of the covariant derivative in the Dirac equation. This program has 
been first carried out by Eichten and Feinberg (1981), who treat this term pertur- 
batively. Alternative derivations of the results obtained by these authors have been 
carried out subsequently by Peskin (1983), Gromes (1984), Barchielli, Montaldi and 
Prosperi (1988). The reader may consult the recent review article by Gromes (1991) 
for details on this subject. 


Our above discussion has been quite formal. But simplified arguments based 
on physical intuition often lead to the correct result. So let us verify our conclusions 
at least within the framework of some simple models. After all, our understanding 
of quark confinement will depend on our ability of calculating the non-perturbative 
inter-quark potential, which — at the present state of the art — can only be deter- 
mined by studying the expectation value of the Wilson loop numerically. Hence let 
us get some confidence in this procedure by studying some solvable field theories. 
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CHAPTER 8 
THE QQ-POTENTIAL IN SOME SIMPLE MODELS 


In this chapter we study the potential of a static gq pair in two soluble models 
within the quenched approximation: 1) QED in four space-time dimensions, and 
2) compact (lattice) quantum electrodynamics in two dimensions (QED,). The latter 
model will also provide us with another opportunity to study the continuum limit 
and to compare our results with those obtained in a continuum calculation. 


8.1 The Potential in Quenched QED 


Consider the expectation value of the Wilson loop in QED. In the continuum 
formulation it is formally given by eq. (7.22c). Performing the fermion integration, 


we obtain 
DA Wo[A]e~ ee 4! 
(Wo[A]) = J TDA e vala] , (8.1a) 
where 
Seel A] = Sc[A] — In det K[AI, (8.1b) 


Sc[A] is given by (5.8b), and K[A] is a matrix in space-time and Dirac space: 
KrayplAl = MO + ieA,) + M]agô® (x — y). (8.1¢) 


We now want to calculate the integral (8.1a) in the quenched approximation where 
vacuum polarization effects, arising from the presence of dynamical fermions, are 
neglected. This, as we have seen, amounts to setting det K = 1, and hence replacing 
See by Sg[A]. The latter action can be written in the following convenient form: 


1 
Se[A] = -3 f a'rAy(2) Aa), (8.2a) 
where 
io = Oy — Opp, (8.2b) 


and O is the four-dimensional Laplacean. Hence in the quenched approximation 


(q.a.) the expectation value of the Wilson loop is given by 
f DA eG f rA Quv Artie $ dzpAp 


f DA er! TAQ Ar 


(WolA}) qa. (8.3) 
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Since the integrands in the above expression are exponentials of quadratic forms in 
the potentials, the integrals can also be carried out in the continuum formulation. 
Nevertheless, we cannot perform the Gaussian integration in the present form. The 
reason for this is well known: because of the gauge invariance of the action (8.2) 
the inverse of the operator Q, does not exist, since it annihilates all field configu- 
rations A, which are pure gauge (i.e., of the form A, = 0,A). This means that the 
integrands appearing in (8.3) take the same value for all field configurations which 
only differ from each other by a gauge transformation (notice that the closed line 
integral is also gauge invariant). These gauge equivalent potentials define an orbit 


for every given field strength Fv, and the integration along any such orbit will give 


pv» 
rise to a divergent integral in the numerator and denominator of (8.3). The ratio, 
however, will be finite. To show this, one must have a method for controlling this 
infinity. An elegant procedure has been given by Faddeev and Popov and amounts 
to selecting one representative field configuration from each set of gauge-equivalent 
potentials.* This is done by imposing a gauge condition. Since we are computing the 
expectation value of a gauge-invariant quantity, the choice of gauge is immaterial. A 
particularly simple choice is the so-called Feynman gauge and amounts to making 


the replacement 


Qan => Opp E. 


The Gaussian integrations in (8.3) may then be performed immediately and one 
obtains 


(ele f dznAny = oF $ dzu $ dz'võuy D(z—=2" (8.4a) 


where D(z — 2’) is the Green’s function for the operator O, 


D(z = 2) = 8® (z — 2’) (8.4b) 
D(x) = 5 = (8.4c) 


Because the integrand in (8.4a) is proportional to 6,,,, the double integral will only 
receive a contribution when z and 2’ are located on segments of the integration con- 
tour which are parallel to each other. In fig. (8-1) we show various types of diagrams 


* Those readers which are not familiar with the Fadeev—Popov trick may consult 
the review article by Abers and Lee (1973) or any modern field theory book. In 
chapter 15 we shall demonstrate this trick for lattice QCD. 
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which contribute to the exponential (8.4a). Clearly the leading contribution for large 
(euclidean) times comes from the diagrams shown in figs. (8-la,d). Of these, however, 
the latter one represents the self-energy contribution to the energy of the static qq 
pair. It must therefore be subtracted when computing the inter-“quark” potential. 
Hence the relevant diagram is that shown in fig. (8-la). The corresponding integral 
is easily evaluated and one obtains* 


(cief2nAn) ne = ceri (RT) 
=N eVe 
T— œ 
where 
2 T R IES 
(R,T) = T arctan = zr” (1 + =) | z 


Since f(R,T) => 1 for T > ov, we find that V(R) is just the usual Coulomb 


F IIT 


Fig. 8-1 Diagrams contributing to the argument of the exponential in (8.4a). 


The potential calculated from (8.3) does not include vacuum polarization ef- 
fects. When one takes into account dynamical fermions (i.e., fermions of finite mass 
coupled to the gauge potential), then one must also calculate diagrams containing 
virtual fermion loops. These loops arise from the contribution of the determinant 
of the operator K[A] = ð + M + ieA to the effective action (8.1b).** As an exam- 
ple let us calculate the leading order contribution of Indet K[A]. To this effect we 
write Indet K[A] in the form Tr In K[A], where the trace is taken with respect to the 
space-time coordinates as well as Dirac spinor indices. Then 


Tr In K[A] = TrIn o +M) (1 + =] 


suir (1 + reed) , (8.5) 


* See e.g., Kogut (1979). 
** We use the standard notation $ = `, Yubp- 
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where c = Tr ln( + M) is an irrelevant constant, which drops out when calculating 
the ratio (8.la). Expanding the logarithm in (8.5) in a formal series, one finds that 
the leading contribution is of O(e?):* 
LrAg A + O(c!) 

ie 
J+ M J+ “ti 


The right-hand side stands for the following expression 


TrIn K[A] = < | 


a pearls area] = te f ee (2 garg earl?) 
= ae fas | ëT te yeu a A(z’) (2! yea 2) Ate) 
(8.6) 
where Trp denotes the trace in the Dirac indices, and where 
(2 ———. r) = Sp(x — 2’) 
is the (euclidean) fermion propagator. From (8.5) and (8.6) we see that 
TrIn K[A] = ; I taddic- Aane (8.72) 
where 
M(x — x") = —(ie)?Trp{y,(Sp(a — 2')ySp(a’ — x)} (8.70) 


is the vacuum polarization tensor in one loop order. Substituting (8.7a) and (8.2a) 
into (8.1b) we are led to the following expression for (8.la) in the Feynman gauge, 


f D Acie $ An ez f daxder’ Ap (x) Quv(a—2’) A(z") 


(We[A]) = S DAel PELL Aneu (ee Av (2!) i (8.82) 
where 
Q(z) = Cw (z) + Te; (8.86) 
Oyu (2) = dp (2), (8.8c) 
We now perform the Gaussian integrals in (8.8a) and obtain 
(W.[A]) = eF $ dzu $ de, Onn (2-2!) (8.9) 


* Furry’s theorem tells us that there are no contributions coming from an odd 
number of external photon lines. 
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Here OF is the inverse of the matrix (8.8b). It is defined by 
[eo =2) 00 22 = mO eso) 
and can be easily computed up to O(e?). 
Qiz —y) =Q3(«—y)— | rezoa — z)Myy(z — 2N — y) + O(e*). 


The two point correlation function of the gauge potential in O(e°) and O(e?) is given 
by —Q7) and -Q7}, 
hand side of the above expression is given by: 


VV + WOW + Fe" 
XM y,V 


xu yV 


respectively. Hence in terms of Feynman diagrams the right 


Thus a typical diagram contributing to (8.9) is that depicted in fig. (8-2). 


Fig. 8-2 Vacuum polarization graph arising from the fermionic deter- 


minant contributing to (8.9). 


By carrying out the expansion of (8.5) to higher orders, we arrive at a sum of 
one-fermion loop contributions with an arbitrary number of external photon lines 
attached to it. 


Unfortunately we are only able to compute the effects arising from dynam- 
ical quarks analytically within the framework of perturbation theory. For a non- 
perturbative treatment we are forced to recur to numerical methods. This, as we 
shall see later on, turns out to be a quite non-trivial task. 
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8.2 The Potential in Quenched Compact QED2 


We now perform a similar calculation of the potential between two opposite 
charges but starting from a lattice formulation. For this purpose we consider the 
case of compact QED in 2 space-time dimensions, which, if we neglect dynamical 
fermions, may be solved in closed form. The lattice action in the pure gauge sector 


is given by* 
1 
=p ft 5(Ue +U}) (8.10) 
P 


where 3 is some parameter which, in analogy to (5.20), we shall relate to the 
dimensionless bare coupling ê by 


1 
= 22" (8.11) 


and where Up is given by the product of the link variables 
U,,(n) e uP 


taken around an elementary plaquette “P” as discussed in chapter 5. 


Next consider the expectation value of the Wilson loop (7.25b), with the con- 
tour C having spatial and temporal extension given by R and T. In the quenched 


approximation it is given by 


e Sal] 
(Wc[U]} = J al (8.12) 


Since the link variables are elements of the abelian group U(1), it is evident that 
Wc|U] can also be written as the product of the elementary Wilson loops (— pla- 
quette variables) contained within the region Rc, bounded by the square contour 
C, as shown in fig. (8-3). 
WelU] = ] | Ue. (8.13) 
PeERc 
Hence** 
f DU(J] per, Up)e? £r Ur tr) 


Wc|U 
ey f DU ef =p Urtu} 


(8.14) 


* Its structure is the same as that discussed in chapter 5 (see eq. (5.21)). 
** We have dropped the constant term in the action (8.10) since it cancels in 


the numerator and denominator of (8.12). 
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€ 


Fig. 8-3 Writing the Wilson loop (8.13) as a product of elementary 
plaquette contributions. The dashed line stands for the original product of 


link variables along the contour C. 


To carry out this integral it is convenient to choose a gauge where all link vari- 
ables pointing along the time direction are rotated to the unit element. This can 
always be achieved by performing an appropriate gauge transformation under which 
the link variables transform according to (5.16). Hence the contribution of a partic- 
ular plaquette with origin at n = (n1, n2) will be of the form Up = exp(i@p), where 
Op is given by the difference of the phase-angles associated with two neighbouring 


links lying on consecutive time slices: 
Op = O(n, no) = O(n, no + 1). 
Making use of the periodic structure of the integrands in (8.14), one finds that 


is dp e9P ef cos Op 


W(R,T) = z ' (8.15) 
=H il dOp efcos Op 
where W(R,T) = (Wc[U]). Performing the integral (8.15) one obtains 
se Og 
W(R,T) = 8.16 
AD- (To 19) 


where I,,(3) are the modified Bessel functions of integer order. From (8.16) we read 
off the qq potential in units of the lattice spacing, 


1 ana i 
V(R) =- lim =nW(R,T) =6R, (8.174) 


T>0o 
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where 


ô= ln (FR) (8.17) 


is the so-called string tension. Thus in the lattice formulation of quenched QED», 
the potential rises linearly with the separation of the gq-pair and hence confines the 
charged pair. This is the same behaviour found in continuum QED» and is a con- 
sequence of the two-dimensional nature of the problem. In fact, let us compute the 
physical potential V(R) by taking the appropriate continuum limit of the lattice 
version (8.17). Since continuum QED, is a superrenormalizable theory we expect 
that a simple rescaling of the variables with the lattice spacing a will suffice. This 
rescaling, however, requires some care. Thus we must clarify first of all which quan- 
tities must be kept fixed as we let the lattice spacing go to zero. Since the physical 
potential has the dimension of inverse length, we must scale V with the inverse 
lattice spacing. Furthermore, R is to be replaced by R/a; we therefore consider the 


expression 
1., 
V(R;6,a) = zô (OR. (8.18) 


From (8.18) we see that if we keep ( fixed as a > 0, then V diverges like 1/a?! 
Therefore, this cannot be the correct continuum limit. So let us take a closer look at 
the meaning of the bare coupling ê defined in (8.11) by studying the naive contin- 
uum limit of (8.10) in the manner described in chapter 5. Making the replacement 
Up —> exp (iĉa°F,) for a plaquette “P” lying in the uv-plane (see eq. (5.20)) and 
expanding the exponential in powers of the lattice spacing squared, one finds that 


the coupling constant in physical units, e, is related to ê by 


r: 
one (8.19) 
This we could of course have guessed immediately, since the coupling constant in 
QED, carrys the dimension of a mass. 
From the above discussion it is evident that (8.11) is a function of the lattice 


spacing, and that the physical potential should be calculated as the following limit,* 


V(R,e) = lim V(R, B(a), a) (8.20) 


* We have assumed that (8.19) is a physical coupling constant, which is to be 
held fixed when performing the continuum limit. The fact that this limit turns out 
to be finite, justifies a posteriori this assumption, and agrees with what is known 
from the continuum theory. 
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where 


Bla) = — (8.206) 


Hence ( diverges in the continuum limit! This makes it plausible why the lattice 
formulation (8.12) reproduces the correct continuum limit, as we shall see below. 
Thus it is evident that for large @ the Boltzmann factor appearing in the integrand 
of (8.12) will ensure that the integral is dominated by those link configurations for 
which Up & 1. Because of (5.20), this implies that the fluctuations in eF, are small 


compared to the inverse lattice spacing squared. 


With these remarks let us now compute the continuum limit (8.20a). Inserting 
in (8.17b) the following asymptotic expansions for [,(3) and Jo(), valid for large 8, 


ef 3 
nO) = a5 (1- B+), 


one finds that 


This is the classical energy of a pair of opposite charges separated by a distance R, 


for electrodynamics in one space dimension. 


In the special case considered here, the energy of a qg-pair is a linear func- 
tion of their separation for any coupling. In particular, in the strong coupling limit 
(8 — 0), the string tension (8.17b) is given by —1n(@/2). In a four-dimensional 
gauge theory (without dynamical fermions), the confining nature of the potential 
obtained in the strong coupling limit is a consequence of the fact that the flux lines 
connecting the quark and antiquark are squeezed into narrow tubes (strings) along 
the shortest path joining the qqg-pair (see chapter 11). This string is not allowed to 
fluctuate for ĝo —> oo. Fluctuations may, however, destroy confinement, when one 
studies the continuum limit. In the above two-dimensional example, the persistence 
of confinement in the continuum limit (êo — 0), is not surprising since in one-space 
dimension there is no way the string can fluctuate. In QCD, however, there is no 
a priori reason why confinement could not be lost in the continuum limit (which, 
as we shall see, is also realized at vanishing bare coupling). Should it persist in this 


limit, it must be a consequence of the non-trivial dynamics. 


This completes our demonstration of how the potential of a static gq pair may 
be extracted by studying the expectation value of the Wilson loop for large euclidean 
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times. In the simple examples considered, the calculation could be done exactly. In 
general, however, we must rely on numerical methods and the starting point will be 
the lattice version. In this respect the second case treated above exhibited already 
some interesting features which we shall meet again when studying the continuum 
limit of QCD. Thus we have seen that taking the continuum limit required 8 to 
be a function of the lattice spacing. This functional dependence was very simple 
in the case considered here, and we could actually determine it from dimensional 
arguments alone. In the case of QCD, on the other hand, this dependence will not 
be trivial, and will be determined from the short distance dynamics of QCD. 
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CHAPTER 9 


THE CONTINUUM LIMIT OF LATTICE QCD 


9.1 Critical Behaviour of Lattice QCD and the Continuum Limit 


In chapter 6 we constructed a lattice gauge theory based on the non-abelian 
group SU(3) and have given arguments which suggest that in the continuum limit 
it describes QCD. These arguments were based on the observation that the lattice 
action (6.25) reduces to the correct expression in the naive continuum limit. But as 
we have emphasized before, there exist an infinite number of lattice actions which 
have the same naive continuum limit. We have merely chosen the simplest one, pro- 
posed originally by Wilson.* There is, however, no a priori reason why any choice of 
lattice action satisfying the above mentioned requirement will ensure that the theory 
processes a continuum limit corresponding to QCD or some other field theory. For 
this to be the case the lattice theory must exhibit first of all a critical region in 
parameter space where correlation lengths diverge. To see this, let us consider the 
case of a pure SU(3) gauge theory, which in the lattice formulation resembles a 
statistical mechanical system described by the partition function** 


1 Tr Up+ut 
AE fov aT (9.1) 


Suppose that this lattice theory possesses a continuum limit, and that we wanted 
to extract from it the mass spectrum of the corresponding field theory by study- 
ing the appropriate correlation functions for large euclidean times (see chapter 16 
for more details). The largest correlation length is then determined by the lowest 
mass in the problem. If the corresponding physical mass, m, is to be finite, then 
the mass measured in lattice units, ™, must necessarily vanish in the continuum 
limit. This in turn implies that the correlation length measured in lattice units, £ ; 
must diverge. Hence the continuum field theory can only be realized at a critical 
point of the statistical mechanical system described by the partition function (9.1). 


* One can make use of the ambiguity in the action to construct so-called “improved 
actions”, which lead to a suppression of lattice artefacts contributing to observables 
for finite lattice spacing. This allows one to extract continuum physics already for 


larger lattice spacings (Symanzik, 1982 and 1983). 
** We have dropped the constant term in the action (6.25b) since it is irrelevant 


when calculating expectation values. 
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This, of course, is to be expected, since only if the correlation lengths diverge does 
the system loose its memory of the underlying lattice structure. It follows that if 
the above system is not critical for any value of the coupling, it cannot possibly 
describe QCD or any other continuum field theory. 


Now studying a system near criticality means tuning the parameters accord- 
ingly. In the case considered above, the only parameter is the bare coupling go, 
a dimensionless quantity which is void of any direct physical meaning. The cor- 
relation length € measured in lattice units will depend on this parameter. Hence 
the continuum limit will be realized for go —> g, where correlation lengths 
diverge: 

E(go) —, ©. (9.2) 

go 99 

We want to emphasize that (9.2) followed from the general requirement that physical 
quantities should be finite in the limit of zero lattice spacing a. To arrive at the 
above conclusion we have implicitly introduced a scale from the outside, in terms 
of which dimensioned observables can be measured.* This scale must clearly be 
correlated with go. The relationship between the two may in principle be determined 
in the following way. Consider an observable ©, such as the correlation length or 
the string tension 6 defined in (8.17a), with mass dimension dg. Let Ô denote the 
corresponding lattice quantity which may in principle be determined numerically. Ô 
will depend on the bare parameters of the theory (coupling, masses etc.) which in 
the simple case considered here is just the dimensionless coupling go. The existence 
of a continuum limit then implies that 


olana) = (2) O(a) (93) 


approaches a finite limit for a — 0, if go is tuned with a in an appropriate way, with 
go(a) approaching the critical coupling gj defined in eq. (9.2): 


O(g0(a), a) Fey O bhys.- (9.4) 


Hence if the functional dependence of Ô on go is known, we can determine go(a) 
from (9.3) for sufficiently small lattice spacing by fixing the left-hand side at its 
physical value Opnys.. This determines go as a function of a(© phys)!” do. In the 
case of the free scalar field and QED in two dimensions, dimensional arguments 


* There exists a priori no such scale in a pure lattice formulation! 
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alone determined the a-dependence of the bare parameters. In the present case, 
however, we are faced with a quite nontrivial theory, and the answer is not so 
simple. 

The above discussion did not make use of any particular observable. From 
(9.3) and (9.4) it may appear, however, that the functional dependence of gola) will 
depend on the observable considered. For finite lattice spacing this will in fact be 
true. For sufficiently small a, however, a universal function go(a) should exist, which 
ensures the finiteness of any observable. A corresponding statement is expected to 
hold if the action depends on several parameters, (e.g., bare coupling constant and 
quark masses). 

We want to emphasize that it is not surprising that the bare parameters 
will depend in general on the lattice spacing: by making the lattice finer and 
finer (see fig. (9-1)), the number of lattice sites and links within a given physi- 
cal volume increases. Hence if physics is to remain the same, the bare parame- 
ters must be tuned to a in a way depending in general on the dynamics of the 


theory. 


Fig. 9-1 Making the lattice finer by tuning the coupling with the lattice 


spacing so as to keep physics the same. 


Suppose now that the lattice theory describes some field theory in the contin- 
uum limit. How do we know whether it is QCD? And how do we know that we are 
extracting continuum physics in a numerical calculation where we shall always be 
forced to work on a modest-sized lattice, and hence also at finite lattice spacing? 
Clearly a first requirement in any numerical calculations should be that the scales 
which are relevant to the particular problem under investigation are large compared 
to the lattice spacing, but small compared to the extension of the lattice. Thus on 
the one hand correlation lengths measured in lattice units should be large; but on 
the other hand, they are not allowed to exceed the lattice, whose size is limited by 
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the available computer facilities! Hence we must have some clear signal which tells 
us whether we are extracting continuum QCD, or merely performing an academic 


exercise. 


In the following we shall show that in the case of QCD one can actually de- 
termine the functional dependence of go on the lattice spacing for sufficiently small 
a. We shall restrict our discussion to the case discussed above, where the effects of 
dynamical fermions are ignored and the action only depends on the bare coupling go. 
Having established the relation between the lattice spacing and go, the dependence 
of any lattice observable on the bare coupling near criticality will be known and can 
be used as signal for testing the continuum in a numerical calculation performed on 
a lattice of finite extent. 


9.2 Dependence of the Coupling Constant on the Lattice 
Spacing and the Renormalization Group §-Function 


As we have pointed out above, we expect that close to the continuum limit 
a single function go(a) will ensure the finiteness of any observable. Hence we can 
use any observable to determine the functional dependence of the bare coupling go 
on the lattice spacing. Consider in particular the static qq potential discussed in 
chapter 7. As we have seen, it can be deduced from the large time behaviour of 
the expectation value of the Wilson loop. Within the quenched approximation this 
potential, measured in lattice units, is a function of go and of R= R/a, where R 
is the physical separation of the quark—antiquark pair. At a finite, but small lattice 
spacing the potential in physical units is then given by 


1./R 
V(R, go, a) = aie (Zo) , (9.5) 


where go must be tuned to a in such a way that for sufficiently small lattice spac- 
ing (9.5) becomes independent of a. Hence V(R,go,a) must satisfy the so-called 
renormalization group (RG) equation 


os — B( A V(R, go,a) = 0 (9.6a) 
where 


Upsi (9.6b) 
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is the Callan—Symanzik (3-function (Callan 1970; Symanzik 1970).* Thus if @(go) 
would be known, we could integrate (9.6b) to obtain go(a). Of course, we cannot 
calculate G(go) exactly, but we may determine it in perturbation theory, where 
(9.6a) must also hold in every order. In the continuum formulation this can e.g., be 
accomplished by expanding the following expression for the potential 
1 igo $ dzpAp(z) 
V(R, go, a) = — lim = ln (Pe ) (9.7) 
T>œ T 


in powers of the coupling constant go, and inserting the expression into the RG 


kany 
MU Ly 


equation (9.6). 


Fig. 9-2 Classes of diagrams contributing to the potential in order gł. 


The lines connect to arbitrary points on the Wilson contour. 


Because of the non-abelian nature of the gauge potential and the path ordering 
prescription, the calculation is much more involved than in the abelian case. In 
fig. (9-2) we show the diagrams contributing to (9.7) in order gj. On the lattice the 
SU(N) potential has been computed by Kovacs (1982), and by Heller and Karsch 
(1985) up to O(g§). Because of the complicated structure of the Feynman rules 
(see chapter 15) these computations are quite involved. Up to the above order the 
potential is given by** 


V(R) © n C,(F) |1+ Oa In (7.5017) + oa) (9.8) 


* Suppose we determine go(a) by holding a hadron mass M fixed at its physical 
value; then M = 11 (go(a)). Hence go is a function of Ma, and adgg/da = f(Ma) = 


—B(go(a)), where (go) is the lattice version of the Callan—Symanzik (3-function. 
** This expression differs from an earlier approximate calculation (Susskind 1976). 
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where C)(F’) is the quadratic Casimir operator in the fundamental representation. 
For SU(N) it is given by Co(F) = ee Next, we demonstrate how one may 


use the perturbative expression (9.8) to determine the non-perturbative relation 


between go and the lattice spacing a, which ensures that the full potential V becomes 
independent of the lattice spacing for sufficiently small a. To this effect we first 
determine the 3-function to lowest order in go by inserting (9.8) into the RG equation 
(9.6). One readily finds that for SU(N) 


11N , 
-=I 
A872 


This we expect to be a good approximation for sufficiently small bare coupling. 


Blg) © (9.9) 


Because 8(go) is negative in the small coupling region, we conclude from eq. (9.6b) 
that, when the lattice spacing is decreased, go will be driven towards the fixed 
point gj = 0, corresponding to a zero of the $-function. Hence, if for some value 
of the lattice spacing, go (as determined from a fit to experimental data) turns out 
to be small enough to validate (9.9), then this approximation will improve as we 
decrease a, and the continuum limit will be realized at vanishing bare coupling! 
This is asymptotic freedom as seen on the level of the bare coupling constant: as 
we make the lattice finer and finer, and hence increase the number of sites within 
a given physical volume, we must decrease the coupling accordingly to keep physics 
the same. 


Integrating eq. (9.6b) one now obtains a relation between go and a:* 


1 = 
a = — e 70% , (9.10a) 
Ar 
where 
Bo = 11N/487°, (9.10b) 


and Az is an integration constant with the dimension of a mass. 


The above derivation of the (@-function in leading order was based on the 
perturbative expression for the potential (9.8) and the renormalization group 


* We remind the reader that we have only considered the leading term in the 
G-function. This term as well as that of order gë determines the behaviour of 
the theory near the RG-fixed point. Their structure is independent of the observ- 
able that one uses to compute it; in the usual continuum language: The first two 
coefficients of the perturbative @-function are independent of the renormalization 
scheme. 
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equation. An alternative procedure is to relate the bare coupling constant to 
the renormalized coupling constant in perturbation theory. By holding the latter 
fixed, while varying the lattice cutoff, one then obtains a perturbative expres- 
sion for a0go/Oa, and hence the (-function. We feel, however, that the above ap- 
proach (Kogut, 1983) is more transparent, since the potential has a direct physical 


meaning. 


Having obtained the 6-function, let us now use the RG-equation (9.6) to obtain 
an improved expression for the potential. This will not only be very instructive to 
the reader, but will also serve to illustrate the basic ideas discussed in the previous 


section. 


Consider the potential as given by the right-hand side of (9.5). Inserting this 
expression* into (9.6), one readily arrives at the following alternative RG-equation 
in which the derivative 0/Oa has been traded in favour of the physical separation of 
the qq-pair: 


o o 
RoR I Plo) 5 V(R, go, a) =; -V(R, go, @). 


If we define the dimensionless quantity 


VCR, go, @) = RV(R, go,@), (9.11) 


then V satisfies the following differential equation: 


o ð | 


RoR ! B90) 5 V(R, go, a) = 0. (9.12) 


This is an interesting equation, for it tells us how an infinitesimal change in R can 
be compensated by a corresponding change in the bare coupling constant, keeping 
the lattice spacing fixed. In other words, any change in R can be absorbed into a (R- 
dependent) redefinition of the coupling strength. Let us be more explicit. Suppose we 
know V(R, go, a) for some given separation Ro of the quark-antiquark pair. Question: 
can we determine the potential for separations R = ARo?. Consider V(ARo, go, ), 
where V has been defined in (9.11). Then (9.12) leads to the following equation 
involving dimensionless variables only: 

È 2 + 3(go) 2 | V(ARo, go, a) = 0. (9.13) 

On go pas 


* Our presentation parallels closely that of Kogut (1983). 
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One now easily verifies that the solution to (9.13) is given by 


V(ARo, go, 4) = V(Ro, Go(A), a), (9.14) 


where the “running” coupling constant go(A) satisfies an equation analogous to 
(9.6b): 


Jo : 
A = — 3(g0(A)), (9.15) 
with 
Go(1) = go. 


Inserting for G(go) the expression (9.9), one finds upon integrating (9.15) that 
-| ie | 
aes POE: A, (9.16) 
where 6o is given by (9.10b). Solving (9.16) for g§(A), we obtain 


2 
-2 go 
A= —— 9.17 
Hence what concerns the dimensionless quantity (9.14), scaling Ro with a factor A is 
equivalent to replacing the bare coupling constant go by (9.17). The corresponding 
statement for the interquark potential now follows immediately from (9.11): 


T > 
V(ARo, 9o, a) A aR Ao Jo; a) 
(9.18) 


= $V (Ro, P(A), a). 


Let us now use this relation to obtain a renormalization-group improved expres- 
sion for the potential, replacing the perturbative expression (9.8). This expression 
suggests that we should normalize the potential as follows: 


It then follows from (9.18) that V (Aa, go, a) = Cg@(A)/(47Aa). By choosing A = R/a, 
we therefore find that 
9o(R/a) 


V(R, Jo; a) = OiR 
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which, upon substituting for gé(R/a) the expression (9.17), becomes 


2 
Jo 
V (Rate 9.19 
(2, 90.4) = FR Se wae 
or 
1 
V(R, 90, @) a 2 (9.19b) 


paws 1 : 
aR oe (že az ) 


Expanding the denominator in (9.19a) to leading order in gë, we recover eq. (9.8). 
Furthermore, requiring V(R,go,a) to be independent of a, we arrive at the non- 
perturbative relation (9.10), as follows immediately from eq. (9.19b). Hence Aj; is 
related to the strength of the potential V by 


C 1 


MRSS TR 26o n(RA;) | 


In contrast to the lattice spacing, Az is a physical scale in terms of which dimensioned 


quantities can be measured. Thus by construction the quantity 
1 -3z 
Ar => e 709 (9.20) 


satisfies an equation analogous to (9.6) and hence is a renormalization group in- 
variant quantity. Solving (9.20) for go we see that the bare coupling vanishes like 
1/ln(aAz) as a > 0: 


1 
gola) = ~ 26oIn(aAz)’ 


For the sake of completeness we also give here the relation between go and the 
lattice spacing, derived from the first two (universal) coefficients in the power series 
expansion of the @-function for Np flavours of massless quarks:* 


8(90) = — Bo 95 — S190; (9.21a) 
1 2 1 38 
Bo = in (u = SNe) , A= (en (102 — Z wp) i (9.21b) 


* In one-loop order the 8 -function was computed by Gross and Wilczek (1973) 
and by Politzer (1973); the computation to second order has been carried out by 
Caswell (1974), Jones (1974), and Belavin and Migdal (1974). 
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a = -—R(go), (9.21¢) 
R(go) = (Boge) PA e Tor. (9.214) 


Let us pause here for a moment. Our renormalization group arguments have 
shown that the potential is of the form 
a(R) 
V(R) = -C —— 
(R) = -0% 
where a(R) increases with increasing separation of the quark and antiquark: 
9 
a(R) = (9.22) 
1 — 26996 In (#) 


Clearly this result can only be meaningful if R is larger than the lattice spacing, 


but much smaller than the inverse lattice cutoff. For R = Aj;' the effective cou- 
pling strength diverges! This behaviour is quite different from that encountered in 
QED. Thus when a charge is inserted into the vacuum of QED it will polarize the 
medium in such a way that the effective charge measured at a distance R is less 
than the original charge. In QCD, on the other hand, the opposite phenomenon 
takes place. The non-abelian couplings of the gauge potentials lead to antiscreening. 
This suggests that for large separations of the quark and antiquark the interaction 
may become strong. Unfortunately, we have no way at present to calculate the qg- 
potential for large separations analytically, and we must take recourse to numerical 
methods. 


But how do we know whether we are extracting continuum physics when per- 
forming calculations on finite (rather small!) lattices?. The answer to this question is 
found in the relation (9.21c,d). This relation tells us how the bare coupling constant 
controls the lattice spacing. Indeed, inserting (9.21c) into (9.3), the requirement 
(9.4) implies that for go © g§ = 0, O(go) must behave as follows: 

Ô(go) ~ Co(R(go))”° (9.23) 


go—0 


where Cg is a dimensionless constant. Quantities behaving like (9.23) are said to 
show “asymptotic scaling”. By studying the ratio O(go)/(R(go))” as a function of 


A 


go in the scaling region one then determines the constant Co. 


In an actual numerical calculation on a lattice of finite size there will exist in 
general only a narrow region in coupling constant space where ô( go) scales according 
to (9.23). This region is called the “scaling window”. Thus since the lattice spacing 
is controlled by the bare coupling according to (9.21c,d), physics will no longer fit on 
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the lattice if go (and hence a) becomes too small (— finite size effects). On the other 
hand, by increasing the bare coupling, the lattice may become too coarse to account 
for fluctuations taking place on a small scale, and we are leaving the continuum 


region. This is the reason for the narrow window. 


Returning now to (9.23), we find upon inserting this expression together with 
(9.21c) into (9.3), that the observable defined in (9.4) can be expressed in terms of 
the lattice scale A; by 


Opnye, = Co(Az)”. (9.24) 


This shows that physical quantities can be calculated in units of the undetermined 
mass scale Az. Hence a lattice calculation can only determine dimensionless ratios 
of physical quantities (e.g., ratios of particle masses). 


A particularly interesting example is the string tension ø which is the coefficient 
of the linearly rising part of the interquark potential. Measured in lattice units it 
is only a function of the bare coupling: ô(go). In physical units, however, it has the 
dimension of (mass)’, so that the physical string tension is given by 

o = lim 6(go(a)). 
From the above discussion we hence conclude that for go —> 0, 6(go) must depend 
as follows on go 


5 (go) = Co(R(go))”, (9.25) 
which in view of (9.21d) tells us that o is a non-perturbative observable. 


Finally we remark that the appearance of A; in a theory which a priori is free of 
any scale (like the case considered here) is well known from perturbative continuum 
QCD, where the necessity of renormalizing the theory also requires the introduction 
of a scale Agcp. The numerical values of Az and Agcp are not the same and indeed 
differ substantially (see chapter 15). 

In the following chapter we will make use of scaling arguments of the type 
discussed above, to derive a relation between the potential of a quark-antiquark 
pair and the energy stored in the colour electric and magnetic field. 
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CHAPTER 10 
LATTICE SUM RULES 


In chapter 7 we have shown that the static quark-antiquark potential can be 
determined from the exponential decay of the expectation value of the Wilson loop 
for large euclidean times. In the pure Yang-Mills theory we expect that this potential 
rises linearly for large quark-antiquark separations, leading to quark confinement. 
As we have already pointed out, this linear rise is believed to be due to the formation 
of a narrow flux tube connecting the quark—antiquark pair, in which the colour field 
energy is concentrated. The energy stored in the colour fields should match, after 
subtracting the self energy contributions of the quark and antiquark, the interquark 
potential, as determined from the Wilson loop. In order to be able to study the 
distribution of the field energy surrounding the quark-antiquark pair we need a 
non-perturbative expression for the field energy which is suited for Monte Carlo 
simulations. To this effect we shall derive an energy sum rule which relates the 
potential to the expectation value of an operator which can be identified with the 
field energy of a quark-antiquark pair. The same line of reasoning leads to a similar 
sum rule relating the mass of a glueball* to the energy stored in the chromoelectric 
and magnetic fields. Such sum rules have been first obtained by Michael [Michael, 
1987], and have been further discussed in [Rothe (1995a,b); Michael (1996)]. Before 
deriving these sum rules it is instructive to illustrate the basic idea that goes into 
their derivation in a simple quantum mechanical example. Although in principle we 
can chose any potential for purposes of illustration, we prefer to be specific, and 
consider the harmonic oscillator, where the sum rule can be checked exactly. 


10.1 Energy Sum Rule for the Harmonic Oscillator 


Consider the imaginary time Green function, (q'|e~“7|q), whose path integral 
representation has been discussed in chapter 2. By expanding |q) in a complete set of 
energy eigenstates one immediately concludes that this matrix element is dominated 
for large T by the contribution of the ground state, i.e., 


(dle ™ la) > pold ws (qe T, (10.1) 


* Glueballs constitute the particle spectrum of the pure SU(3) Yang-Mills theory. 
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where wo is the wave function with energy Eo. By setting q' = q and integrating 
over q we therefore have that 


J iaae > er (10.2) 


Hence by studying the behaviour of the lhs for large euclidean times we can in princi- 

ple extract the ground state energy. What we are interested in, however, is an expres- 

sion which relates the ground state energy to an ensemble average of the kinetic and 

potential energy. In the following we now illustrate the basic ideas for accomplishing 

this program for the case of the harmonic oscillator whose Hamiltonian is given by 
Be an 


P= 2a ag 
m a 


The first step in deriving an energy sum rule consists in expressing the imaginary 
time Green function in (10.2) as a configuration space path integral. Proceeding as 
in chapter two, the lhs of (10.2) is given for small time step € by 


N-1 


es ay 2 = sm, K, N € 
foale “Tig a (=) i JII dge ENA Fea (10.3a) 


2 
TE car 


where 


(10.38) 


N-i Ta E E 
Sla; m, Kk, N,€]| = e [zm (2 z) H hd 


and we have set q = qo. The euclidean time 7 is given by Ne. Notice that we did 
not take the continuum limit (N —> oo, e > 0, with Ne = 7 fixed) on the rhs. For 
sufficiently small €, and hence large N = = the rhs will be a good approximation to 
the Green function. How small € has to be chosen to approximate continuum physics 
will depend on the values of the dimensioned parameters m and «x which determine 
the relevant scales in the problem. Now for a fixed non-vanishing value of €, the limit 
T — oo in (10.2) is realized for N — oo. We are therefore led to the statement that 


N-1 


m\* A 
(=) 2 I UE ae aes (10.4) 


2TE 
n=0 


where Éo = €Ey is the energy measured in units of the lattice spacing €. By scaling all 
the dimensioned variables with € according to their canonical dimension, we arrive 


at the following dimensionless lattice version of (10.4) 


A 


G(tn, R, N) — e Boman (10.52) 


N= 
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where 
à MAT pA . 
Ĝ(M, È, N) = (=) f UE a u ise, (10.5b) 
n=0 
and T 
Sla; h, k N] = S| doar ~ do)? + FARD: (10.50) 
= 2 Da au 


Here mm = me and & = & 


k are dimensionless parameters. In the continuum limit 
m — 0, & > 0 with me = m? fixed. From (10.5) it follows that the energy measured 


in lattice units can be computed as the following limit 


A 


1 A 
Êola R) = — lim n Ê(h, R, N) . (10.6) 


N-oo 


Let us now repeat this excercise using another (fine) discretization € = Ae Then the 
path integral representation of the lhs of (10.2) will differ from that in (10.3a) in that 
c€ and N are replaced by € = 26 and N’ = EN (recall that N’e’ = Ne = T). After 
scaling all variables with the original lattice spacing € according to their canonical 
dimensions (so that the values of the parameters 7 and Å are the same as before), 
the new path integral expression for the lhs of (10.2) reads 


E x aN’ 
ERE E ie E TEE 
n=0 


where ee 
; 1 1 
SEMON = > BAO (doar — do)? + SALE ME], aow 
n=0 
and i 
m(€) =m; R(E) = ae (10.7¢) 


Hence the parameters m and & have now acquired a €-dependence, which is very 
simple in the present case. Certainly for € > 1 the above path integral expression 
for the Green function is at least as good as the previous one, since we have made 
the lattice even finer. For N” —> oo (10.7a) will now behave like 

Ge k Gyn) see nO (10.8) 


N'>o0o 


as follows from (10.5a). But for sufficiently small e we must have that G(m, k, N) = 
G(m/(€), RCE), EN), where rr = (1), & = &(1). We hence conclude that 


EÉo(M(E), R(E)) = Eoin, R), (10.9) 
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i.e., the Ihs must be independent of £. By taking the derivative of the lhs with respect 
to € we therefore arrive at the following alternative equation for the ground state 


energy 
Bolin, p) = — PEMO, se) | Aig 
oE 
é=1 
But according to (10.8) 
ÊE), R(E) = — Jim In ÂGE), R(E), N°). (10.11) 


Taking the derivative of (10.7a) with respect to €, making use of (10.7c), one there- 
fore finds that (10.10) translates into 


CAC eae 1 l mlg in)? + SRE (10.12a) 
oC) y + shim ae Dy \— gars — a)” + 5 Ale) ae 
where generically 
n _ J DIO(Me* 
O SS eee 10.126 
(0@) = 5s (10.128) 


with S$ the action (10.5c). The expression (10.12a) can be further simplified. Because 
of the periodic boundary condition gg = gy, we have compactified the imaginary 
time direction. The value of the expectation value in (10.12a) will be independent 
of the time slice labeled by n. Hence (10.12a) can be simplified to read 


Gain 1 l1., 1., 
Eo(m, È) = | (— 5nd? | sft). (10.13a) 
where 
de = Ger — ĝe, (10.136) 


and £ denotes some arbitrarily chosen temporal lattice site. For the ground state 
energy measured in physical units, Ey = 1 Êo, one then obtains 


Eo(m, K) = = + (—5md?() + zreo) ; (10.14) 


where all variables are now dimensionful, and where we have used the more sugges- 
tive notation q(T) instead of qe. 

Equation (10.14) relates the ground state energy to an ensemble average of the 
kinetic and potential energy, calculated with the Boltzmann distribution e7’, In the 


euclidean version, however, the kinetic term is seen to yield a negative contribution! 
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Although this is naively understood by recalling that the transition from real to 
d 
a 
at first sight. After all, the contribution of the kinetic energy should be positive. A 
detailed calculation shows that (-3(2)?) is itself divergent in the limit € > 0. The 


divergence is cancelled by the first term in (10.14) and leaves a positive contribu- 


imaginary time will map ¿($)? into —}(“)?, the above result still looks surprising 


tion, which has precisely the expected form.* The fact that the kinetic contribution 
diverges does not come as a surprise. Looking at the integrand on the rhs of (10.3a) 
we see that the width of the distribution in qe+ı — qe is only of O(,/e), so that 
(a2) = (qer — qe)? /@) is expected to be of O(2). 

Since the appearance of the minus sign in front of the kinetic term is so charac- 
teristic of the euclidean formulation, and, in fact, will pop up again when we discuss 
the SU(N) gauge theory in the following section, it is instructive to derive the above 
result for the kinetic contribution in an alternative way. 

The energy Eo is given by the ground state expectation value of the Hamilto- 


nian, i.e, 
1 
Eo = (0 ie + via) 0) 


where P and Q are the momentum and coordinate operators, and |0} is the ground 
state (or “physical vacuum” in the language of field theory). We are interested, in 
particular, in expressing (0|P?|0) as a euclidean path integral. To this effect consider 
the (imaginary time) Heisenberg operator 


Q(T) =e" Qe", 
and the corresponding conjugate momentum 
P(T) = e Pe. 
They satisfy the canonical commutation relation 
[Q(r), P(r)| = å. 
The equation of motion for the operator Q(T) reads 


O(n) = eH oe), 


* The cancellation will be demonstrated in section 4 of chapter 18 for the more 
general case of a harmonic oscillator in contact with a heat bath, where a similar 
energy sum rule holds. 
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Since |0} is an eigenstate of the Hamiltonian it follows that (0|P?|0) = (0|P?(7)|0). 
Consider now the ground state expectation value of the euclidean time ordered 
product of Q(7)Q(r’). This time ordered product has a path integral representation, 
given by (2.26a), i.e 
(0|A(r — r')Q(7)Q(r : a a — 7)Q(7')Q(r)|0) 
ER z | Paar q(r)qlr’)e- S riimi io] 


where 


= I Dq en fern?) 4V C40), 


Taking the derivative* with respect to 7 and 7’ on both sides of this equation, and 
making use of the fact Hes the operators Q(T) commute for equal times, one finds, 
after setting Q(T) = —4 P(r) that 


m 


sr -rQ (r), P(r] - m 


ae zJ Dag(r)g(r e” S PEMO, 


Since the operators appearing in the time ordered product commute, we can omit the 
time ordering operation. Now on a discretized time lattice, the continuum 6-function 
is replaced by (see eq. (2.65)) 


1 € dp, . 1 
5 ae: 2g Snn = MESA ipa(n-n Je 
(7-7) : f a 


Hence setting T = 7’ (i.e. n = n’) implies 6(0) > +4. After replacing the equal time 
commutator of Q(T) and P(r) by “i”, we find that 


1 1 1 1 1 mg? 
—_(9| P2190) = — — | Dg=ma(r)2e7 J Tri OAV), 
7 UIP 10) = 52 zl ggmålr) e? 


Hence the kinetic contribution to Ep has precisely the form given by the first two 
terms in (10.14) 


* Of course when writing ¢(7) within a path integral, we always mean its dis- 
cretized version. 
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10.2 The SU(N) Gauge Action on an Anisotropic Lattice 


In the case of our quantum mechanical example, the dependence of the di- 
mensionless parameters m and Ê on the asymmetry parameter € = $ was vay 
simple. In lattice gauge field theories the analogous parameter is given by € = a 
where a and a, are the spatial and temporal lattice spacings. On an isotropic 
lattice a, = a. The spatial lattice spacing now plays the role of the reference 
“lattice spacing” € in our quantum mechanical example. The parameterization of 
the SU(N) gauge action on an anisotropic lattice turns out to be more subtle than 
in the quantum mechanical case, and does not follow from naive considerations 
alone. 

Consider the continuum action (6.17) for the pure SU(N) gauge theory. In the 
temporal gauge, A? = 0, where FB = 0,A? it has the form 


Al= fdr fez z2 (A? (#,7))? + Sr[A], 


=p far [ep ree TETE 


i, j,B 


where 


and “B” are the colour indices. In this gauge the action thus has a similar form as 
that of a quantum mechanical system, except that we are dealing with a system 
with an infinite number of degrees of freedom. A naive discretization of the degrees 
of freedom, labeled by 7, and of the euclidean time integral, yields 


-Doe | DUPE- AP (ñ F ro, 
n T i,B ij, B 

where A? (n) and F? (n) are the potentials and colour-magnetic fields at the lattice 
site n = (ri, n4). The discretized colour-magnetic contribution 7; j p Fi B(n) EF? (n) 
does not involve an explicit a,-dependence. Having discretized the degrees of free- 
dom, we have thereby introduced an additional scale, given by the spatial lattice 
spacing. By scaling the potentials with this lattice spacing according to their canon- 
ical dimension, i.e., introducing the dimensionless potentials AB = aAP, the above 
action can be written in the form 


é i 
So =D {REMAR + PAR 
where FB = aa, FÈ, Pes = ers, 
understood. Written in terms of the field strengths, the expression appears to be 


and where a sum over repeated indices is now 


Lattice Sum Rules 137 


gauge invariant. For finite lattice spacing this is however not the case. To ensure 
gauge invariance for arbitrary lattice spacings, we must introduce the potentials in 
the form of link variables, as discussed in chapter 6. The matrix valued fields strength 
tensor F, is then related to the plaquette variables by U,,,(n) ~ exp|igoF,,(n)]. One 
then readily verifies that the following SU(N) action possesses the correct naive 


continuum limit 


2N 1 
Selu] = =P. + =P (10.152) 
go E 
where 
P, = 2 i = sat (Up, + ut]. (10.15) 
P,= 2 h- — EE (Up, + uh); (10.15c) 


Here Up, and Up. are the spatial and temporal plaquette variables which are related 
to the colour electric and magnetic fields. Notice that the €-dependence of the ki- 
netic (electric) and potential (magnetic) term is the same as in the case of the 
harmonic oscillator. This form for the action had been proposed by Engels et al., 
and by Kuti et al. [Engels (1981b), Kuti (1981)]. The naive €-dependence of the 
above action is however too simple. The reason is that this action describes a com- 
plicated interacting system. As a consequence of quantum fluctuations the couplings 
associated with the temporal and spatial plaquettes must be separately tuned with 
the spatial lattice spacing and the asymmetry parameter € to ensure that physical 
observables become independent of a and € close to the continuum limit. Instead of 
the spatial lattice spacing one can also choose the bare coupling constant go defined 
on an isotropic lattice. We therefore consider the following more general form for 
the action |Hasenfratz and Hasenfratz (1981b); Karsch (1982)], 


Sc[U] = ÊP, + BrPr, (10.16a) 
where 
; 2N 1 
h= RDE 
vag (10.160) 
n 2N 
Or = BCG, 8)” 


with gs(go, E) and g,(go,€) satisfying the condition 


9s(90, 1) = 97(90, 1) = go. (10.16c) 
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Hence* 
Âs Et Ê = 2N/96- 


Let us pause here for a moment and return to the case of the harmonic oscillator. 
There the €-dependence of the action was absorbed into a mass and coupling pa- 
rameter. This €-dependence was given by naive arguments alone: m(€) = €m and 
R(E) = zh Hence M(E) and &(€) are functions of € and the dimensionless mass and 
k parameters m = m(1) and & = &(1). When taking the continuum limit, these 
dimensionless parameters must be tuned with the lattice spacing € according to 


3«, where m and « are physical parameters which are held fixed 


m = me and k = € 
when taking the continuum limit. The naive € dependence of the parameters in the 
quantum mechanical case correspond to the explicit €-dependence of the couplings 
(10.16b), while the €-dependence of gs(go, €) and g,(go, £) is a consequence of quan- 
tum fluctuations. As has been shown by Karsch (1982), Ê; and VA can be related 
in the weak coupling limit (go — 0, or B — oo) to the coupling B on an isotropic 
lattice as follows 


A 


=6,(8, £) = B Tv 2Nc,(E) ae O87"), 
(10.17) 


EB5(B, £) = ê T 2Nc,(€) wv o(6-), 


where c,(1) = 0,0 = s,7. The £-dependence of the functions c,(€) have been studied 
in detail by this author. When taking the continuum limit at a fixed value of €, the 
coupling constant go in (10.16b), defined on a isotropic lattice, must be tuned with 
the spatial lattice spacing as dictated by the renormalization group. As we shall see 
in the following sections, the €-dependence of the couplings go in (10.16b) will lead 
to an energy sum rule for the qg-potential, and the glueball mass, which differs in 
an important way from that which one would expect naively. 


10.3 Sum Rules for the Static qq-Potential 


Having parametrized the SU(N)-Yang—Mills action on an anisotropic lattice, 
we can now proceed along similar lines as in section 2, to derive an energy sum rule 
for the static quark—antiquark potential, which relates this quantity to the energy 
stored in the chromoelectric and chromomagnetic fields of a quark—antiquark pair. 
To guide the readers attention, let us briefly outline the general strategy we shall 


* We have denoted 3 with a “hat”, in order not to confuse it with the renormal- 
ization group (-function (9.6b) which will be relevant further below. 
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follow. We first derive a sum rule for the static gqg-potential in the pure SU(N) gauge 
theory, which relates the potential to the action stored in the chromoelectric and 
magnetic fields. For this we will only need to know the expression of the action on an 
isotropic lattice, i.e., a lattice with equal spacings in the space and time directions. 
This action sum rule will play an important role in our subsequent discussion of 
the energy sum rule. For the derivation of the latter sum rule we shall need the 
expression for the action on an anisotropic lattice, obtained in the previous section. 
As in the case of the quantum mechanical example, the energy sum rule then follows 
by requiring that in the continuum limit the potential calculated from a Wilson loop 
on an anisotropic lattice should be independent of the anisotropy parameter € = %. 
The very same requirement, when applied to the special case of a confining, linearly 
rising, potential leads to a “coupling constant sum rule” [Karsch (1982)], which 
will allow us to confirm that the energy stored in the chromoelectric and magnetic 
field matches the interquark potential. In particular, it will allow us to identify the 
contribution to the field energy arising from the trace anomaly, which will be shown 
to account for 1/2 of the field energy stored in the flux tube. 

Let us briefly state what is meant by the trace anomaly. The colour-electric and 
magnetic field energy density is given by Too, where Ty is the energy momentum 
tensor. On the classical level this tensor is traceless and symmetric. On the quantum 
level, however, it is known from perturbation theory that quantum fluctuations give 
rise to the so called trace anomaly: the energy momentum tensor T y is no longer 
traceless. Now T» can be trivially decomposed into a traceless and trace part, 


1 1 
Tw = Z = ito) + gg! (10.18) 


where T is the trace, T = $7, T/'. One therefore expects that in addition to the 
naive field energy density (which is given by an expression analogous to that in 
electrodynamics) the potential receives a contribution arising from the non-vanishing 
trace of the energy momentum tensor. This trace is given in Minkowski space by 
[Collins (1977)] 


Tae = AD tla), (10.194) 
where 
L(x) = LPA (a) FA (a), (10.198) 


A summation over repeated indices is always understood. 3(g) = wOg/Op is the 
G-function of the continuum SU(N)-gauge theory with u the renormalization scale. 


140 Lattice Gauge Theories 


Hence from (10.18), we expect that the interquark potential receives an anomalous 
contribution having the form 


Vanom (R) = yfe To) = a (Je cle) (10.20) 


In the euclidean formulation, the action density will be replaced by its euclidean 
counterpart ¿F4 (x)F& (x). Since the lattice provides a non-perturbative regu- 
larization of the partition function, it is the appropriate framework for deriving a 
non-perturbative expression for the contribution of the normal and anomalous part 
of the field energy to the interquark potential. Originally it was C. Michael (1987) 
who derived an action and energy sum rule for the qq-potential in an SU(N) gauge 
theory. A more detailed discussion of these sum rules has been carried out in Rothe 
(1995a,b) and will be presented below. As we shall see, the derivation is straightfor- 
ward and leads in a very natural way to a decomposition of the field energy into a 


normal and anomalous part. 
(i) Action Sum Rule 


Consider the ground state energy of a quark—antiquark pair separated by a 
distance R. As always, quantities denoted with a “hat” are understood to be mea- 
sured in units of the lattice spacing. The energy Eo(R) can be calculated from the 
expectation value of the Wilson loop according to 


yee Oe 1 dn pis 
FEo(R) = — lim =In(W(R,T)), (10.214) 
T—œ 
where 
E DUW (R, T)e~S¢ 
wR Ay =4 C (10.216) 


f DUe-Se 


Recall that W(R, fî ) is given by the trace of the path ordered product of link vari- 
ables around a rectangular loop with Ê and T lattice spacings in the spatial and 
euclidean time directions (Our notation here deviates from that in chapter 7). On 
an isotropic lattice (W(R,T)) is calculated with the action (10.15) with € = 1. This 
action has the form 


A 


Se = E(P; + Ps) (10.22) 


where 3 = 2% for SU(N). The energy Ep(R), defined by (10.21a), is a function 
90 


of R and B and includes the self-energy contributions of the quark and antiquark. 
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Since these contributions do not depend on R, they can be eliminated by considering 
the difference Ko(R, B) — Éo(Êo, 8), where Ry is some reference gg-separation. We 
then define the qq potential by 


VR, Â) == lim [nW(R, Devoe (10.23) 


From here on we will always assume that such a subtraction has been carried out, 
and shall drop the subscript “subtr” for simplicity. Following Michael (1987) we now 
take the derivative of (10.23) with respect to Ê and obtain 


AV (É, 6 1 
OV(R, p) = lim =(P; + Ps) qq—-0; (10.24a) 
Ob Too T 


where (O) qo is defined generically by 


(W(R,T)O) 
O)—g-0 = ~ A e _ (0). 10.246 
(O) WRT) (0) ( ) 


The rhs of this expression is the expectation value of the operator O in the qq-state 


measured relative to the vacuum. In the limit T > oo, the rhs of (10.24a) can be 
approximated by* 


(Po)aq—0 © TP a (10.25a) 
T— oo 
where 
1 
P! = > h — zy (UP. + UL) a hi (o =7,s) (10.255) 


is the contribution to P, arising from plaquettes located on a fixed time slice, and 
with the Wilson loop extending from n4 = -7 to n4 = Z, with T’ — oo. This time 
slice is conveniently chosen to be the n4 = 0 plane. Hence, 
A OV (R, 8) 
._—— 


a E IP, T Ps) qa-0 


Rew 


(10.26) 


1 = ~ 
ae aX 5 (Ea) + B?(Z))qq-0; 


where in the last step we have taken the naive continuum limit. Æ? and B? are the 


square of the euclidean (!) colour electric and magnetic fields Ef, and BA summed 


* See the argument given by Michael (1987). Note that (P’) g-0 is calculated with 
a Wilson loop of very large extension in euclidean time. 
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over i = 1,2,3, and colours. The expectation value $(E?(#) + B?(Z)) is not to be 
confused with the Minkowski field energy. In fact, 3 (PL+ P!) is the contribution to 
the action coming from a fixed time slice. 

We next make use of the renormalization group to cast the lhs of (10.26) in 
a form involving the potential and its derivative with respect to R. In the limit of 


“a oP) 


vanishing lattice spacing we have that 


a0 


“VV (2.20) — V(R), (10.27) 


where V(R) is the interquark potential in physical units. The dependence of 
B(a) = 2N/g2(a) on the lattice spacing is given, close to the continuum limit, by the 
renormalization group relation (9.21c,d). The invariance of the lhs of (10.27) with 
regard to changes in the lattice spacing leads to 


where it is understood that this relation holds close to the continuum limit. Making 
use of this expression, equation (10.26) takes the following form* 


v 


z RVR B) ap 


Vii, 8) 4 aR Olna 


(PL + Plago: (10.28) 


In the case of a confining potential, V(R, 3) = 6(3)R, this equation reduces to 


i aĝ 


26(B)R = a e + Palai (10.29) 


while for a pure rae potential the lhs of (10.28) vanishes. Thus in an 
SU(N) gauge theory, where 


type. 


aa # 0, the potential cannot be of the pure Coulomb 


(ii) Energy Sum Rule 


Let us now turn to our second objective, and derive a sum rule, relating the 
interquark potential to the field energy. This sum rule is obtained by requiring that a 
lattice regularization involving different lattice spacings in the temporal and spatial 
directions should lead to the same potential as that computed from an isotropic 


* As was first noted by H.G. Dosch the action sum rule of Michael (1987) contained 
an error (private communication). 
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lattice. This is analogous to the requirement which in the case of our quantum 
mechanical example led us to an energy sum rule for the ground state energy. Here 
it is the ground state energy of a static quark—antiquark pair interacting via Young- 
Mills fields. 

Consider the expectation value of a Wilson loop on an isotropic lattice. The 
expectation value is computed with the action (10.22). Next consider a Wilson loop 
on an anisotropic lattice with the same physical extension in the spatial and temporal 
directions. The expectation value must now be calculated with the €-dependent 
action (10.16a,b), which we shall denote by S(€). Hence the number of lattice sites 
in the euclidean time direction is now €T'. Since both Wilson loops have the same 
physical extension, their expectation values must be the same, if the lattice is fine 
enough to approximate continuum physics. This leads to the requirement that 


(W(R, T)) sq) = (W(R, ET)) se) 


From (10.23) it then follows that* 


V(R, 3) = EV (Ê, B(E), Br(E)), (10.30) 
where 
TCR, BE), ÂE) = = Jim IMW(R.T)) se (10.306) 
and 
ase f DU W(R, Tye —[Bs(€)Ps+8r (€)Pr] 
(W(R,T)) se = J DU e DOPA OP (10.30c) 
Clearly 
(Ê, B.(€), Br(E) lear = V (R, 8) 
Equation (10.30a) implies that 
& [E (FR. 80(6).8:(6))] =0. (10.31) 


This equation is the basis for deriving the desired energy sum rule. From (10.30b,c) 
one finds that 
ƏV 
OBs 


= Pe Jago: O=T,S. 


* We suppress the dependence of 3, on go, or alternatively on a, on which the 
coupling go depends, since it is held fixed in the analysis. 
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Upon carrying out the differentiation (10.31), and then returning to the isotropic 
lattice € = 1, we are led to the relation 


VÊ, 8) = -|(%) (Pago + (2) (Pijar 


Here V(R, B) is the potential in lattice units computed on an isotropic lattice. This 


é=1 


expression can be written in the form 


A 


V(R, B) = n_(—P. + Po)aqg-0 — 14(P, + Ps) q—01 (10.32a) 


Ob, OB. 
n=) = (3) 10:38 
é=1 é=1 


Consider the first term appearing on the rhs of (10.32a). In the continuum limit 


where 


go > 0 (or Ê + 00). From the weak coupling relations (10.17) one finds that 


n- — B. (10.33) 


B— œ 


Hence 


n-(-P! +P.) qq-0 = ÊP! + Plago 


(10.34) 


T PAB {Ea 


where we have taken the naive continuum limit in the last step. This suggests that 
the first term appearing on the rhs of (10.32a) is the (euclidean) lattice version 
of the usual Minkowsky field energy of a quark-antiquark pair (measured relative 
to the vacuum), coming from the traceless part of the energy momentum tensor. 
Notice that just as in our quantum mechanical example, the contribution arising 
from the “kinetic term” , involving the time like plaquettes (which is associated with 
the electric field energy density), carries a negative sign in the euclidean formulation. 

We now show that for the case of a linearly rising (confining) potential one 
can actually determine what fraction of the potential is made from “ordinary” field 
energy. By making use of the action sum rule (10.28), we can cast the energy sum 
rule (10.32) in the form 


V(R, 3) + = n- (P! + Pla- (10.35) 
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The combination 7, defined in (10.32b) has been determined non-perturbatively by 
Karsch (1982), by requiring that the string tension determined either from a space- 
like or time like Wilson loop on an anisotropic lattice should yield the same result. 
Karsch finds that 


= 10. 
ve 40lna 290 f. (1000) 
where 
Br(g90) = = (10.360) 
Oa 
is the 6-function discussed in chapter 9. Hence n,(ôlna/ðĝ) = —1/4, so that 
(10.32a) becomes 
Bathe Almond. SOV URE 
V(R, 6) — 3 | VCR, 2) +A he =n (P! + Pijao- (10.37) 


For the case of a linearly rising (confining) potential this equation reduces to 


ly D Ô / 1 
5 Veout (R, B) =n (PL + Pl) qq-0; (10.38) 


which, according to (10.34) suggests that the “normal” field energy accounts for 
only one half of the interquark potential. The other half must therefore be provided 
by the second term in (10.32a). If the first term in (10.32a) is the lattice version 
of the semiclassical field energy, then the second term should be the contribution 
coming from the trace anomaly. Thus making use of (10.36a) we have that 


/ / 1 26 F 
=n (P; + Po)ag-0 = 7 (PE ba) ; (10.39a) 
go 
where 
L=B(PL +P) (10.390) 


is the (dimensionless) lattice version of the euclidean continuum Lagrangian density 
integrated over all space at a fixed time. The energy sum rule (10.32a) therefore 
becomes 


VRB) =m (Pe + Podeo + F (Eao). 


The quantity (23;/go)L in (10.40a) has the form of the anomalous contribution 
to the Hamiltonian following from the trace anomaly as computed in lattice per- 
turbation theory by Caracciolo, Menotti and Pelisetto (Caracciolo, 1992). For weak 
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coupling the anomalous contribution to the potential (10.40), in physical units, takes 
the form 


Vanom(R, 3(a), a) = Se) fa (Ea) + B?(zx)]) aq—o- (10.41) 
The rhs is a finite, renormalization group invariant expression. It can be expressed 
in terms of a renormalized coupling constant g, and renormalized squared colour 
electric and magnetic fields. The form remains the same, except that 37(go)/go is 
replaced by 6(g)/g, where 3(g) = wOg/Op is the continuum beta-function, with u 
the renormalization scale.* The right hand side of (10.41) then just becomes 1/4 of 
the space integral of the trace anomaly (10.19) expressed in terms of the euclidean 
fields. 

Finally let us return to the action sum rule in the form (10.28). From (10.36a) 
and (10.39b) we see that the rhs of (10.28) is directly related to the trace anomaly. 
Thus we can write the action sum rule in the form 


eae MOV CRB) Dopey. | 
PR, A) + RS = (Eggo (10.42) 


The rhs of this equation is just the trace of the energy momentum tensor summed 
over the spatial lattice sites at fixed (euclidean) time. Hence for a confining potential 
of the form Veonp = 6R the second term appearing on the rhs of (10.40) yields, as 
expected, just 1/2 of the potential. 


10.4 Determination of the Electric, Magnetic and Anomalous 
Contribution to the qq Potential 


The lattice energy sum rule has been checked in lattice perturbation theory 
by Feuerbacher (2003a,b) up to O(g§). The computations are very involved. Some 
technical details are given in Appendix A. 

The reader may wonder: why check the sum rule? Is it not exact? While the ac- 
tion sum rule (10.24a) is an identity following from the definition of the qq-potential 
via the Wilson loop, the derivation of the energy sum rule (10.40) relies on a number 
of input informations which, although quite plausible, are not self evident: i) The 
structure of the action on an anisotropic lattice is taken to be given by (10.16). 
This is the standard form of the action considered in the literature; ii) Close to the 


* See e.g., Dosch et al. (1995). 
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continuum limit the potential should become independent of the anisotropy of the 
lattice, €, and satisfy (10.31). This must of course be so, if it is to be an observable. 
It is however not self evident that this is indeed the case; iii) A perturbative check 


of the sum rule requires a perturbative expression for n+. This expression has been 


given by Karsch (Karsch, 1985). Hence checking the sum rule in perturbation theory 
would not only confirm the presence of a contribution to the potential arising from 
the trace anomaly of the energy momentum tensor, but also confirm indirectly the 
perturbative relations obtained from other considerations in the literature. Having 
checked the sum rule (at least in perturbation theory), one can extract the electric, 
magnetic and anomalous contributions to the potential. To this effect let us first 


write the energy sum rule (10.40) in the form 


A A A . 1 
V(R, p) = ma F TE E E EE ee 


BP, Ps) qq—0 , 


(10.43a) 


where we made use of the definition (10.39b), and, in accordance with (10.25a), we 


have made the replacement 
1 . 1 
(Ph = lim =(P,). (10.436) 


By combining this expression with the action sum rule (10.24a) one finds for SU(N) 


ae Tee eal av g4 OV 
= lim =7n_(- 3—0 = = = EN- 2 
Valet E p” ( Pe) aa 0 a + 7909190) Og? n 4N Og? 
1 (ee aVv gé OV 
= lim BP sao = 5V +37 =n- , 
V magn re p” (P baa 0 3V + 790190) Ag? 1) 4N Og? 
1 ov 
Vanom = 59091 (90) 5 2? (10.44) 


where, according to (10.17), and (10.32b), and making use of c,(1) = c¢,(1) = 0 
(see sec. 10.2), 
2N 
rvs + N(¢. — e) + O(g). (10.45) 
0 
The derivatives c} = [dc,(€)/d€]e=1 have been determined by Karsch (1985). 
Fig. 10-1, taken from Feuerbacher (2003) shows the electric, magnetic and 
anomalous contributions to the SU(3) potential computed from (10.44) and the 
expression (9.8). Notice that while the leading electric contribution to the potential 
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Fig. 10-1 The next to leading order contributions, divided by g@, of the 
electric field energy (dashed), magnetic field energy (dot-dashed) and trace 
anomaly (dotted) to the SU(3) qq potential (solid line). The figure is taken 
from Feuerbacher (2003a). 


is of O(g), the magnetic contribution is of O(g§), and same is true for the anomalous 
part. Note also that in the perturbative regime the trace anomaly contributes sig- 
nificantly only for small R, and that the electric and magnetic contributions are 
of opposite sign, while in lattice simulations carried out in the non-perturbative 
region for large quark—antiquark separations they are found to be of the same 
sign. The solid curve in fig. (10-1) is the full potential in O(g§). This curve agrees 
with that obtained from a perturbative calculation of the rhs of the energy sum 
rule (10.43). 


10.5 Sum Rules for the Glueball Mass 


The interquark potential is not the only observable for which one can derive an 
action and energy sum rule. In fact, the way the sum rules (10.40) and (10.42) were 
derived, it is evident that similar expressions will hold for any observable which can 
be determined from the exponential decay in euclidean time of the expectation value 
of some operator. In the pure SU(N) gauge theory, such observables are the masses 
of glueballs states, which are eigenstates of the SU(N) Hamiltonian. In numerical 
simulations particle masses are determined from the exponential decay in euclidean 
time of correlators of operators which excite the state of interest. In principle the 
specific form of the operator is not important, as long as it excites states having a 
non-vanishing projection onto the state of interest. In practice, however, a judicious 
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choice needs to be made in order to enhance the signal in Monte Carlo calculations. 
The anomalous contribution to the Hamiltonian, arising from the trace anomaly, 
should also manifest itself in the energy and action sum rules for the glueball mass. 
To determine the mass of a glueball with a given set of quantum numbers one 
can construct such correlators from combinations of space-like Wilson loops located 
at times =f and a 
momentum state [Michael (1987)]. Let us denote the corresponding operators by 


averaged over all spatial lattice sites to project out a zero- 


G(-T) and G(T). The lowest glueball mass with non-vacuum quantum numbers is 
then given by 


1 A 
M = -— lim = In(G(T)G(-T)), (10.46) 
which is the analog of (10.21a). Proceeding in exactly the same way as for the case 


of the qq potential one then arrives at the following action and energy sum rules for 
the glueball mass [Rothe (1995b)|, 


M = DN n (10.47a) 
0 
M =q- (PL+ Pot E hg, (10.476) 


where Ê has been defined in (10.39b), and where the bracket (O),_ stands generi- 
cally for the following correlator 


(Ono = lim E ’)0G(-T)) 
~ t00 (G(T)G(-T)) 


— (0). 


Notice that the energy sum rule (10.44b) has exactly the same form as for the 
qq-potential given by (10.40). The form of the action sum rule (10.44a) however 
differs from (10.42), since in the case of the glueball mass, there is no analog of the 
derivative term. This manifests itself in that the contribution of the anomalous field 
energy to the glueball mass accounts for only 1/4 of the glueball mass, as follows 
immediately from (10.44a). This result is consistent with that obtained by Michael 
(1996) for the contribution of the “normal field energy” to the glueball mass. 

As we have seen in this chapter, the lattice formulation of the pure SU(N) gauge 
theory on an anisotropic lattice has allowed us to derive in a straight forward way 
a non-perturbative expression for the energy stored in the chromoelectric and mag- 
netic fields of a static gqg-pair and glueball, in which the contributions arising from 
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the traceless and trace part of the energy momentum tensor are clearly exhibited. 
In principle these sum rules provide us with an alternative way to determine the 
string tension or glueball mass. But what is more important, these sum rules allow 
us to obtain detailed information about the distribution of the field energy in a flux 
tube connecting a static quark and antiquark. In most Monte Carlo simulations only 
the action density has been measured with good precision, since it is more accessible 
to Monte Carlo simulations (For a recent computation see Bali (1995)). The energy 
density, on the other hand, including the anomalous contribution, has so far not 


been studied in such detail in the literature. 
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CHAPTER 11 


THE STRONG COUPLING EXPANSION 


In chapters 7 and 8 we have shown how the static gq-potential V(R) can be 
determined by studying the expectation value of the Wilson loop for large euclidean 
times. In QCD one believes that this potential confines quarks; more precisely, one 
expects that for large separations of the quark-antiquark pair, V(R) rises linearly 
with R up to distances where vacuum polarization effects, due to the presence of 
dynamical fermions, screen the interaction. As we have seen, such a behaviour of the 
potential cannot be generated within perturbation theory. For this reason, we have 
no way (at present) to calculate it analytically, and hence are forced to determine it 
numerically. On the other hand, analytic statements can be made in the strong cou- 
pling region. Indeed, in the absence of dynamical fermions the structure of the action 
(5.21) for QED, and (6.25b) for QCD suggests a natural expansion in powers of the 
inverse coupling. This is the analog of the high temperature expansion in statistical 
mechanics. In the following section we shall concentrate on the leading strong cou- 
pling approximation to the static gq potential, ignoring vacuum polarization effects. 
As was first shown by Wilson (1974), this potential confines quarks. In fact it was 
this observation which has stimulated the great interest in lattice gauge theories. 


11.1 The qq-Potential to Leading Order in Strong Coupling 


Consider the SU(N) lattice gauge theory in the pure gauge sector.* The cor- 
responding lattice action is given by 


5 = -8X Sp + const., 
P 


where 
B =2N/ 98, 
and** 


1 
Sp = zy te + Up) 


* We give the formulation for SU(N), since we are interested later also in the 


case of SU(2). 
* Sp has been normalized in such a way that Sp — 1 if Up — 1, i.e., close 


to the continuum limit. The links U,,(n) and plaquette variables Up lie in the N- 
dimensional fundamental representation of SU(N). 
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is the contribution to the action associated with a plaquette P (see chapter 6). The 
corresponding partition function reads 


Z= fov eP Er SP (11.1) 
and the expectation value of the Wilson loop with spatial and temporal extention 
Ê and T, respectively, is given by 


_ J DU WelUl TIp PSP 


(We|U]) = TDU Tp eF (11.2) 


where Wọc|U] is defined in (7.33). We next expand the exponential in (11.2) in powers 
of the coupling 8: 


Purse — |] X Tsor . (11.3) 


Since each plaquette in the expansion costs a factor 8, the leading contribution, for 
B — 0 to the numerator in (11.2) is obtained by paving the inside of the Wilson 
loop with the smallest number of elementary plaquettes yielding a non-vanishing 
value for the integral. Consider the case of SU(3). As is evident from the integration 
rules (6.23), the relevant configuration is the one shown in fig. (11-1). Hence the 
leading term in the strong coupling expansion of the numerator is proportional to 
BA, where A is the minimal area bounded by the rectangular contour C: A = RT. On 
the other hand, the leading contribution to the denominator is obtained by making 
the replacement exp( X Sp) + 1. Hence for small 8, (11.2) will be proportional to 


Oe 


an 
ie 
Se 


Fig. 11-1 Leading contribution to (Wc) in the strong coupling approx- 


imation. 
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The factor multiplying this expression may also be readily calculated by noting 
that according to (6.23c) the colour indices of the link variables are identified at each 
of the lattice sites, and that the integration over each pair of oppositely oriented 
links yields a factor of 1/3. Now the number of link integrations for a given set of 
colour indices is 2RT+R+T. Hence there is a factor (1/3)2"?+8+? coming from the 
integrations. But there are three possible colours associated with the (R+1)(T'+1) 
lattice sites. Consequently the factor multiplying (3/6)4 is given by (1/3)4-1, We 
hence conclude that in leading order of strong coupling 


(wU) = 3 (2)" 


The qq-potential in the strong coupling limit is therefore given by 


A 


Riesin A (11.4a) 


pent) ana 


is the string tension measured in lattice units. Thus in the leading strong coupling ap- 


where 


proximation, QCD confines quarks: the expectation value of the Wilson loop exhibits 
an area law behaviour, (Wc) > exp(—éRT ). If this confining property persists into 
the small coupling regime, where continuum physics is (hopefully) observed, then 
d(go) must depend on go according to (9.25). In the one-loop approximation to the 
G-function this dependence on go is given by 


ed 
6(g0) © Cpe %0%, (11.5) 


go—0 


Its explicitly known form provides us with a signal which will tell us whether we are 


extracting continuum physics from a numerical calculation. 


We want to point out that the same calculation performed for compact QED 
would also have given a potential of the form (11.4a). But in QED we know that 
this potential is given by the Coulomb law! Hence compact QED must exhibit at 
least two phases. In fact it has been shown by Guth (1980), using an action of the 
Villain form, that the lattice U(1) gauge theory possesses a weak coupling Coulomb 
phase. That the strong coupling and weak coupling regions are separated by a phase 
transition, has also been verified in numerical simulations. (see e.g., Lautrup and 
Nauenberg, 1980). It is therefore important to check that in the case of QCD there 
exists no such phase transition to a weak coupling regime. 
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11.2 Beyond the Leading Approximation 


Higher order corrections to the potential (11.4) can in principle be computed 
by expanding the exponentials appearing in (11.2) in powers of the coupling 3 
and performing the corresponding (Haar) integrals over the link variables. As is 
evident from the expansion (11.3), the contribution of order 8” will involve (before 
integration) all possible sets consisting of n plaquettes, including also multiples of 
the same plaquette. To each oriented plaquette P in a given diagram we associate 
a factor (2) TrUp, or (2) TrUL, depending on its orientation, and include a factor 


1/n!, where n is the multiplicity of P. However, of all the possible sets contributing 
to the sum (11.3), only a certain subset of plaquette configurations will survive the 
integrations in (11.2) because of the integration rules (6.23). 


Thus we are faced with two problems in computing higher order corrections to 
the potential: i) enumerating all the diagrams contributing in a given order, and ii) 
calculating the Haar integrals. As the reader can imagine, already the bookkeeping 
problem associated with the first step will become non-trivial as we go to higher 
and higher orders. 


To keep the discussion as simple as possible, let us exemplify the method for 
the two dimensional abelian model discussed in chapter 8. As we shall see it will 
serve to illustrate the basic point we wish to make. Consider QED» in the quenched 
approximation. The partition function (11.1) has the form 


Z= fov ez DpUP+Up). (11.6a) 
where 
Up = e°? (11.6b) 


is an element of the U(1) group associated with the plaquette P. The expectation 
value of the Wilson loop is then given by (8.15). Expanding the exponentials ap- 
pearing in the integrands of this expression in powers of the coupling 8, one finds 
that in the next to leading order the only plaquette configurations which contribute 
to the numerator and denominator are those shown in fig. (11-2), since diagrams 
containing any unpaired link will not contribute after performing the integrals over 
the link variables.* 


* Notice that link variables of opposite orientations must appear paired. 
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Fig. 11-2 Next to leading order contributions to (Wc) in the strong 
coupling expansion. Diagrams (a-c) contribute to the numerator (11.2), 


while diagram (d) contributes to the denominator. 


Hence we have three types of diagrams contributing to the numerator in this 
non-leading order: i) diagrams where the inside of the Wilson loop contains a triple 
of the same plaquette; the number of such diagrams is given by 3RT;* ii) diagrams 
where a multiple plaquette is attached to the contour C, as shown in fig. (11-2b). The 
number of these diagrams is N, ~ 4(R + T); and finally iii) disconnected diagrams 
of the type shown in fig. (11-2c). The number of such diagrams is approximately 
given by 2(V — RT — N,/2), where V is the “volume” of the lattice. Since in the 


U(1) case the group integrals are trivial, we obtain the following expression for the 


* In counting the number of each type of diagram we must take into account 
the various possible relative orientations of the multiple plaquettes. Thus the factor 
3 arises from the expansion of (U + Ut)? = 3U'UU +... 
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numerator, including the leading contribution, (8/ Q)kr. 


S g\ Rt 1 AN a ar 
v= (5) b-3(8) res (3) v 


Consider now the denominator of (11.2). In next to leading order it is given by 


the diagrams of the type shown in fig. (11-2d). Hence 


ELONE 
Ze1l+-[-—] V. 
+5 (5) 


Taking the ratio N/Z, we see that to the order of approximation considered here, 
we are left with the following expression for the Wilson loop: 


(Wel) = o i s (3) ar 


Hence we are led to the following expression for the static gg—potential, 


V(R) =— lim * n(Wolt)) = ôR, 


T>00 


where the string tension ô is given in this approximation by 
g¢=—-|In-+—. (11.7) 


Notice that this potential is determined solely by connected plaquette configurations 
attached to the minimal surface enclosed by the contour C. 


The U(1) case discussed above is of course the simplest example we could 
choose. Nevertheless, the number of connected and disconnected diagrams contribut- 
ing to (11.2) will rapidly increase with the order. In particular, the occurrence of 
multiples of a given plaquette will complicate the bookkeeping and the computation 
of the Haar integrals in the non-abelian gauge theory. This latter difficulty may, 
however, be avoided by making use of the so-called character expansion of the expo- 
nential of the action. We again demonstrate the procedure for the case of quenched 
QED», where the character expansion is just the well-known Fourier-Bessel expan- 
sion of exp({ cos 6p): 


e2(UptUp) — noe: (11.8) 


v>=—oo 
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I,() is the modified Bessel function and exp(iv@p) is the character of the plaquette 
variable (11.6b) in the v’th irreducible representation of the compact U(1) group. 
Hence instead of having to deal with contributions to (11.3) arising from multiples 
of the same plaquettes, every plaquette will now occur only once in the expansion 
(11.8), but in all possible irreducible representations of the compact U(1) group. 
But because of the orthogonality relations satisfied by exp(iv@), only a few terms 
in the sum (11.8) will contribute to (11.2). As an example let us derive the result 
(11.7) using the expansion (11.8). Making use of the fact that in the present case 
the Wilson loop can be written in the form (8.15), one finds upon inserting (11.8) 


I [Se Newer, 


PER. 


n (8.15), that the numerator N is given by* 
N= I] [5 dO p at ibp dE serer) 
PER. 


where Re denotes the region enclosed by the loop C. The integrals can be performed 
immediately and one obtains 


N = [BEE e]. 
The corresponding expression for the denominator in (8.15) reads: 


Z=]] [FZ UES oe 


PeV 
SINO 


Hence the volume-dependent factor cancels in the ratio N/Z and we obtain the 


exact result 


(We[U]) = o (11.9) 


(b) ~ 1+ (8). 


TROISE) 


Inserting these expressions into (11.9), we come back to our result (11.7). 


* We have normalized the integration measure so that f dU = 1. 
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The fact that we were able to solve the above problem to any order in ( is 
connected with the 2-dimensional abelian nature of the model. In four-dimensional 
gauge theories more sophisticated methods are required for carrying out the strong 
coupling expansion. The interested reader may consult the extensive work carried 
out by Münster (1981) who has calculated the string tension for the case of an SU(2) 
gauge theory up to twelvth order in £. 


11.3 The Lattice Hamiltonian in the Strong Coupling Limit 
and the String Picture of Confinement 


We have seen in the previous sections that for strong coupling the pure SU(3) 
gauge theory confines quarks. The usual picture of confinement is that the chromo- 
electric flux linking a quark and antiquark is squeezed within a narrow tube (string) 
carrying constant energy density. As a consequence, the energy of the system in- 
creases linearly with the separation of the quarks. The purpose of this section is to 
verify the string picture of confinement in the strong coupling approximation within 
the framework of the Hamiltonian formulation as discussed originally by Kogut and 
Susskind (1975). 


In the continuum formulation, the Hamiltonian is the generator of infinitesimal 
time translations and is obtained by a Legendre transformation from the Lagrangean 
of the theory. Within the framework of the lattice formulation the natural way of 
introducing the Hamiltonian is via the transfer matrix. In chapter 2 we defined 
the transfer matrix for the case of a quantum mechanical system with generalized 
coordinates qala = 1,...,n) by 


Tya = (d'le la). (11.10) 


Here H is the Hamiltonian of the system, which, in the particular example con- 
sidered, had the form (2.8), and € is an infinitesimal time-step. The corresponding 
transfer matrix was given by (2.37b). Expressed in terms of the transfer matrix, the 
partition function (2.32b) took the form 


Z= if [La [] Tengo (11.11) 


a,l! é 


where q‘*) = {q0} could be interpreted as the coordinates of the system at “time” 
Tg on the euclidean time lattice. We then discussed a method which allowed us 
to construct the Hamiltonian from the knowledge of the transfer matrix. In this 
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section, we want to apply this method to the case of a lattice gauge theory. To 
this effect we will have to choose a gauge. The reason for this is the following. 
In the lattice formulation of a gauge theory, the action is a function of the link 
variables which live on all the links of the euclidean space-time lattice. Therefore 
the action not only depends on the group parameters associated with the links 
lying in fixed time slices, but also on those parametrizing the link variables that 
live on links connecting sites at different times. We can, however, eliminate the 
latter (bothersome) variables by choosing a gauge where all time-like oriented links* 
are replaced by the unit matrix. This can always be achieved by an appropriate 
gauge transformation, and corresponds in the continuum formulation to choosing 
the temporal gauge, A4(x) = 0. This we are allowed to do, since we are computing 
a gauge-invariant observable, namely the Hamiltonian. 


Of course, setting A4(x) = 0 does not fix the gauge completely. We are still 
free to perform time-independent gauge transformations. This allows us to fix a 
subset of the remaining link variables oriented along the space directions. The 
variables that can be fixed by a time-independent gauge transformation are re- 
stricted by the requirement that there exist no closed paths on the lattice along 
which all the degrees of freedom are “frozen” (see Fig. (11-3)). This is obvious 
since the trace of the path-ordered product of link variables along closed paths is 


gauge-invariant. 


Fig. 11-3 The temporal gauge corresponds to fixing the link variables on the solid lines to 


unity. The dashed links can be fixed by time independent gauge transformations. 


* Sometimes we use the word “link” instead of “link variable” if it is clear from 
the context what is meant. 
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That the temporal gauge is the appropriate one for constructing the Hamiltonian via 
the transfer matrix is also strongly suggested by looking at the continuum action of 
the pure SU (3) gauge theory. This action is given by (6.21), where FE(B =e g) 
has been defined in (6.16). Setting A4 = 0, the action takes the following simple 


form 


1 
= Ber B( -> 
A= far feai Date area T, T)F (ast) : 


where we have set z4 = 7 and where A? denotes the “time”-derivative of AP. Notice 


the striking similarity between the above expression and (2.11). 


The lattice version of the action in the temporal gauge is of course more com- 
plicated (see previous chapter). But the above observation suggests that also there 
the action will acquire a structure which will allow us to write the partition function 
in the form (11.11). 


There is another important point that must be mentioned. By eliminating 
the time component of the gauge potential in the action, we are loosing one of 
“Maxwell’s” equations, namely Gauss’s law. Consider for simplicity continuum elec- 
trodynamics in the absence of sources. The following discussion can be readily ex- 
tended to the case of a non-abelian theory and to euclidean space-time. Let us not 
fix the gauge. By varying the action with respect to the time component of the 
potential, one arrives at the equation v. E(x) = 0, where E is the electric field. 
The components F; are the momenta canonically conjugate to A;. Let us denote the 
corresponding operators in the quantized theory by 7;. Then v. T(x) = 0 is a con- 
straint for the canonical momenta. This constraint is lost when we set A4(x) = 0 in 
the action, and must therefore be implemented on the states. In the temporal gauge 
V -#(z) is not constrained to vanish. But its time derivative still vanishes, as follows 
from the time-dependent version of Ampére’s law. Now it can be easily shown that 
the operators V - T(x) are the generators of infinitesimal time-independent gauge 
transformations. Indeed, consider the following unitary operator 


TIA] = evi Ss Cah (@)V- F(a) 
Because V - Z is independent of the time, one finds, upon using the canonical com- 
mutation relations of the momenta and gauge potentials, that 
TAJA: (x) TA] = A(x) + OjA(Z). 


Hence imposing Gauss’s law on the states is equivalent to restricting the phys- 
ical states to be invariant under the residual group of time-independent gauge 
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transformations. This observation will play an important role when we discuss the 
energy spectrum of the Hamiltonian. In the presence of sources V-i(zx) is replaced by 
V -#(x) — p(x), where p is the charge density. This latter quantity, constructed from 
the fermion fields, generates the corresponding transformations on the fermionic 
variables. 


After these remarks, we now turn to the construction of the lattice Hamiltonian 
in a pure gauge theory. To keep the discussion as simple as possible, we will consider 
the abelian U(1) theory discussed in chapter 5. This theory will already exhibit an 
important feature encountered in the non-abelian case. For the derivation of the 
lattice Hamiltonian in the SU(3) gauge theory, using the transfer matrix approach, 
we refer the reader to the paper by Creutz (1977). 


Our procedure for constructing the lattice Hamiltonian parallels the quantum 
mechanical case discussed in chapter 2. The first step consists in identifying the 
transfer matrix, and writing the partition function of the U(1) gauge theory in a 
form analogous to (11.11). This is done by working in the temporal gauge. We then 
obtain the Hamiltonian by studying the transfer matrix for infinitesimal temporal 
lattice spacing. Since the spatial lattice spacing is to be kept fixed while taking 
the temporal lattice spacing to zero, we must first rewrite the action (5.21) on an 
asymmetric lattice. Following Creutz (1977) we take the U(1) action to be of the form 


1 
AUIS 29°p 


Y =U + UL) + TA eTo 
l l (11.12) 


where p = a,/a, and where P, and P, denote space-like and time-like oriented 
plaquettes, respectively. This is the analog of (10.15) with p = 1/&. This action 
possesses the correct naive continuum limit. We next choose the temporal gauge; 
i.e., we set all the link variables associated with time-like links equal to one. Then 
a plaquette variable with base (n, n4), lying in the 74-plane, is given by 


Lai) = ae = U;(n, na)U! (n, n4 +1) 


ke aai 

= et: (ana) hana) 
where the dashed lines stand for link variables that have been set equal to one in the 
temporal gauge. The coordinate degrees of freedom of the system are labeled by the 
spatial lattice site n and the spatial direction of the link variables. Let us collect 
these labels into a single index a = (n, i) and set n4 = l. Furthermore, to parallel 


our quantum mechanical example, we relabel the group parameters, parametrizing 
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the link variables, as follows: 


Then the partition function associated with the action (11.12) can be written in a 
form analogous to (11.11): 


z= | Due Sell] — = f TI aa Peno, (11.13a) 


al 


where 


cosg tD 9) 
Teen =e PA e we RE, (11.13b) 


a 


with the potential V defined by 
1 
()) — X LAS t 
V6 = 2a i z UPO + Upo) : (11.13¢) 


The sum extends over all plaquettes located on the Zth time slice. The potential 
(11.13c) is therefore a function of the group parameters labeling the link variables 
located on this time slice. We next introduce a set of commuting operators {0a} 
and simultaneous eigenstates of these by 


Oal0) = 9.16), 
(6'|0) = [s (0! — 0a) 


The states |@) are the analogue of |q} in the quantum mechanical example discussed 
in chapter 2. Let P, be the momentum canonically conjugate to Oa: 


lOa, Pa] = iĝag. 
Then exp(—i£ - P), with €- P = 5°. EaPa, generates translations by £: 
e819) = |0 + £). 
From here, and the orthogonality of the states |0} we conclude that 


(FV e- EP 19) = TT aa? — 0 — £a). 
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Hence (11.13b) can also be written as follows 


Torney = (0%) |T 9) , (11.144) 
where 
i [ia eee (11.14b) 


To obtain the expression for the lattice Hamiltonian, we must now take the tem- 
poral lattice spacing to zero, while keeping the spatial lattice spacing fixed. This 
means that p = a,/a approaches zero. But for small p the integrand in (11.14b) is 
dominated by those values of €, for which cos &, ~ 1. We are then allowed to replace 
1 —cos€, by €2/2. Performing the remaining Gaussian integral, we therefore find 


that, apart from an irrelevant constant, 


T = ent E Da PAVE) 


The quantity appearing within brackets is the lattice Hamiltonian we were looking 


for: 
2 
g 2 
oe > P? + V(O]. (11.15) 


In the coordinate representation the canonical momenta P, are given by 


o 
P, = -i—. 
oba 
Recall that œ stands collectively for the set (n,i), where n is the spatial location 
of the lattice site and 7 is the direction of the link with base at n.* To make this 


explicit, we shall write 6;(n) instead of 0a. Then the Hamiltonian (11.15) becomes 


g = ae - V6), (11.162) 


where V6] has the following structure: 


1 


V(é] = E 


2 AEE) + const. 


1 
e X (UUUU + h.c.) + const. (11.160) 


* From now on it will be understood that n and x denote spatial positions. 
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Here UUUU denote the product of link variables along the boundary of a plaquette 
on the spatial lattice. These link variables are parametrized by the angular variables 
6;(n). Thus, the contribution of a plaquette lying in the 7j-plane with base at n is 


fo} 2 ettin) p10; (n+éi) 6 i8i(n+e;) o ibj (n). 
ij 


Before we proceed with the discussion of (11.16), let us establish the connection 


given by 


with the Hamiltonian in the continuum formulation. To this effect we introduce the 


gauge potentials in the by now familiar way: 
6;(n) > agA;(x), z= na. 


The Hamiltonian (11.16) then takes the following form in the continuum limit 


Lfs a cae 
A oan -3 fa oe (sa) + VA], (11.174) 
where 


V[A] = > f dx F; (£)Fy(£) (11.17b) 


is the contribution arising from the spatial plaquettes in (11.16b) and 6/6A;(z) 
denotes the functional derivative with respect to A;(x). Its action on A;(y) is 
defined by 


Stile) = 68%e =v) 


The right-hand side of (11.17a) is nothing but the familiar expression for the tem- 
poral gauge-Hamiltonian in the so-called field representation, where the potentials 
A;(x) are ordinary functions of the spatial coordinates and where the components 
E; of the electric field (which are the momenta canonically conjugate to A;) are rep- 
resented by the functional derivative —76/6A;. This Hamiltonian acts on the space 
of “wave functions”, which are functionals of the spatial components of the vector 
potential. We therefore see that in the case of the U(1) gauge theory the kinetic part 
of the lattice Hamiltonian has a structure which is similar to that of the continuum 
formulation. There is, however, an important difference. While in the continuum 
formulation the potentials can take arbitrary values, the group parameters 6;(n) 
take values in the interval [0,27]. The wave functions are single valued functions 
of these variables. As a consequence the eigenvalue spectrum of the kinetic term in 
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(11.16a) is discrete. As seen from (11.16a,b), it is this term which dominates the 
Hamiltonian in the strong coupling limit: 


9? 32 
H —> Ho = — f 11.1 
orm 2a >, oin)? eo 


This shows that in this limit the relevant contribution to the Hamiltonian comes 
from the electric field. 


Let us now study the eigenvalue spectrum of Ho. The eigenfunctions of Ho are 
given by 
devin] = [U (11.19) 
where 


U;(n) = eb) 


is a link variable with base at n, pointing in the ith spatial direction, and where 
N;(n) is the excitation number of the link connecting the sites n and n + é;. These 


wave functions are normalized as follows: 


f I] ay Vendy VN e] = ENAN) 
k,m 


The energy associated with the state (11.19) is given by 


2 
g 
Etnia) = 55 2 N). (11.20) 
It must, however, be remembered that not all such states are physical. Thus we have 
emphasized before that only gauge-invariant states belong to the physical Hilbert 
space. Hence only wave functions built from products of link variables along one or 
several closed loops have a physical meaning. 


Let us consider a few states. The lowest energy state is the one where no link is 
excited. The wave function of the next higher energy state is given by an elementary 
plaquette variable located anywhere on the lattice. The energy associated with this 
excitation is given according to (11.20) by 4(g?/2a), since there are four links on the 
boundary of an elementary plaquette. By exciting larger loops or several loops, we 
obtain states of increasing energy. In fig. (11-4) we show various types of excitations 
on a two-dimensional spatial lattice. 
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Fig. 11-4 Two types of excitations on a two dimensional spatial lattice. 


The above strong coupling picture gets modified when fermions are coupled 
to the link variables. Suppose that we introduce into the pure gauge medium a 
very heavy pair of opposite charges at the lattice sites n and m, respectively. Then 
we can build a gauge-invariant state by connecting the two charges by a string 
built from the product of link variables. The lowest energy state of the system is 
obtained by exciting the links along the shortest path connecting the two charges. 
Each excited link contributes an energy g?/2a. Consider, in particular, two charges 
located on a straight line path on the lattice, as shown in fig. (11-5a). Their energy is 
given by 


atan 


where L is the separation of the pair measured in lattice units. Thus in the strong 
coupling limit we have confinement already in the U (1) theory! 


The above result was obtained in the strong coupling limit and in the absence 
of dynamical (finite mass) fermions. The effect of the potential in (11.16) for finite 
(but large) coupling can be calculated in perturbation theory. Clearly the states 
discussed above are no longer eigenstates of the Hamiltonian when the potential 
is turned on. In this case the string connecting the two charges will be allowed to 
fluctuate. To see this consider the action of the potential on the state depicted in 
fig. (11-5a). In particular consider the effect arising from those plaquettes in the 
potential (11.16b) having a link in common with the string connecting the two 
charges. In fig. (11-5b,c) we show the possibilities corresponding to overlapping flux 
lines. The wave functions associated with these states are those constructed from 
the link variables shown in fig. (11-5d,e), where the darkened line corresponds to a 
doubly excited link. For finite coupling the lowest energy state of the charged pair 
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Fig. 11-5 (a) Eigenstate of the Hamiltonian in the strong coupling 
limit; (b,c) Configurations created by the action of the potential on the 
state depicted in (a); (d,e) Corresponding link configurations from which the 
wave functionals (11.19) are constructed. The darkened line in (e) denotes 
a doubly excited link. The dots stand for the other three possible ways of 


attaching the plaquettes on the three dimensional spatial lattice. 


will include these (and many other) excitations. Thus the original rigid string begins 
to fluctuate when the potential is turned on. 


Let us compute the change in energy AF arising from fluctuations of the type 
depicted in fig. (11-5d,e). They can be computed by standard perturbation theory: 
Let |Eo) denote the ground state of the qg-pair in the strong coupling limit, depicted 
in fig. (11-5a), and |r) the eigenstate of Ho corresponding to link configurations of 
the type shown in fig. (11-5d,e). Then 


AE=5S> Eo EE (11.22) 


where the sum extends over all states |Z) with the fluctuation taking place any- 
where along the line connecting the two charges. The energy Eo is given by (11.21). 
Furthermore, from (11.20) we obtain for the states of type d and e, 


E® = I ef 9) 
f 2a i 
2 

e) I iF 
E; = 54 te T 6), 
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irrespective of the location of the fluctuation. For all these states 


The energy shift (11.22) is therefore given by 


4 7 
NE SS 
3.ag® 
Hence in this (oversimplified) example, we arrive at the following expression for the 


string tension measured in lattice units: 


ees 8 
a an gen 
2 398 


For the case of the pure SU(3) gauge theory, Kogut, Pearson, and Shigemitsu 
(1981) have computed the string tension up to O(g~*). These computations (which 
are quite non-trivial) suggest that the strong coupling expansion, when carried out 
to sufficiently high orders, yields a string tension in the intermediate coupling region 
which can be fitted at the low coupling end with the square of the function R(g) 
defined in (9.21d). In the strong coupling regime the flux tube connecting the two 
charges will have a finite width of the order of the lattice spacing. But as the coupling 
is decreased, not only the width of the flux tube will increase, but also its shape will 
eventually undergo strong changes. Furthermore, the number of string configurations 
of a given length L will increase dramatically with Ì. 


Fig. 11-6 Breaking of the string due to pair production. 
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In the presence of dynamical fermions this picture is further modified. Thus for 
sufficiently large separations of the two charges, the system can lower its energy by 
creating an oppositely charged pair connected by a string as shown in fig. (11-6). 
This corresponds in the strong coupling approximation to the hadronization process 
mentioned at the beginning of chapter 7. This concludes our discussion of the string 
picture of confinement in the strong coupling Hamiltonian formulation. We have seen 
that for strong coupling, the U(1) theory leads to a non-vanishing string tension. 
This result is in agreement with that obtained by studying the Wilson loop. In the 
continuum limit confinement should of course be lost. On the other hand, the SU (3) 
gauge theory should still exhibit confinement in this limit. We have concentrated our 
attention on the U(1) gauge theory since it allowed us to demonstrate in a simple 
way how a string picture of confinement emerges in the strong coupling limit, if the 
theory is compactified. The non-abelian case is of course more complicated but the 
basic ideas are the same. For a discussion of the SU(3) gauge theory, the reader 
may confer the paper by Creutz (1977). 


Finally we want to mention that the construction of the lattice Hamiltonian 
via the transfer matrix is not the only method. For an alternative procedure based 
on canonical methods the reader may consult the review article by Kogut (1983) 
or the lectures of this author given at the International School of Physics, Enrico 
Fermi (Kogut, 1984). 
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CHAPTER 12 


THE HOPPING PARAMETER EXPANSION 


The inclusion of fermions in lattice calculations is a very non-trivial problem. 
In the pure gauge theory correlation functions can be calculated by Monte Carlo 
methods (see chapter 16). Such methods cannot be applied directly to path integrals 
involving Grassmann variables. To overcome this difficulty one must first integrate 
out the fermions. The resulting path integral expression then only involves bosonic 
variables and one can evaluate them, in principle, using statistical methods. But the 
Boltzmann distribution is now determined by an effective action which is a non-local 
function of the link variables. Not only that. When calculating fermionic correla- 
tion functions, the ensemble average must be performed over expressions which are 
themselves non-local functions of these variables. For this reason most of the nu- 
merical calculations have been performed over many years in the pure gauge sector, 
or in the so-called quenched approximation, where the effects of pair production 
processes are neglected. Computations in full QCD were restricted to very small 
lattices. With the advent of the supercomputers the situation has improved sub- 
stantially, and numerical calculations with dynamical fermions performed on larger 
lattices have become feasible. But the computer times required are still astronomical. 


A brute-force numerical calculation does not provide us with much insight 
into the detailed dynamics. One would therefore like to have some analytic way of 
estimating the effects of dynamical fermions on physical observables. The hopping 
parameter expansion (HPE) allows one at least to study these effects for large bare 
lattice-masses of the quarks (it is therefore only useful far away from the continuum 
limit). Furthermore, when combined with the strong coupling expansion, it also 
provides us with a physical picture of how hadrons propagate on a lattice, and how 
pair production processes influence the observables. 

The purpose of this chapter is two-fold. We first want to show how the calcu- 
lation of arbitrary correlation functions of the fermion fields and the link variables 
can be reduced to a pure bosonic problem, which can in principle be handled by 
numerical methods. This will be the subject of the following section. In section 2 we 
then discuss the hopping parameter expansion of the two-point fermion correlation 
function, and show how hadrons propagate on the lattice in a combined HPE and 
strong coupling expansion. Section 3 is devoted to the hopping parameter expan- 
sion of the effective action. This allows one to include the effects of pair production 
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processes. Finally, in section 4 we demonstrate in some examples how the HPE 
expansion respects the Pauli exclusion principle, which forbids that two identical 
quarks (or antiquarks) can occupy the same lattice site. 


12.1 Path Integral Representation of Correlation Functions 
in Terms of Bosonic Variables 
In the following we shall consider Wilson fermions of a single flavour. Let 
A, B, C... be collective indices for the colour and Dirac degrees of freedom la- 
beling the quark fields. Thus Y4, wg will stand for y2 and pe, respectively. The 
path integral representation of a general correlation function of the fermionic and 
link variables is then given by 


(ha, (m1) +++ Way (nw) WB, (m1) ++ Way (my UB (ki) ++ UE" (ky) 
_ J DUD bb) Wa,(m) «+ ba, (Mi) UE (ky) +e Soco] 
7 f DUD(hp)eSacrl U4] 


(12.1a) 


where* 


= [eat )dpa(n), (12.1b) 


and where U%"(n) denotes a matrix element of the link variables U,,(n). Notice 


that (12.1a) contains the same number of w and y% fields since all other correlation 
functions vanish because of the Grassmann integration rules discussed in chapter 


two. 


Consider the fermionic contribution to Sgcp. For Wilson fermions it is given 
by (6.25c). Let us write this contribution in the form 


w) 1 7 
ges 3 a (12.2a) 
where 
oo (12.2b) 
8r + 2 Mo 


* For later convenience we have chosen to write the measure in this form, rather 
than DwDy. This has of course no influence on the ratio (12.1a), but eliminates 
some unpleasant minus signs which would otherwise arise in intermediate steps of 
the calculation. 
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is the so-called hopping parameter (for reasons which will become clear below), and 
Kym are matrices in Dirac and colour space: 


Kum] = baml = r YO —y)Up(M)nsam + (7+ WL A)bn-aml- (1220) 


u>0 


Thus Kym is of the form 
Knm = ônm Il — BM Ol, (12.3a) 


where the only non-vanishing matrices Mnm are those connecting neighbouring lat- 


tice sites: 


Mr, ntalU] = (r— WU ln), 


(12.30) 
Mn n—alU] = (r + W)U} (n — À). 
The corresponding expressions for the matrix elements read: 
(Mn,n+j)aa,ao = (T — Yn)as(Up(7) av, 
(12:36) 


(Migs) ca = (r EN Ywaa(Uh(n + À) ab: 


In the literature it is customary to eliminate the factor 1/2% appearing in (12.2a)by 
scaling the fermion fields with v2% : Y 3 V2kKW,w > V2«Kw. The corresponding 
Jacobian in the fermion integration measure drops out in the ratio (12.1a). Hence by 


eliminating the factor 1/2 in (12.2a), the path integral expression (12.1) yields the 
original correlation function multiplied by (1/2«)%. With this in mind, the action 
we shall be working with is given by 


Saco = SelU] + SEP U, 4, 4), (12.42) 
where Sg has been defined in (6.25b), and where 
Sp? = So balm) KnamalU|ba(m), (12.40) 
A,B 
with 
KnamBlU] = ônmõag — &( Mam) aB- (12.4c) 


Here we have made use of the collective notation for the Dirac and colour indices 
introduced above. Thus dag = ĝagôab, and (Mim) ap = (Mnm)aa, go: Using the fact 


that (see chapter 2), 


det K|U] = f D(dyp)eSe U9, (12.5) 


The Hopping Parameter Expansion 173 


one readily verifies that (12.la) can also be written in the form 


(Baa (m1) ay om) +024) +) 
E J DU tpa (n) -PB (Mi) -}sp USA (ki) -det K[U]e Se 
p [ DU det K[U]e -seU ; 


(12.6a) 


where (Y4, (n1) -Wp (M1) }sp is the purely fermionic correlation function in the 
“external” field defined by the link variable configuration {U,,(n)}; i.e., 


_ J Dya (n) ba, (m1) e- SEO Up] 
f D(bbjeSr UA i 


(Wa, (n1): bp, (11) +++) sp 


(12.6b) 
In the so-called quenched approximation (q.a.), where det K[U] is replaced by a 
constant, the correlation function (12.6a) is just the ensemble average of the external 
field correlation function (12.6b) multiplied by the link variables appearing on the 
left-hand side of eq.(12.6a), and averaged with the Boltzmann distribution of the 
pure gauge theory, exp (—Sg|U]). 

In chapter 2 we have shown that path integrals of the type (12.6b) can be 
expressed in terms of products of the two-point correlation functions (2.57) according 
to (2.59). A simple translation of these expressions to the path integral (12.6b) leads 
to the following result: 


(wa, (m1) +++ Wa,(ne)bp, (m1) +++ vB, (Me)) sp 
= SE v(m) ++ Wa-(ne)bp, (Mm): Yema). (12.7) 


contr. 
The right-hand side is meant to be the sum over all possible complete contractions 
of ù — w pairs,* where a contraction is defined generically by 


pa(n)ba(m) = Kp 4 melU]. (12.8) 


| 


Hence in the quenched approximation we “only” need to compute the ensemble 
average of products involving the two-point function (12.8) and the link variables 
with a Boltzmann distribution corresponding to that of the pure gauge theory: 


(Wa, (n) bp, (MUE (ki) ++ ane. 


= Ye (ar (m) bp, (m1) ++ US ka) - (12.9) 
Sa 


contr. 


* For the precise meaning of the right-hand side of (12-7) see the discussion in 
chapter 2 after eq. (2.59). 
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where ( se denotes the ensemble average taken with the Boltzmann factor of the 
pure gauge theory. But neither the integral (12.6a) with det K = 1, nor K7![U] 
alone, can be calculated in closed form, and we are forced in general to compute 
these quantities numerically. We may, however, calculate (12.8) within the so-called 
hopping parameter expansion. This we will do in the following section. 


12.2 Hopping Parameter Expansion of the Fermion Propagator 
in an External Field 


Consider the matrix K defined in (12.4c). 
K[U] = 1 — KM[U]. (12.10) 


Its inverse is the fermion propagator for a given link-variable configuration. For small 
k (i.e., large bare quark mass Mo)* we can expand K~! in powers of the hopping 
parameter as follows: 


K7} = (1-6M)7* =o «Mt? 
&=0 
The corresponding expression for the matrix elements of K~! reads 


aie [U] = OAR + K( Mim) AB + >» Kf Mani Maan alae My ım) AB, 
(12.11) 
where the non-vanishing matrices Mym have been given in (12.3b). It follows from 


(12.11) and the fact that Mpe connects only nearest neighbours on the lattice, that 


the contributions to K; AmalU ] in order «f can be computed according to the fol- 
lowing rules: 

i) Consider all possible paths of length / on the lattice starting at the lattice site 
n occupied by %4 (open circles) and terminating at the site m occupied by Wg 
(black blobs). As shown in fig. (12-1), these paths may intersect each other, and 
turn back on themselves, creating for example appendix-like structures. 

ii) Associate with each link with base at k, and pointing in the +p direction, the 


matrices 


Mirra = (r — Yn)Uy(), 
Mera = (7 + WW)l hk =p) 


* We are thus necessarily away from the continuum limit, which is realized for 
Mo —> 0. 
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iii) Take the ordered product of all these matrices along a path following the arrow 
pointing from n to m, and take the AB-matrix element of this expression 


iv) Sum over all possible paths leading from n to m. 


The number of diagrams reduces drastically if we choose the Wilson parameter 
to be r = 1, for in this case diagrams with appendices, such as shown in fig. (12-1c), 
will not contribute. This is a consequence of the fact that (1 — y,,)(1+ 7%) = 0. In 
the following we shall choose r = 1. 


m,B 


Fig. 12-1 Diagrams contributing to K; å mplU] in the hopping param- 


eter expansion. 


As an example let us calculate in order «f the correlation function describ- 
ing the propagation of a colour-singlet scalar particle, consisting of a local qq-pair, 
between two neighbouring lattice sites n, and n+ ĝ. Let us denote the corresponding 
composite field by (n): 


n) = >) da(n)bh(n) 


The correlation function of ġ in the quenched approximation is given by: 


(O(n + A) O(N) oa = X (Poln + AOS (n + ADE (n)WA(N)) se 


a, 
6, 


+ 2a Poln + Atal + Awan yalN))sa: 


va 
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Consider the first term on the right-hand side which is the contribution describing 


the propagation of a quark (and antiquark) between two neighbouring lattice sites: 


CAEN) aa. = — (KGW Kng nall] se: (12.12) 
A,B 


Here m = n+ fi, and A and B stand for the set (a,a) and (b, 3), respectively. To 
compute the contribution in order «* of (12.12), we must expand K~! up to order 
k. In fig. (12-2) we show, for the case of a two-dimensional lattice, the various paths 
C1, Co, C3 of interest. 


nA O——@ n+, B l l 


Cı C 


C3 


Fig. 12-2 Diagrams contributing to K74 n+agl|U] up to order Kè. 


The corresponding expressions obtained by applying the general rules stated 
above with r = 1, then read 


3 
Koina = N To )aplUc)” 


(=1 
where 
lo, =(1-%), 
Uc, = U,(n) 
and 


To, = (1 g Ww) = pre! F Ww), 
Uc, = VAMU AFUE), 
lo, = (1+ y) — Yal- w), 


Uc, = Ul(n — D)Up(n — BU(n + à — P). 
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nA @—c—© nt, B 


Fig. 12-3 Diagrams contributing in order «4 to the external field cor- 


relation function (12.12). 


(a) (b) 


(c) 


Fig. 12-4 (a) Diagrams contributing to an external field 4-point corre- 
lation function; (b) contribution to the correlation function in the leading 
strong coupling approximation; (c) type of diagrams contributing to (12.12) 
in the limit 6 —> 0. 


Hence the relevant diagrams associated with the correlation function (12.12) 
in order «* are those shown in fig. (12-3). Their contribution is obtained by taking 
the product of the individual propagators K~! making up the diagram. 


So far we have considered quark-correlation functions evaluated for a given con- 
figuration of the link variables. In the quenched approximation (det K[U] — const.), 
these correlation functions must still be weighted with a Boltzmann distribution of 
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the pure gauge theory, i.e., with 

eSalU] 
-f DUe-SelU) 


It is instructive to calculate the ensemble average of some simple correla- 


Po[U] (12.13) 


tion functions in leading order of the strong coupling approximation. Consider 
for example the contribution of O(«®) to the correlation function (12.12) depicted 
in fig. (12-4a). This contribution must be averaged with the Boltzmann distri- 
bution (12-13). Expanding the action Sg according to (11.3), we see that the 
leading contribution to the ensemble average is obtained by paving the mini- 
mal area enclosed by the quark paths with plaquettes, each of which contributes 
a factor @. This is shown in fig. (12-4b). Hence in the strong coupling limit 
(8 — 0), the quark—antiquark pair can only propagate as a local unit, as shown in 
fig. (12-4c). 


Yn yY 

D e < xk 
> > 

bs y 


5 
ZN 

7y 
YN 


Fig. 12-5 Diagram contributing to the gauge invariant correlation func- 
tion (Y(m)U -- -Uy(njp(n’)U - -- Uyp(m’)) in order xf, for the case where n 


and m (n’ and m’) are neighbouring lattice sites. 


On the other hand consider the propagation of an extended meson. Then we 
must study correlation functions of a gauge-invariant composite field having the 
following schematic structure 


pag = Y(m)U ---Urp(n), 


where U---U denotes the matrix product of link variables along a path connecting 


the lattice sites n and m. In fig. (12-5) we show a diagram contributing to the 
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“meson” propagator 


P= (b(m)U---Up(n)b(n'U ---Uy(m')) 
in O(Kî) of the HPE, and O(3?) of the strong coupling expansion, for the case where 
m and n (m’ and n’) are neighbouring lattice sites. The dashed lines stand for the 
product of link variables appearing in the above correlation function. Notice that the 
“strings” connecting the quarks and antiquarks (dashed lines) are essential, since 
the group integral over a single link variable vanishes. For the same reason a single 
quark cannot propagate in any order of the HPE. This can be viewed as another 


statement of confinement. 


12.3 Hopping Parameter Expansion of the Effective Action 


As we have just seen, we can in principle compute a general correlation function 
in the quenched approximation by calculating the ensemble average of products of 
fermionic two-point correlation functions and the link variables, with a Boltzmann 
distribution given by (12.13). In full QCD, however, we must also include the 
fermionic determinant, det K{U], in (12.6a). This is equivalent to taking the en- 
semble average with the following probability distribution 


e~ See [U] 
PIU] = Desa (12.142) 
where the effective action, Seg, is defined by 
Ser [U] = Sg[U] — In det K [U]. (12.146) 


Correspondingly, (12.9) is now replaced by 
(Wa, (M1) ++ Pa, (m1) +» Ua (kr) +) 


= (> (tha, (m1) -+- dp, (m1) +: UA" (ki) ers : 
Seff 


contr. 


We remark that it is not obvious that (12.14a) can be interpreted as a probability 
distribution. For this to be the case one must show that ln det K[U] is real and 
bounded from above. That det K[U] is real can be shown rather easily. We first 
notice that A[U] is not a hermitean matrix. From the definition (12.2c) and the 
hermiticity of the y-matrices, it follows that 


Ky ana = Snmôagôab — K Y [(r + Yaa(Uuln))abon+am 


u 
Peia A= a p 
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* 
Ga ey = Anam. 


In fact the hermitian adjoint of the matrix K is obtained from K by replacing Y, 
by —y,. This observation can be stated in the form 


Kt = 45K 4s, 


where ys is a matrix in Dirac space which anticommutes with all y„’s, and whose 
square is the unit matrix. Since det Kt = det ysKys = det K, it follows that det K 
is real. Furthermore it has been shown by Seiler (1982) that for x < 1/8 (which is 
realized for the usual choice of Wilson parameter r = 1) 0 < det K[U] < 1. Hence 
we can interpret the expression (12.14a) as a probability distribution. 


In contrast to Sg[U], the effective action (12.14b) is a non-local function of 
the link variables, and its numerical calculation demands an enormous amount of 
computer time. Before the advent of supercomputers, one has therefore mainly con- 
centrated on calculating fermionic correlation functions in the quenched approxima- 
tion. This may be a reasonable approximation to estimate such quantities as hadron 
masses. On the other hand, there are problems where vacuum polarization effects 
play a crucial role. Thus for example the screening of the quark-antiquark potential 
at large distances is due to processes involving the creation of quark-antiquark pairs. 
These effects arise from the determinant of the fermionic matrix K|U]. 

We now derive graphical rules for computing In det K[U] in the hopping pa- 
rameter expansion. To this effect we first rewrite In det K as follows 


In det K[U] = Tr lIn K[U], 
where “Tr” denotes the trace in the internal space as well as in space-time. Sub- 


stituting for K|U| the expression (12.10) and expanding the logarithm in powers of 
kM, we have that* 


Trln K[U] = — 3 £ T(M®. (12.15) 


* Actually, there is no contribution to the trace coming from £ = 1, since Mnm 


connects different lattice sites. 
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To get a diagramatic representation of the sum in (12.15), we write out the space- 
time trace explicitly: 


oP £ 
Tr In KU] =—< Da T y trMninsMnans oe Mni» (12.16) 


where “tr” now stands for the trace in the internal space. The non-vanishing matrices 
Mnm have been defined in (12.3b). From the structure (12.16) it follows immediately 


that the contributions of order «f can be associated with closed paths of length £ on 
the lattice with an arbitrary sense of circulation. These contributions are calculated 
as follows. Consider a given closed geometrical contour Ce, on the lattice, with £o 
the perimeter of the contour measured in lattice units. Because of the space-time 
trace in (12.15) a path winding around the contour one or more times can start at 
any one of the @ lattice sites on Ce. Hence each path is weighted with a factor £o. 
A path tracing out the contour Ce n times will however contribute in order «”, 
Hence the contribution to (12.16) associated with all possible paths on the closed 


contour Cy, is given by 


Kreo 


oo 
— J trM? 
n ~ Ceg’ 
n=1 


where Mc, is the path ordered product of the matrices (12.3b) along the geo- 
metrical contour Ce. The rhs of (12.16) is now obtained by summing the above 
expression over all possible geometrical contours of arbitrary shape, and arbitrary 


perimeter: 


Tr ln K[U] = Indet K[u] = — > X. S ey omg, (12.17) 


n 
lo {Cu} n= 


From here we can further obtain an elegant expression for the determinant 
itself [Stamatescu (1982, 1992)]. Thus (12.17) can also be written in the form 


Indet KU] = XL XO trin(1 — K" Mc). 


lo {Ce} 


It therefore follows that 


det K[U] = det(1 — «Mc, ). (12.18) 
~~ Ceo 
lo {Cu} 
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Note that the determinant appearing in this expression is that of a finite matrix in 
colour and Dirac space. 


In fig. (12-6) we show some diagrams contributing to (12.17). As in the case 
of the external field Green’s function discussed in section 2, they also include paths 
passing through a given lattice site an arbitrary number of times, as well as paths 
having appendix-like structures. As before these appendices do not contribute if the 
Wilson parameter is chosen to be r = 1.* 


Fig. 12-6 Diagrams contributing to In detK in the hopping parameter 


expansion. 


The above hopping parameter expansion for the effective action (12.14b) can 
be combined with the corresponding hopping expansion for the fermionic correlation 
function discussed in section 2. In those regions of parameter space where In det K 
and K~! can be approximated by a few terms in the expansion (i.e., small hopping 
parameter, or large Mo), the computational effort is thereby drastically reduced. 
In practice, however, where one is interested in working in the scaling region with 
small quark masses, non-perturbative methods for computing K~! and det K are 
required. 


The hopping parameter expansion can be used to obtain a qualitative picture 
of the screening of the static quark—antiquark potential due to “pair-production” 
processes (see e.g., Joos and Montvay, 1983). The following picture is very crude. 
Within the framework of the strong coupling expansion, the Wilson loop will be 
paved not only with the plaquettes arising from the action Sg[U], but also with 
closed loops built from link variables, arising from the fermionic determinant. In 
the HPE, these latter contributions come with a power of «, determined by the 


* In the continuum limit physics should be independent of the choice for r, as 
long as r £ 0. 
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Fig. 12-7 Contribution to (Wc) coming from the fermionic determinant 
(inside loop) which screens the gg -potential in the strong coupling limit and 


in lowest order of the hopping parameter expansion. 


length of the loop. These different loop contributions will compete with each 
other in determining the interquark potential. In particular, in the strong cou- 
pling limit, 86 — 0, the Wilson loop will be paved with loops arising only from 
the fermionic determinant. In fig. (12-7) we show a diagram which corresponds to 
a dynamical quark and antiquark being created at the positions of the (infinitely) 
heavy antiquark and quark, respectively. The contribution of this diagram is of 
the form 


(Wo{U}) 5 peR+Î) = e(R+T) In? 


which shows that the dynamical gqg-pair leads to screening of the heavy quark- 
antiquark potential, which in this crude approximation is just a constant: Vjg = 


— ln kê. 


12.4 The HPE and the Pauli Exclusion Principle 


In the previous sections we obtained graphical rules for calculating the two- 
point fermion correlation function and the effective action in any order of the hopping 
parameter expansion. In particular the rules for calculating the quark propagators 
in a background field, corresponding to a given link-variable configuration, where 
based on eq. (12.7), derived in chapter 2 using the concept of a generating functional. 
We now want to rederive the results obtained above by applying the Grassmann 
integration rules (discussed in chapter 2) directly to the path integral expressions for 
the external field correlation function (12.6b) and the determinant of K[U]. In this 
way we shall demonstrate explicitly that the Pauli exclusion principle, which forbids 
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that the same lattice site can be occupied by two identical quarks or antiquarks, is 
satisfied. 

Consider the exponential, exp(—Sj), in (12.6b) where Sp is given by (12.4b). 
Inserting for K the expression (12.10) and using the fact that bilinear expressions 


in Grassmann variables behave like c-numbers under commutation, we have that 


6 SF 2 I] oe alrva(n) I] eh PB(™) Mm mtap ea (MHA) (12.19) 
n,A m,B,B! 
Ê 


where Mmg nB’ = (Minn) gp. Here, and in the following, the unit vector ĝ can point 
in the positive and negative directions. Now, since products of a given Grassmann 
variable vanish, only the first two terms in the expansion of the exponentials (12.19) 
will contribute; hence 


e = []ftt+ma(n)] [] O+ dse (m, A), (12.20a) 
nA m,B,B! 
where* 
ma(n) = pa(n)wba(n), (12.200) 
dge (m, ft) = Ys(m)Mms mtap Ue (m + fi). (12.20c) 


For convenience we shall refer to (12.20b) and (12.20c) as “monomers” and “dimers”, 
respectively. These names have also been used elsewhere in the literature, although 
in a somewhat different way, and we apologize for borrowing these suggestive names 
for our purpose.** 


According to (12.20), the basic elements appearing in the integrand of the nu- 
merator and denominator of (12.6b) in any order of the hopping parameter expansion 


are: 


i) The quark (antiquark) fields Y4, (n1) +- (YB, (Mı) ---) of the correlation function 
to be calculated. We denote these graphically by an open circle (y — o) and an 
extended dot (Y — e) and shall refer to them as the external fields. 

ii) Monomers, consisting of a quark and an antiquark located at the same lattice 
site. 


* Notice that we have interchanged the order of the Grassmann variables in 


(12.20b). This gives rise to a minus sign. 
** See e.g., Gruber and Kunz (1971); Rossi and Wolff (1984); Burkitt, Mütter and 
Uberholz (1987). 
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iii) Dimers, consisting of a quark and antiquark located at neighbouring lattice sites 
and joined by a string bit U,,(n). We shall denote these graphically by 


n,B n+fi,B' : dep (n, fi) 

Hence the contributions to the integrand of (12.6b) of order «° will consist of the 
external fields mentioned in i) and a system of monomers and £ dimers distributed 
on the lattice. Of these only a subset of configurations will survive the fermion inte- 
gration. Thus it follows immediately from the structure of the integration measure 
(12.1b) and the fact that the only non-vanishing Grassmann integral is of the form 


|o=- | dddviv =a, (12.21) 


that every lattice site must be occupied by one, and only one, quark-antiquark pair 
for every internal degree of freedom. This is the manifestation of the Pauli exclusion 
principle! Since the internal indices of the gg-pairs associated with monomers are 
automatically paired, it then follows that the degrees of freedom of the quark and 
antiquarks associated with the external fields and dimers must also combine into 
pairs at every lattice site. Thus the maximum number of such pairs at any site 
cannot exceed the total number of degrees of freedom of the quarks. What concerns 
the monomers, we can ignore them from now on, since their role is merely to fill in 
those degrees of freedom which are not supplied by the external fields and dimers;* 
hence they are the “filling material” which ensures that the Grassmann integrals do 
no vanish, and we shall not exhibit them in any diagram. (Notice that according 
to the definition (12.20b) of m4 each monomer merely contributes a factor +1, 
as follows from the integration rule (12.21)). What concerns the denominator in 
(12.6b), the same general criteria as discussed above apply, except that now the 
integrand only receives contributions from monomers and dimers. Since this is the 


simplest quantity to study, we shall discuss it first. 


Consider the integral (12.5). In order «f the only relevant contributions to the 
integrand involve ¢-dimers distributed on the lattice in accordance with the princi- 
ples mentioned above. In figs. (12-8) and (12-9) we show some typical configurations 
in order «f and «8. Consider first the diagram of fig. (12-8a). Since each lattice site 
is only occupied by a single qqg-pair, there is no restriction on the internal degrees 


* Recall that monomers (and dimers) act like C-numbers under commutation with 
any Grassmann variable. 
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of freedom labeling the pair. For a fixed choice of Aı,... A4, the diagram gives the 
following contribution to det K [U]: 


4 
t= I [| dpa (n)dya; (m) Ba, (m2) [(Marng) Aras ay (N2) Paala) 


i=1 


oo- Yaa (napa (M4) (Magny) Agar | Va (n1), 


Except for the two fields, Y4, (n1) and Y4, (nı), appearing on the right and left of 
the square bracket, all others are grouped in the form YỌ. Upon integration each of 
these pairs yields a factor +1. The remaining integral gives rise to the well-known 
minus sign associated with a fermion loop. Hence 


ae = =( Miran) ayAs (Mnans) A243 ES (Mini) Aas 


Upon summing over all possible values of the internal degrees of freedom, we are led 
to the diagram in fig. (12-8b), whose contribution is obtained by taking the trace of 
the product of matrices (12.3b) along the closed path, and including a minus sign 
for the fermion loop. 


Fig. 12-8 (a) Dimer configuration contributing to det K in order x’; 
(b) corresponding diagram obtained by taking the trace. 


Let us now take a look at the more complicated diagrams shown in 
fig. (12-9a,b). Here we notice that the path to be followed is not unique. Thus with 
the diagram in fig. (12-9a) we can associate the paths shown in fig. (12-10), while for 
the diagram in fig. (12-9b) the possible paths are those depicted in fig. (12-11). The 
possibility of associating different paths with a given diagram of dimers is clearly 
connected with our ability to match the degrees of freedom of the qq pairs at lattice 
sites occupied by more than one qq-pair in different ways. Notice also that the var- 
ious connected and disconnected paths associated with a given set of dimers differ 
in the number of independent quark loops. 
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(a) (b) 


Fig. 12-9 Dimer configurations contributing to det K in order «8. 


(a) (b) 


Fig. 12-10 The two possible paths which can be associated with the 
dimer configuration depiced in fig. (12-9a). 


Fig. 12-11 The two possible paths which can be associated with the 
dimer configuration depicted in fig. (12.9b). 


If we consider the contribution of any one of these closed paths obtained by 
taking the trace of the ordered product of the matrices Mm n+ along the path 


with a given sense of circulation, then we are clearly violating the Pauli exclusion 
principle, since several quarks (and antiquarks) at a given lattice site would be 


188 Lattice Gauge Theories 


allowed to carry the same quantum numbers. But if we add the contributions of 
the paths shown in fig. (12-10) (or fig. (12-11)), Pauli’s principle is restored! Thus 
consider for example the two paths depicted in fig. (12-10a,b). For both of them, the 
contributions violating Pauli’s principle correspond to the following qq configurations 
at the lattice site denoted by a cross: 


But because the diagram in fig. (12-10b) contains an extra fermion loop, it will 
receive an extra minus sign. Hence the configuration shown above will not con- 
tribute in the sum. In general, diagrams contributing to the determinant consist 
of a single loop, or of several closed loops (in contrast to Indet K which, as we 
have seen, only involves simple closed paths). The contribution of each loop is cal- 
culated by taking the trace of the ordered product of the matrices (12.3b) along 
the path with a given sense of circulation and including a minus sign for every 


fermion loop. 


Let us now carry through a similar analysis for the numerator in (12.6b). For 
definiteness sake we shall demonstrate the general ideas by studying the following 


four-point correlation function: 


D4 ,A9;Bi,Bo (nı, N2; M1, M2; U) = (Way (ni Wa (no)vp, (m)vp, (M2)) Si (12.22) 


The relevant dimer configurations contributing to the numerator of the correspond- 
ing path integral expression are given by the rules stated earlier in this section. In 
fig. (12-12) we show some typical diagrams built from the external quark-antiquark 
fields appearing in (12.22) and from a set of dimers. Depending on the way the 
internal degrees of freedom of the gq-pairs are matched* we generate different sets 
of diagrams consisting of paths connecting the external quarks and antiquarks, and 
of closed loops which may, or may not, have links in common with these paths, as 
shown in fig. (12-13). Once we have generated all possible sets of paths of a given 
total length, there is no longer any need for restricting the sum over internal indices. 


* Or equivalently, the way we follow the arrows through the diagram. 
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Fig. 12-12 Two possible dimer configurations which contribute to the 


correlation function (12.22). 
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Fig. 12-13 Diagrams which can be associated with the dimer configu- 
rations in fig. (12-12). 
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The cancellation of those contributions violating Pauli’s principle in individual 
diagrams, takes place between diagrams consisting of the same set of oriented links. 
As we have seen, all these diagrams originate from the same dimer configuration. 

Notice that the contributions shown in figs. (12-13a) and (12-13c) factorize into 
a contribution of O(K®), calculated according to the rules stated in section 2, and 
a closed loop. This loop is cancelled by a corresponding contribution arising from 
the denominator, i.e., from the fermionic determinant. In this way we recover the 


results of section 2. 


1 1 x 
2 2 HE 
Fig. 12-14 Two diagrams generated from the same dimer configuration 


shown in fig. 12-15, and which taken together ensure the Pauli principle. 


There is another point which must be mentioned. Not only the minus sign 
associated with fermion loops but also the signum of the permutation associated with 
the contractions in (12.7) plays an important role in ensuring Pauli’s principle. Thus 
consider e.g., the diagrams in fig. (12-14) generated from the dimer configuration 
depicted in fig. (12-15). None of these diagrams contains a closed loop. Symbolically 
their contributions are of the form 


® M---M@® @®M.---M © 
and 
® M---M@® @®M.---M ® 


where the circles indicate the position of the external quark (antiquark) fields; hence, 
according to our integration rules, one of the two diagrams receives an extra minus 
sign ensuring the cancellation of Pauli-forbidden contributions at the lattice site 
denoted by a cross. 


For examples where the hopping parameter expansion has been used in a Monte 
Carlo simulation see Hasenfratz and Hasenfratz (1981a), and Hasenfratz, Karsch and 
Stamatescu (1983). 
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> © o—<—e 
Fig. 12-15 Dimer configuration which gives rise to the paths depicted 
in fig. 12-14. 


This concludes our discussion of the hopping parameter expansion. For a more 
detailed study of the fermionic determinant in the HPE see Stamatescu (1982). In 
the following three chapters we now study the lattice analog of the weak coupling 


expansion in continuum field theory. 
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CHAPTER 13 


WEAK COUPLING EXPANSION (I). 
THE -THEORY 


13.1 Introduction 


Weak coupling perturbation theory can be used in continuum QCD to in- 
vestigate its short distance properties. The reason is that QCD is asymptotically 
free. On the other hand, lattice QCD was invented to study non-perturbative phe- 
nomena, like quark confinement, hadron masses, hadronic weak matrix elements, 
etc.. So why should we be interested in studying weak coupling perturbation the- 
ory in lattice QCD which, as the reader might expect, is much more involved than 
in the continuum formulation? Because of the specific gauge invariant regulariza- 
tion with a lattice cutoff, the lattice action will include so-called irrelevant vertices, 
which have no analog in the continuum. Although these vertices vanish in the con- 
tinuum limit, a finite number of them will actually contribute in a give order of 
perturbation theory to the Green functions in the limit of vanishing lattice spac- 
ing. Hence the number of Feynman diagrams that need to be considered is larger 
than in the continuum formulation. But also the integrands of Feynman integrals 
are now periodic functions of the momenta, and the usual power counting theo- 
rems of the continuum formulation, needed for formulating a renormalization pro- 
gram, do not apply. It is therefore not a priori clear that lattice gauge theories are 


renormailizable. 


Let us come back to the question of why we are interested in a perturbative 
treatment of lattice gauge theories. By having introduced a space-time lattice to 
regularize the quantum theory, one has manifestly broken Poincaré invariance. It is 
therefore important to investigate whether this symmetry is restored in the contin- 
uum limit. A non-perturbative analysis is very difficult. We can, however, get an 
answer to this question within the framework of perturbation theory. On the other 
hand there are symmetries of the classical continuum action which are known to 
be broken on the quantum level. In this case one speaks of an anomaly. Clearly a 
lattice formulation should correctly reproduce the anomalous behaviour of the quan- 
tum theory. A typical example is the famous Adler—Bell—Jackiw (ABJ) anomaly in 
continuum QED. For vanishing fermion masses the action possesses a (chiral) sym- 
metry which, according to the Noether theorem, implies the conservation of the 
vector and axial vector currents on the classical level. But on the quantum level it 
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has been shown that there exists no regularization scheme in which both currents are 
conserved. If one insists on the requirement that the current coupled to the gauge 
field (i.e. the vector current) remains conserved on quantum level (we do not want 
gauge invariance to be broken), then the axial current will no longer be conserved. 
Its divergence can be calculated and is referred to in the literature as the Adler- 
Bell-Jackiw anomaly (Adler, 1969; Bell and Jackiw, 1969). The question then arises 
whether the lattice formulation of QED reproduces this result. At first sight there 
appears to be a contradiction with what is known from the continuum formulation. 
Thus the action with naive massless fermions is invariant under chiral transforma- 
tions for any finite lattice spacing. Hence one expects that the vector and axial 
vector currents remain conserved also for a — 0. This is indeed the case. Neverthe- 
less there is no contradiction with the result obtained from continuum perturbative 
theory, for we have seen that the action with naive fermions actually describes six- 
teen fermion species. As has been shown by Karsten and Smit (1981), these sixteen 
fermions give rise to contributions to the divergence of the axial vector current which 
alternate in sign, and the theory exhibits not anomaly. On the other hand, by using 
Wilson fermions, chiral symmetry is broken explicitly for any finite lattice spacing. 
Although this symmetry is broken on the lattice by an “irrelevant” term of the 
action, this term plays a crucial role when studying the continuum limit, and en- 
sures that the ABJ-anomaly is correctly reproduced. In continuum QCD there exist 
a similar anomaly in the axial flavour singlet current, which must be reproduced 
correctly by lattice perturbation theory. 


But there are also other questions for which one wants to have an answer, 
and which are not connected with any symmetries. For example, the short distance 
properties of QCD, which can be studied in continuum perturbation theory, involve 
a scale, A, with the dimension of a mass, which determines the rate with which the 
renormalized effective coupling constant decreases with decreasing separation of the 
quarks. This scale can be measured in deep inelastic scattering experiments. On the 
other hand we have seen that one encounters a similar mass-scale Az, when studying 
the continuum limit of observables in the lattice formulation. The two scales, which 
have been introduced in very different ways, are expected to be related. In this case 
this would lead us to the interesting perspective that, given A and the quark masses, 
QCD should be able to predict all physical phenomena. 


The above examples do not exhaust the list of applications of weak coupling 
perturbation theory on the lattice, which, for vanishing lattice spacing, should cor- 
rectly reproduce all the perturbative results of the continuum theory. For finite 
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lattice spacing, however, the continuum results will be modified by lattice artefacts. 
By making use of the large freedom one has in choosing the lattice action (which, 
a priori, is only required to reduce to its continuum form in the naive continuum 
limit), one can construct so-called improved actions (Symanzik 1982, 1983) for which 
these artefacts are reduced.* Non-perturbative calculations using these “improved 
actions” are then expected to allow one to extract continuum physics already for 
larger lattice spacings. This is important since in praxis one is forced to perform 


numerical claculations on rather small lattices. 


In this and the following two chapters we want to to provide the reader with the 
basic framework for carrying out perturbative calculations on the lattice, stressing 
the differences between continuum and lattice perturbation theory. We will not 
discuss renormalization theory. Renormalization of lattice gauge theories is based on 
the same general ideas familiar from the continuum formulation. But their practical 
implementation is much more involved. The interested reader may consult the work 
of Reisz (1988a,b), where the renormalization program for lattice gauge theories has 
been studied in detail. 


In this chapter we begin with a discussion of a scalar field theory. Our objective 
is to demonstrate how the integrands of Feynman integrals are modified by lattice 
artefacts. The $°-theory is the simplest non-trivial example of such a field theory. 
Our discussion, however, applies to any lattice field theory relevant to elementary 
particle physics. Irrelevant vertices will play no role in our discussion. In the next 
chapter we then consider the more complicated case of an abelian lattice gauge 
theory. There we shall also have to deal with Feynman diagrams involving irrelevant 
vertices. Finally, in chapter 15, we consider the case of lattice QCD. The weak 
coupling expansion of Green functions in this theory is far more complicated than 
in the ¢°-theory and lattice QED because of its non-abelian nature. But having 
prepared the ground in this and the following chapter, the reader will hopefully be 
able to follow the material on the weak coupling expansion in lattice QCD, which 
we will present in great detail. 


* Confer also the lectures by Lüscher (1984). For an important example where 
the program of Symanzik has been applied in the SU(2) and SU(3) gauge theories, 
see e.g., Bernreuther and Wetzel (1983). 
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13.2 Weak Coupling Expansion of Correlation Functions 
in the ¢3-Theory 


Consider the following euclidean continuum action for a real scalar field: 


si) =5 | d'ro(a(-0+ M6) +H | dele) 


Here O is the four-dimensional Laplacean, M is the bare mass, and gp is the bare 
coupling constant carrying the dimension of a mass. As usual, the combinatorial 
factor 3! has been introduced to simplify the Feynman rules. Introducing a space 


time lattice, and scaling ¢,0, M and go with the lattice spacing a according to their 


canonical dimension,* the lattice action takes the form 
fo. ee Ke Sinead 
SI] = X bnKnmm + a >, On 


where K is the matrix defined in (3.10b), and where n and m are 4-component vec- 
tors labeling the lattice sites. Correlation functions of the fields bn can be computed 
from the generating functional 


ZF] = J pesene Indn 
by differentiating this expression with respect to the currents J,:** 


ae ee VARA 


As has been shown in section 2 of the second chapter, Z[J] can be computed in 
perturbation theory as follows: 


Z[F] = e Seles) Zo LT] 
le) 1 N 7 
=>. — (~S |) Zl J], (13.2a) 
NO OJ 
* i.e., we define the dimensionless quantities db = G0, M=aM, Ô = a? , and 
ĝo = ago. 


** Notice that the subscript on n; labels different four-component vectors, and is 
not to be confused with the i’th coordinate of a lattice site. 
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where 


Sintl] = F >, Ons (13.20) 


and Sin(0/0J] is obtained from (13.2b) by making the replacement ¢, + 0/OJn. 
Zo|J] is the generating functional of the free theory, given by eq. (3.12), i.e., 
A 1 


Z= aoo In Kr dm (13.2c) 


From (13.1) and (13.2) one derives the Feynman rules in the standard way. In 
every given order of perturbation theory the contribution to the correlation function 
(13.1) can be represented by a set of Feynman diagrams built from the interaction 
vertices with coupling —g and propagators Ayn = K z4, represented graphically as 


follows: 
= K7} 


nm nm 


n m 
es 


There are two types of lines (propagators) associated with a general Feynman dia- 


— Â 


gram: a) lines that connect one of the external lattice sites appearing in the corre- 
lation function with an interaction vertex, and b) lines connecting two vertices. We 


shall refer to the former as external lines, and to the latter as internal lines. 


(b) 


Fig. 13-1 (a) Diagram contributing to (nm) in O(g%); (b) Lines 
emanating from the two vertices which must be contracted to form the 


diagram in (a). 


As an example consider the contribution of order gë to the two-point correlation 
function (n@m) shown in Fig. (13-1la). It is given by* 


1. a te 
(GnPm) (a) = 390 >, Anll Arm, (13.32) 


* As always, we denote dimensionless (lattice) variables and functions with a 
small hat. 
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where 
Ty = (Aw). (13.30) 


The “symmetry factor” of 1/2 multiplying (13.3a) arises as follows. Let us count 
the number of ways that the six lines emanating from the two vertices shown in 
fig. (13-1b) can be connected to make up the diagram depicted in fig. (13-la). There 
are six ways of choosing the endpoint n. This leaves us with three possibilities for 
choosing m. The number of possibilities to connect the four remaining lines is two. 
Hence there are 6-3-2 = (3!)? ways of building up the diagram. Now each vertex 
yields a factor 1/3!. This leaves us with a factor of 1/2! arising from the second 
order term in (13.2a). Let us now write the right-hand side of (13.3a) in momentum 


space. 


As we have learned in chapter 3, the free propagator Aj» has the following 
Fourier representation (cf. eq. (3.17)) 


7 T dék ik-(n—m) 
AV = / 7 = oe) (13.42) 
-r (20)* k? + M2 


where 
~ a ~ 
Pr, (13.4b) 
u=1 
and 
BS ky 
ku = 2sin aS (13.4c) 


Notice that while ky denotes the momentum measured in lattice units, ke (with the 
extended “hat” ) denotes the dimensionless periodic function (13.4c). Because of the 
appearance of the square of fen in the integral (13.4a), the integrand is a periodic 
function of ky with periodicity 27. Inserting the expression (13.4) into (13.3) and 
performing the sum over l and l’ using the representation (2.64) for the periodic 
6-function (with a = 1) one finds that 


~ 4 dtk dék aor ap An ee 
nm) = k M ik-n—ik' -m 1 . 
udm) = f g gE R: Mere, (13.54) 
where 
Bases wos R 1 fag eee. oe 1 
G(k; k; M) = = = k, k; M)———_, (13.5b) 
k? + M? k2 + M? 
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and 
92 2 dtl = 
fe Bean) — 2 i 472 (4) (fp, fp -4h — 
(È, kM) JME Pak- i = aap k —h —b) ae eT 


(13:56) 


Here J; denote the “line” momenta carried by the internal lines of the momentum 
space diagram corresponding to Fig. (13.1a). Notice that the general structure of the 
expressions (13.5) is the same as that of the continuum formulation if ky, is replaced 
by ky, except that all the variables are expressed in lattice units. But because of 
the appearance of the periodic 6-functions, momenta are conserved at the vertices 
modulo 2nz (n an integer). This is important, since, e.g., for certain values of k and 
i, in the (first) BZ, the argument of P (k Si iy) will vanish only for ly in the 
next BZ. Consider, for example, the integration in (13.5c) over iy. Then ly is fixed 
to be ly = k — 1, +2N7z, where the integer N is determined by the requirement that 
i lies within the integration interval. But since the integrand is itself a periodic 
function of the momenta, integrating over b is equivalent to setting b =k- his In 
other words, we can implement momentum conservation in the way familiar from 
the continuum formulation. We are therefore left with the following expression for 
(13.5c): 


T(k, k; M) = (2r) (k — RÀC, M), 


where 


més =H f 8 De, 
pz (27) (È + NPY g)? + Å] 


and 


Let us next compute the contribution of the diagram in Fig. (13-la) to the 
physical correlation function (¢(x7)¢(y)) by scaling all lattice variables appropriately 
with a. Proceeding as in chapter 3, we introduce the dimensioned variables @ = db /a, 
xz = na, y = ma, M = M/a, k = k/a, Kaz ki /a, q = qG/a, as well as the 
dimensioned coupling constant go = go/a, and study the behaviour of the integral 
as the lattice spacing is decreased, keeping x,y, M and go fixed. One finds that 
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formally* 


G(k, k'; M ajet e=”, (13.6a) 


a0 J rja (2T)* (27) 


where 
1 i 
G(k,k'; M,a) = (27)t8® (k — K' pl k: M,a)-——— | , 13.6D 
( a) = (2m)"dp ( i a ae aap (13.60) 
and 
2 pr/a 4 
II(k; M,a) = 2) g 2 a (13.6c) 
2 Sonja (Om) e + MAb q) +M? 


Here the dimensioned variables denoted with a “tilde” are defined generically by 


Pp = — sin =, (13.7a) 
a 


4 
P=) 7. (13.7b) 


The graphical representation of the quantity appearing within square brackets in 
(13.6b) is given in fig. (13-2). 


k-q 
Fig. 13-2 Contribution of O(g%) to the propagator in momentum space. 


Let us summarize the important properties of the Fourier transform of the 
correlation function (13.6a): 


i) The general structure of G(k, k’; M,a) is the same as in the continuum formu- 
lation, except that propagators are replaced by their lattice analogues, 


Anes 


= —_ 13.8 
p + M2’ ( ) 


* Actually this limit does not exist and one must invoke renormalization before 
taking it. We shall come back to this point later; here we are only interested in 
discussing some formal aspects. 
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and that the momentum integrations are carried out over the Brillouin zone: 

[—2, =]*. Hence apart from these modifications the Feynman rules are the same 
as those of the continuum formulation. 

ii) In the limit a — 0 the lattice propagators reduce to those of the continuum 
theory. 

iii) G(k, k’; M,a) is a periodic function in each of the components of the momenta, 
with periodicity 27/a. 

iv) The integrand of the lattice Feynman integral (13.6c) is a periodic function of 
the loop momentum q, with periodicity 27/a. Furthermore, it possesses a finite 
continuum limit. 

v) If the integrand of the lattice Feynman integral (13.6c) is replaced by its naive 
continuum limit, then the resulting integral is given by the continuum Feynman 


rules with a momentum cutoff 7/a. 


Although we have only discussed a particular example, these properties hold for 
any Feynman diagram if we choose an appropriate set of loop integration variables. 
A natural set of integration variables is obtained by identifying these with a subset 
of the line momenta.* This is the choice we shall make in this and the following two 
chapters. In fig. (13-3) we show such a natural choice of integration variable for a 
diagram contributing to the two-point function in 0(g6). 


Fig. 13-3 A natural choice for the loop integration variables. 


Given a lattice Feynman integral having the above properties, we now want to 
learn something about its continuum limit. In general this limit cannot be calcu- 
lated by first evaluating the integrals for finite lattice spacing and then taking the 
limit a + 0. But since the integrands are finite in this limit, one may expect that 
under certain conditions, one can replace the integrands by their naive continuum 


limit, and hence get rid of the periodic structure of the integrands which complicate 


* See Reisz (1988c) for a discussion of more general integration variables. 
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enormously the computations. The power counting theorem of Reisz (1988c), which 
we discuss in the following section, will tell us when this can be done. It also plays 


a central role for formulating a renormalization program.* 


13.3 The Power Counting Theorem of Reisz 


Consider a general lattice Feynman integral in the scalar ø? theory. We assume 
that we have scaled all variables with the lattice spacing a in an appropriate way so 
that this integral is the lattice-regulated version of a continuum Feynman integral.** 
Furthermore we assume that 


a) all trivial integrations asociated with the conservation of energy and momenta 
at the vertices have been performed, and 

b) that the loop integration variables q; (i = 1,..., L) have been chosen in such 
a way that the integrand is a periodic function in each component of q;, with 
periodicity 27/a. The domain of integration is the first BZ. 


Let k and l denote collectively the set of momenta associated with the external 
and internal lines of the diagram, respectively, and q the collection of independent 
loop integration variables. A general Feynman integral in the -theory then has the 
following structure, 


d*qi 
F(k;M, 
a) - {Me R 


where the integrand is given by a product of the propagators (13.8) associated with 
the internal lines of the diagram: 


I 


D(k, q; M,a) = [ [Ëk 4) + M’). 


i=1 


Here I is the number of internal lines, and the w’th component of l; is defined by an 
expression analogous to (13.7a). With a natural choice of loop integration variables 


* A summary can be found in the lectures by Lüscher at Les Houches (1988). 
** Tn lattice gauge theories we shall also have to deal with Feynman integrals 


which have no continuum analogue. 


202 Lattice Gauge Theories 


l; will then be of the form* 


L 
k,q) = X cyu + Q;(k), 
j=1 
where c;j are either +1 or 0. We will be interested, however, in integrals of a more 
general structure. The reason is the following: take for example the integral (13.6c). 
It actually diverges logarithmically for a — 0. But by subtracting from it its con- 
tribution at k = 0, we arrive at an expression which possesses a finite continuum 


limit. We therefore decompose (13.6c) as follows: 


II(k; M,a) = TI(0, M,a) + II(k, M,a) (13.9a) 
where 
g2 dq 1 1 1 
k, M, - —— = l 13.9b 
u J= Ja (27)4 (@? + M?) aa @ + M? (13:90) 


The first term appearing on the right-hand side of (13.9a) diverges in the limit 
a — 0. This divergent constant can be absorbed into the bare mass parameter M in 
the way familiar from continuum perturbation theory. The remaining integral will 
be shown to possess a finite continuum limit. This integral has the following form 


7 2 4 . 
Ū(k; M,a) = af 5 GENES) (13.102) 


2 Jez (27)4 D(k, gq; M,a)’ 
where** 
N(k,q; M,a) = @ — (q—k)?, (13.10b) 
and 
D(k, q; M,a) = (@ + M?)?[(q—k)? + M’). (13.10c) 


But this is not the only motivation for studying integrals of a more general structure. 
In lattice QED or QCD the integrals associated with Feynman diagrams will be 
already of the type 


d‘q; N(k,q;M,a) 
M, [1 
EAA) a"i (27) D(k, q; M,a) C 


* We want to emphasize that it is important that the loop momenta are chosen in 
such a way that the coefficients c;; are integers. Only then does the power counting 
theorem of Reisz apply for Feynman integrals involving an arbitrary number of loop 


integrations. Such a choice is always possible. 
** In the present case the numerator function N does not depend on M. 


Weak Coupling Expansion (I). The 63-Theory 203 


before invoking any renormalization procedure.* We therefore are interested in an 
answer to the following questions: a) When does the integral (13.11) possess a finite 
continuum limit, and b) if so, what can we say about this limit? 

These questions have been answered by Reisz (1988c), who proved a power 
counting theorem for lattice theories, analogous to that familiar from continuum 
perturbation theory. This theorem applies to integrals of the type (13.11) with N 
and D satisfying the following requirements: 


i) There exists an integer « such that** 
N(k,q; M,a) = a™" Ñ (ka, qa; Ma) (13.12a) 


where Ñ is a smooth function of the variables ka, qa, Ma. Furthermore, Ñ is 
periodic in each component of the dimensionless loop momenta ¢ = qa with 
periodicity 27, and a polynomial in Ma. 

ii) The continuum limit of N(k,q; M,a) exists. We shall denote it by P(k, q; M): 


lim N (k, q; M,a) = P(k,q; M). (13.12b) 


iii) The denominator D(k, q; M,a) is of the form 


D(k, q; M,a) = | [| Di(li(k, q); Mi,a). (13.12c) 


i=1 


Furthermore, there exists a smooth function F(i;; M), which is periodic in i; with 


periodicity 27 and a polynomial in M;, such that 
D;(l;; Mj, a) = Fila: Ma). (13.12d) 
iv) The continuum limit of D;(l;; M;, a) exists and is given by 
lim D;(l; Mi, a) = I? + M?. (13.12e) 
v) There exist positive constants ao and K such that 
|Di(li; Mi, a)| > K (2 + M?) (13.12f) 


for every a < do, and l; in the BZ. 


* If Ip depends on several masses, then M stands collectively for all of them. 
** Recall that k and q denote collective variables. To be general we also include 


the case where several masses {M;} = M are involved. 
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Notice that this condition is automatically satisfied for scalar particles. But for naive 
fermions it is violated for momenta 4; at the edges of the BZ. On the other hand, for 
Wilson fermions, the denominator function appearing under the integral in (4.29a) 
is given by 


1 
D(l; M,a) =X = sin?(l a) + M (DP, 


u 


where M(l) has been defined in (4.29b). Expressed in terms of the momenta 
l., D(l; M,a) takes the following form for r = 1: 


D(l; M,a) = (P + M?) + Mal? + 59 Pr. 
ar 


Hence D(l, M,a) > (P + M?) and (13.12f) is satisfied. Now if the integrand in 
(13.11) has the properties (13.12) and if it satisfies the power counting theorem 
of Reisz (which we discuss below), then a) the integral (13.11) possesses a finite 
continuum limit, and b) this limit coincides with the expression obtained by re- 
placing the integrand by its continuum limit, and sending the cutoff a/a to infin- 
ity; i.e., 
ll ta P(k, q; M) 
“Thins? +M?) 


lim Ip(k; M,a) -j H (13.13) 


where P(k,q; M) has been defined in (13.12b). This is a very nice result, for in this 
case we get rid of the periodic structure of the integrand in (13.11) and are left with 


an ordinary continuum Feynman integral. 


We want to emphasize that the conditions i)-iv) are rather weak. In fact we 
know of no example when they are not satisfied. On the other hand, condition v) 
imposes a non-trivial constraint on the structure of the denominator for it implies 
that for momenta l; lying at the edges of the BZ, D;(l;, M;, a) must diverge like 1/a? 
in the continuum limit. Hence naive fermions are excluded, while Wilson fermions 
satisfy condition (13.12f). The following example illustrates the role played by this 


condition. 


Consider the one-dimensional integral 


T/a 1 
a) = dk 13.14 
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where N = 1 or 2. For N = 2 the integrand is the one-dimensional analogue of the 
scalar propagator (13.8). On the other hand for N = 1 the denominator in (13.14) 
is the analogue of that encountered for naive fermions. Consider first the integral 
which is obtained from (13.14) by replacing the integrand by its continuum limit 
and sending the cutoff to infinity. Independent of the choice of N, the result is 7/M. 
Next let us calculate the integral exactly in the limit a — 0. To this end we make 
use of the following integral representation for the integrand 


1 i‘? 2 
SS dpe” (+M?) 
x2? + M2 0 


N2 .: 2 ka Zka, 


2 — re 
where z’ = <> sin" 3 = xA cos 


Substituting this expression into (13.14), 
one finds that for N = 1 or 2, the integral can be written in the form 


4 2a2 M2 
x(a) = Fa fo dye +" W (y), (13.15) 


where Jo(y) is the modified Bessel function. For large arguments, Toly) behaves as 
follows: 


Ily) —> : 


yoo y2TY 


Hence for any finite a the integral (13.15) exist. For a — 0, however, the integral 


e, (13.16) 


diverges, as it must, if (13.15) is to possess a finite limit. We can therefore calculate 
this limit by substituting the right-hand side of (13.16) into (13.15). The resulting 
integral can be immediately performed, and one obtains 

fld py Fe) 
Hence the result coincides with the one obtained in the naive approach for N = 2, 
while it is twice as large for N = 1. This does not come as a surprise, since for 
N = 1, and k within the BZ, sinka not only vanishes for k = 0, but also at the 
corner of the Brillouin zone. This is the analog of the familiar doubling problem! 


The above example shows that even if a lattice integral, and its naive ap- 
proximation, both possess a finite limit for a — 0, their continuum limits will not 
necessarily coincide. In fact for N = 1 the denominator appearing in the integrand 
of (13.14) violates condition (13.12f). 


After these preliminaries, we are now in the position to discuss the power count- 
ing theorem of Reisz, which applies to integrals having the form (13.11), with the 
integrand satisfying conditions (13.12a-f). In order to establish the existence, or 
non-existence, of the continuum limit, we need a definition for the lattice degree of 
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divergence (LDD) analogous to that introduced in continuum perturbation theory 
to study the convergence of Feynman integrals. But in contrast to the continuum 
formulation, the LDD not only refers to the behaviour of the integrand for large 
loop momenta, but it characterizes its behaviour under a simultaneous scale trans- 
formation of the loop momenta and lattice spacing. This is connected with the 
periodic structure of the integrand. Let us first introduce the lattice degree of diver- 
gence for an integral involving a single loop momentum, and generalize the concept 


afterwards. 


Consider a function W(k,q;M,a) depending on a single loop momentum q. 
Then according to Reisz (1988), the LDD is given by the exponent a defined by 


W (k, Aq; M,a/X) Ned Wolk, q; M,a)A% + O(\°?). (13.17) 
00 
To make it explicit that the LDD is obtained by scaling q and a in such a way that 
the product g = qa is held fixed, we shall use the following notation: 


degr;W = a. 


Applying this definition to the numerator and denominator functions, N and D, 
of a one loop integral of the type (13.11) with L = 1, one finds that the LDD 
of the integrand is given by degr;N — degr;D. The LDD of the corresponding in- 
tegral (which includes the behaviour of the integration measure under the scale 
transformation q — Aq) is then defined by degrIp = 4 + degr,;N — degr,;D. The 
power counting theorem of Reisz then states that if degrl- < 0, then the con- 
tinuum limit of the lattice integral exists and coincides with its naive continuum 
limit. 

As an example consider the integral (13.10). A simple calculation shows that 
degr;N = 1 and degr,D = 6, so that degr II = —]. Hence the integral converges for 
a — 0 to 


g [® dq 2q -k — k? 
a>0 2 J æ (2m)4 (gq? + M?)?[(q — k)? + M? 


Consider next Feynman integrals involving L loop momenta q,...,qz, where 
L > 1. The overall LDD is obtained by scaling all these momenta with the same 
factor À, while reducing at the same time the lattice spacing by a factor 1/À. But 
even if this LDD is negative, the Feynman integral need not converge. The reason is 
that divergencies may arise from integration regions, where only a subset of the line 
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momenta becomes large, while the others are kept finite. Consider for example the 
diagram depicted in fig. (13-3) for a fixed external momentum k. By keeping q, or q’, 
or q-q’ fixed, large momenta are only allowed to flow in the loops of figs. (13-4a,b,c) 
denoted by a solid line. In the remaining diagram, none of these momenta are kept 


fixed. 
ooo N 
ky k k \ k 
—>— T 
\ 
(a) (b) 


(c) (d) 


Fig. 13-4 Diagrams displaying the four Zimmermann subspaces cor- 
responding to holding (a) q, (b) q’, (c) qq’ fixed or (d) none of these in 


fig. 13-3. The solid lines can carry arbitrarily large loop momenta. 


This defines four Zimmermann subspaces. To each of these subspaces we can 
associate an LDD by studying the behaviour of the integral associated with the 
diagrams obtained by omitting the propagators denoted by the dashed lines in 
fig. (13-4), and fixing the momenta carried by these lines. Consider for example 
the diagram depicted in fig. (13-4c). Let u be the momentum in the dashed line 
which is held fixed. Then the relevant integral corresponding to this Zimmermann 


subspace H is given by 


ine f d‘q 1 
D Joz On)! (P+ MIG u)? + MIGF)? + Mla k — u)? + M?] 


The LDD corresponding to the subspace H is obtained by scaling the loop vari- 
able q and lattice spacing a with À and 1/A, respectively. This LDD is given by 
degr pI) = —4. 

The generalization of these ideas to Feynman integrals involving any number 


of loop integration variables is straightforward: Given a Zimmermann subspace, we 
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write the line momenta as a function of those momenta which are to be held fixed 
and a set of loop momenta which are scaled with a common factor À. At the same 
time the lattice spacing is multiplied by \~'. One then determines the LDD of the 
integrand according to (13.17) where q now stands collectively for all momenta that 
are integrated over the BZ. The LDD of the integral is obtained by including the 
behaviour of the integration measure under the scale transformation q > Aq. 


Let us summarize the results of this section. For lattice integrals satisfying 
the conditions (13.12a-f), the power counting theorem of Reisz makes the following 


assertion: 


Theorem 


Let Ip be a lattice Feynman integral of the form (13.11), which satisfies condi- 
tions (13.12a-f). If the lattice degree of divergence for all Zimmermann subspaces 
is negative, then the integral possesses a finite continuum limit given by (13.13). 
Furthermore the right-hand side of (13.13) is absolutely convergent. 


Let us apply this theorem to the integral (13.14). For N = 1 this theorem does 
not apply since the integrand violates (13.12f). For N = 2 this condition is fulfilled. 
Furthermore the degree of divergence of the denominator is 2. Hence the LDD of 
f(a) is —1, and the continuum limit is given by 


ji 1 
hy fle) | dya 


This agrees with our earlier observation. 


For a proof of the above theorem we refer the reader to the work of Reisz 
(1988c). As we have already mentioned, this theorem plays a central role in devel- 
oping a renormalization program for lattice field theories. But it is clearly also very 
useful for studying such problems as we have mentioned in the introduction, since it 
allows us to replace all lattice integrals which satisfy the conditions of the theorem 
by ordinary Feynman integrals whose symmetries are manifest. 


This concludes our discussion of some of the basic lattice concepts which are 
relevant to the perturbative study of any lattice field theory. In the following two 
chapters we discuss lattice gauge theories which will be burdened by a number of 
additional problems. 
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CHAPTER 14 


WEAK COUPLING EXPANSION (II). LATTICE QED 


The scalar ¢°-theory we discussed in the previous chapter was a good labora- 
tory for introducing a number of important concepts in weak coupling perturbation 
theory which are relevant to all lattice field theories of interest to elementary par- 
ticle physics. We now extend our discussion to the case of lattice gauge theories, 
which present some problems of their own. Since the perturbative treatment of lat- 
tice QCD involves a number of technicalities arising from its non-abelian structure, 
we will begin with a discussion of lattice QED, where the Feynman rules can be 
easily derived. 


As we shall see, the lattice regularization of a gauge field theory gives rise 
to an infinite number of so-called “irrelevant” interaction vertices which vanish in 
the limit of zero lattice spacing. Nevertheless, some of these vertices can contribute 
to correlation functions in the continuum limit through divergent loop corrections. 
For QED in a linear covariant gauge, these vertices originate only from the lattice 
regulated action. The purpose of this chapter is to demonstrate i) how the structure 
of the interaction vertex in the continuum formulation is modified by the lattice 
regularization, and ii) to elucidate the role played by irrelevant vertices in cancelling 
ultra-violet divergencies in lattice Feynman integrals, which cannot be removed by 


renormalization. 


14.1 The Gauge Fixed Lattice Action 


In lattice QED, the link variables are elements of the abelian U(1) group. 
Their parametrization in terms of a single angular variable is given by U,(n) = 
expli (n)). Correlation functions of the link variables and the fermion fields are 
computed according to (5.24), where, because of the abelian nature of the link 
variables the integration measure DU has the simple form (5.23). 


Since we are dealing with a gauge theory, we will eventually be interested in 
studying the ground state expectation value of gauge invariant functionals of the 
dimensionless fields œ, w, and w. We denote these functionals by T[¢; b, . The 
ground state expectation value of I is given by 


C) = 3 | DEDEDITIo,d, Jensen", (14.14) 
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where 


= / DoD} De- Sa20 609 (14.10) 


is the “partition” function for lattice QED, and Sggp[¢, d, | is the gauge invariant 
action expressed in terms of the dimensionless fields ¢, w, and w. For Wilson fermions 
it is given by (5.22),* with the link and plaquette variables expressed in terms of 
{o,(n)}. One readily verifies that 


Soxvld, Å, $] = Selo) + SP l, b, a, (14.2a) 
where** 
1 
Sale] = a 2, — cos $u (n)], (14.2b) 
buw ln) = 0%6,(n) — 0% ¢,(n), (14.2c) 
and 


The action of the right lattice derivative, ne appearing in eq. (14.2c), is defined by 
an expression analogous to (4.43b). 


Because the coupling constant eọ occurs with an inverse power in (14.2b), one 
naively expects that the integral (14.1) is dominated for small coupling by those 
configurations ¢ lying in the immediate neighbourhood of the classical minimum 
of Sg.*** This minimum is realized for link configurations which are pure gauge, 


* In chapter 5 we had supressed the “hat” on the Dirac fields, since we were only 


interested in the dimensionless formulation. 
** Here, and in the following, we shall use the same symbols for Soep, Sq and 


SOY). irrespective of whether they are considered to be functions of the link variables 
U,,(n), or the angular variables ¢,,(n) parametrizing these. The factor 1/2 multiply- 
ing the sum in (14.2b) takes account of the fact that we are summing over all values 


of u and v. Notice that there is no contribution coming from u = v. 
*** We want to emphasize that this argument is only formal. Large quantum 


fluctuations in the fields could turn out to play an important role, invalidating 
perturbation theory. 
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and therefore is degenerate. This degeneracy must be removed before performing 
the weak coupling expansion, since otherwise one cannot define the free propagator 
of the photon. In continuum perturbation theory this is a well-known fact. That it 
is also true in the lattice formulation can be seen immediately by expanding (14.2b) 
in powers of ¢,,, and looking at the quadratic contribution: 


Selg] = eqD Gwiw) + 
nuv 

Except for the factor 1/eĝ, this contribution has a structure analogous to that en- 
countered in the continuum formulation. Hence the free propagator of the ġ„-field 
cannot be defined, since ¢,,, vanishes for all configurations which are pure gauge: 
a(n) = ÔRA (n). The solution to this problem is well-known: we have to introduce a 
gauge condition in (14.1) which selects from each gauge orbit a single representative. 
Along each such orbit the integrands appearing in the numerator and denominator 
of (14.1) are constants. This must be done in such a way that gauge invariant corre- 
lation functions are not affected by the gauge fixing procedure for any finite lattice 
spacing. An elegant way of introducing a gauge condition was proposed by Faddeev 
and Popov, and is referred to in the literature as the Faddeev-Popov trick.* Since 
we shall demonstrate this trick for a generalized Lorentz gauge later on when we 
discuss the non-abelian theory (where the computations are non-trivial), we shall 
only state here the result, which in the abelian case is very simple. Consider the 
following generalized Lorentz gauge** 


Fal; x] = Of bu(n) — x(n) = 0, (14.3) 


where x is some given arbitrary field, ôL is the left lattice derivative defined by an 
expression analogous to (4.26b). The reason for having introduced the left derivative 
will become clear later on. Applying the Faddeev-Popov trick, one finds that the 
above gauge condition can be implemented by merely introducing a set of -functions 
in the integrands of (14.1a,b) which ensure that only those field configurations ¢,, 
contribute to the integrals which satisfy (14.3). Hence (14.1a) can also be written 


in the form 


_ [ DEDEDITL, 5(Fuld: TTO, Bde oeni 


> - 
Z f DEDEDE T], (Falo; x]e Sole 


(14.4) 


* If the reader is not familiar with this trick in continuum field theory, he may 


consult the review article by Abers and Lee (1973), or any modern field theory book. 
** Tt will be understood from now on that repeated Lorentz indices are summed. 
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Next we perform one further standard trick to get rid of the 6-functions. Since we 
are calculating a gauge invariant correlation function, the choice of y in (14.3) is 
immaterial. We can therefore average the numerator and denominator in (14.4) over 
x with a Gaussian weight factor exp(— + >,,(x(n))?). The resulting expression then 
takes the form 


a fi a a _ a(tot) ~ 5 
_ [ DEDbDIT[d,b, Pe Sarl" 


T) K A (tot) rar 5 (14.5a) 
Í DoDiy Dje Sauvlo4 | 
where the “total” action cee is given by 
Supl, Ý, Ý] = Sale) + SF TO, 0,0] + Sarlo, (14.50) 
1 AL 2 
Sæll = 5~ È (ôkoumn)) (14.50) 


The subscript “GF” stands for “gauge fixing”. 


So far the coupling constant occurs in that piece of the action depending only on 
the link variables. Furthermore, it appears with an inverse power, which is peculiar 
to the lattice formulation. In the continuum formulation, on the other hand, this 
coupling constant enters linearly in the fermionic part of the action and not at 
all in the kinetic term for the gauge field. To establish the connection between 
the lattice and continuum action we must introduce a lattice scale a, and a set of 
dimensioned gauge potentials and fermion fields. This is done in a way analogous 
to that described in chapters 4 and 5. But since we want our discussion to parallel 
as much as possible the continuum case, we shall use a slightly modified notation. 
Let x, = npa be the coordinates of the lattice sites and y(x), y(x) and A, (2) 
the dimensioned fermion fields and gauge potentials evaluated at these sites. The 
action (14.2a) can be written as a functional of these fields by making the following 
substitutions: ¢)(n) > a? y(x), (n) > a? y(x), 6,(n) > eoa A (£). Furthermore, 
we define a dimensioned bare mass parameter Meo by Mo = aM, and introduce the 
following short-hand notation 


In the continuum limit >, goes over into f d*x. With these replacements (14.5b) 


becomes* 


SETA, p, P] = SalA] + SEPIA, Y, 8] + Sor[A], (14.6a) 


* In order not to introduce new symbols, we keep the old notation for the various 
contributions to the action. 
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where 
Sel A] = ial Zi sel Ta, (14.6b) 
sP = (m+ 2) E ewo 
-ZD Bel — q) y(e + af) (14.6¢) 
+ P(x A aie Eye ya]; 
Sor lA] = 5 — S(O Ane) (14.64) 


Here we have introduced the arbitrary parameter ay by setting a = e2a9. The lattice 
field strength tensor appearing in (14.6b) is given by 


F.,(e) = 08 A, (2) — OFA, (2), (14.7) 


and the action of the dimensioned “right” and “left” derivatives in (14.7) and (14.6d) 
are defined by 


Ont (z) = —(f (x + aft) — f(x)), (14.84) 


On F(x) = (F(z) — f(x — afi). (14.86) 


Slr alr 


The next step consists in expanding the action in powers of the bare coupling. 
This gives rise to an infinite number of interaction terms contributing to Sg and 
es Of these only those terms survive in the naive continuum limit which are 
characteristic of the continuum formulation. Nevertheless, as we have pointed out, 
we cannot simply ignore the irrelevant contributions when performing the weak 
coupling expansion in a lattice regulated theory. In the following we include only 
those “irrelevant” interaction vertices which vanish linearly with a in the naive 


continuum limit. 


Consider first the contribution to the action depending only on the link vari- 
ables, i.e., Sg. Expanding (14.6b) in powers of the lattice spacing one finds that 


pe : © Fur (2) Fra (0) + O(a). (14.9) 
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By making use of the relation* 


S “(OF f(z) =~ Daf l f(a)a%g( (14.10) 


x 


we can rewrite (14.6b) up to terms vanishing like af as follows: 


? -5 So Ay (2) (50 — OPP) A, (2). (14.112) 


Here 


= 00, (14.110) 


is the hermitean lattice Laplacean in 4 space-time dimensions: 


fæ) = = Ue + añ) + fle — af) — 2f(@)). 


a2 
H 


Next, consider that piece of the action arising from gauge fixing ð-function, i.e., 
(14.6d). Using again relation w we have that 


Ser = -—— Fag Mal ORO? A, (a). (14.12) 


Notice that because (14.6d) involves the left lattice derivative, the tensor structure 
of (14.12) is the same as that appearing in (14.1la). Hence by combining (14.11a) 
and (14.12), we arrive at the following contribution to gio quadratic in the gauge 


potentials 
=p Ane Q(x, y) AL(y), (14.132) 
where 
Q(x, y) = ez E (1 = = arar) P(x- y). (14.13b) 
Qo 


Here SO (2) is the periodic 6-function 


d'k x 
(4) = ik.z — 
õp (z) = L e , z=na, (14.14) 


where from now on BZ stands for the dimensioned Brillouin zone [—7/a, m/a]. 


* This relation follows immediately by introducing (14.8a) into the left-hand side 
of (14.10), and making a shift in the summation variable. We assume here that 
we are dealing with an infinite lattice, or with a finite lattice, with f(x) and g(x) 
satisfying periodic boundary conditions. 
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Finally, consider the fermionic contribution (14.6c). Expanding the link vari- 
ables U, = exp(ieoaA,,) up to terms quadratic in the coupling, one finds that 


SM) = 5% 4 50 4 5 + O(a), (14.152) 
where 
sP = (m+ 2) Poem) 
i as p (14.15b) 
— zg LVE — Yu) la + aft) + ple + afi)(r + W)v(z)] 


vb 


is the free fermion action expressed in terms of the dimensioned variables, and 


SP = PWV wlAnla ole + af 
Er (14.150) 
s2 = Ba DBE) - q) AVe + ah) 
+ A ajt)(r + Ya) A%,(x)p(2)). (14.15d) 


Collecting our results, we therefore find that the total action (14.6a) is given by 


SEERIA, V, Y] = SPA] + SP iy, P] + Sil, Y, Y] + Ola’), (14.16a) 
where 
2 
Sin [A,b, 8] = X SP 1A, y, g] (14.165) 
l=1 


is the contribution arising from the fermion-gauge-field interaction. From (14.15) we 
see that Sint describes not only the interaction of a single photon with the Dirac 
field, but also includes a contribution involving the coupling of two photons to the 
fermions. Whereas the former contribution reduces in the naive continuum limit to 


the familiar interaction term, 
50) > ieo | dbed(e) Ada (a), 


the latter contribution, so) has no analog in the continuum and in fact vanishes 
for a — 0. Nevertheless, as we shall see, it plays an important role in canceling 
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divergent contributions to the vacuum polarization, which cannot be eliminated by 
renormalizing the fields and bare parameters. This is not surprising, since these 
vertices are a consequence of the lattice regularization which provides us with a 
gauge invariant cutoff.* 


14.2 Lattice Feynman Rules 


Assuming that Seep can be approximated by (14.16), and that the integra- 
tion range of A, in the path-integral expression for the correlation functions can 
be extended to infinity,** the perturbative expansion of any correlation function in- 
volving a product of the fermion fields Y% and w and gauge potentials A,, is obtained 
in the way familiar from continuum perturbation theory. In any given order of the 
coupling, the contributions to the correlation function can be represented in terms 
of Feynman diagrams built from the free propagators of the gauge potential and the 
fermion field, and from the interaction vertices. Their momentum space represen- 
tations can be easily deduced by writing the action in momentum space. Consider 
first the contribution (14.13). Introducing the following Fourier decomposition of 
the fields 


(27) 
vate) = f ERa, (e= na) (14.17) 
£ pz (277)4 . l 
7 dtp = l 
no- f PP mee 
(2) pz (27) (p) 
and making use of the relation (2.64), one readily finds that it can be written in the 
form 
(0) 1 d*k dtk’ A 1 —ik' 2Q 1 —iky $ A 
= H2 v 4 ¥2 v ; 14.1 
S= | rr nll) [eM (W Re] Ah), (14.180 
where 
Quv(k’, k) = (2180 (k +k’) Quy (k), (14.185) 
and 


Osh (iu Z (1 = =| yk) (14.18c) 


Qo 


* In continuum perturbation theory it is well-known that Feynman integrals must 


be regularized in a gauge invariant way. 
** We know of no rigorous proof that this is a legitimate procedure. 
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Here ky is defined by an expression analogous to (13.7a). Notice that because of the 
appearance of the phase factors in the integrand of (14.18a), the quantity within 
square brackets is a periodic function in each component of the momenta with 
periodicity 27/a. 

Next, consider the contribution so) defined in (14.15b). Its decomposition in 


momentum space is given by 


P= foo SE Fal!) Kaal pal (14.194) 
where 
Kap(p', p) = (2)'5p’(p — p') Kal), (14.196) 
and 
Kag(p) = : Sas sin ppa + M(p)baa. (14.19¢) 


The momentum dependent mass M (p) has been defined in (4.29b). 
Finally, one easily verifies that (14.15c) and (14.15d) have the following 


momentum-—space decomposition: 


GQ) kh dip Op ep we 7449 
SP = fo ap ay re AAO Gale 


x [aea TO OLO: k)| ; (14.20a) 
TO (p,p, k) = (27)t8plp — p' + k)V S(p +p’), (14.205) 
voa = —ieo mas COs “ — irdag sin al ; (14.20c) 
ae ee re 

5 =F [GEERT OPP AMA bal 
x (pper p, K',k)| l (14.21a) 
Piimaa(Ps p’, k, k’) = (21) (p = p + k + KV aP + p’), (14.216) 
Vo gla) = —eadw [Tag cos YE — i(qw)ag sin F]. (14.21c) 
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Notice again, that because of the appearance of the phases, the quantities appearing 
within square brackets in (14.20a) and (14.21a) are periodic functions in all com- 
ponents of the momenta with periodicity 27 /a. Hence momentum conservation can 
be implemented in the usual way. Accordingly, we can replace the phase factors in 
(14.20a) and (14.21a) by exp(—tk,,a/2) and exp(—i(k+k’),,a/2), respectively. These 
phases can now be absorbed in the Fourier transforms of the gauge potentials, which 
amounts to redefining the potentials at the midpoints of the links connecting two 
neighbouring lattice sites. Although we could have avoided these phases right from 
the start by Fourier decomposing A,,(x) as follows 


4 is 3 A 
Ala) = f Eiee, (14.22) 


we have nevertheless preferred to carry them along in order to exhibit the 27/a— 
periodic structure of the above mentioned expressions. But when computing the 
contribution of a particular Feynman diagram one finds that the phases associated 
with the interaction vertices, and the photon propagator (deduced from (14.18a)) 
cancel at each interaction vertex. The only phases that remain are those associated 
with the gauge potentials appearing in the correlation function. Hence by Fourier 
decomposing the correlation functions as follows, 


(ths (21) - - - Pan (@n) Dar (yr) - - - Von (Yn) Aus (21) - - - Ape (2e)) 


n 


= ST be ae H aeaa unele (2 AbD 


x el i= (Prti—p; Yi) oi DS ky:(zytaĥj/2) (14.23) 


we can calculate the contribution of a Feynman diagram to the correlation function 
in momentum space, Dero (pi,..-ke), using the propagators and vertices deduced 
from (14.18) to (14.21) ignoring the phases factors. The propagators of the gauge 
potential and of the fermion field are given by the inverse of the matrices (14.18c) 
and (14.19c), respectively, while the vertices are given by (14.20c) and (14.21c). In 
the continuum limit ve) ak 
of the continuum theory, i.e., —ieo (Yj) ae: 


(q) vanishes, and Vv:ag(q) reduces to the vertex function 


Except for the fact that on the lattice we must also take into account “irrele- 
vant” interaction vertices, the rules for computing the contribution of a particular 
Feynman diagram are the same as in the continuum formulation. For finite lattice 
spacing the corresponding Feynman integrals are however much more complicated 
than those encountered in continuum perturbation theory, where the integrals are 
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regularized a posteriori, and do not follow from a space-time regulated generating 
functional. 


We now summarize the rules for calculating the contribution of a Feynman 
diagram to the correlation function Paia (p1,.--, ke) defined in (14.23). 


i) To an internal fermion or photon line associate the propagators 


—i Y, typ sin ppa + M(p) 
p Sr(p)ag = Kzg (p) = i 
+. F(P)as = Kag (P) | X, a SID” p,a + M*%(p) |, 
l 4 ae 
Oe ee Dw) = pw = ke (4. era P ) 


ii) For the vertices insert the following expressions: 


p. B p’, a 


k, u 
? ees m: (2 tpt ee (e ope) 


k, u p. B 
—e?(27)t60 (p — p' + k + kað 


T O EL] 


iii) For every closed fermion loop include a minus sign. 
iv) Contract all Dirac indices following the fermion lines, and all Lorentz indices 
following the photon lines. 
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(v) Integrate the internal momenta over the Brillouin zone with integration measures 
having the generic form d*k/(27)*. 


As an example consider the vacuum polarization tensor 7, in order eĝ. In the 
lattice regularized theory there are two diagrams that contribute. They are depicted 
in fig. (14-1). 


Pp 
p 
‘Ss = or 
pi k, u k, v 
(a) (b) 


Fig. 14-1 Diagrams contributing to the vacuum polarization tensor II,,,(k). 


Applying the above Feynman rules, and performing the trivial integrations 
associated with the (periodic) 6-functions, one finds that 


Tv (k, k’) = (27)t66 (k + k'k), (14.242) 
where 
Tw (k) = 12 (k) + 00, (14.240) 
mga) == f SP [Ve SOV 2D —H)Se(— HI], 
(14.24) 
ie --{ = Tr {V (2p)Sr(p)} . (14.24d) 


Here viv and Ve are the matrices in Dirac space whose matrix elements are given 
by (14.20c) and (14.21c). The minus sign in (14.24c,d) takes into account rule iii) 
given above. Applying the power counting theorem of Reisz discussed in chapter 13, 
we conclude that the lattice degree of divergence of both integrals is 2. Hence they 
diverge like 1/a? in the continuum limit. If this divergence would persist after com- 
bining the two integrals, then the theory would not be renormalizable, since there is 
no mass-counterterm available to cancel this divergence. In continuum QED, where 
only the diagram shown in fig. (14-1a) contributes, the corresponding Feynman inte- 
gral is also superficially quadratically divergent. But because of the Ward identities, 
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it actually only diverges logarithmically. This divergence can be eliminated by wave 
function renormalization. On the other hand, the Ward identities, following from 
gauge invariance on the lattice, are only satisfied after including the contribution 
coming from the diagram depicted in fig. (14-1b); hence only then do we expect a 
cancellation of unwanted divergencies. For vanishing bare fermion mass and Wilson 
parameter r, this cancellation can be easily demonstrated (Kawai, Nakayama, and 
Seo, 1981). We first isolate that part of m1?) and m1) diverging like 1/a? for a + 0 
by decomposing these quantities as follows: 


TO= (0) + [102(«) — 102(0)], 


where i = a or b. The quadratically divergent part is contained entirely in T60). 
Performing the trace in (14.24c) one finds that 


2 [© dtp sin py sin p, cos p,, cos p 
ngo =- / Ty eo (14.254) 
ki a2 J_, (24 "P (>, sin? po) 
where 
Dave = Tr (YYY) (14 25b) 


=AldirOve = OupOrxp + Ôppôva)- 


By carrying out the summation over the Lorentz indices one easily verifies that 
(14.25a) is proportional to ôy and can be written in the form 


2 T 4 ^ Qa 
(a), _ 4€6 1 dtp | cos? Py | are area 3 1 | 
Mw (0) = — fw : + = sin(2p,,) => - 
uv (0) a? J, (27) [Ð sinp 2 ( 1) 5p, 5, sin? py 
4e? L dtp sin? Py 
E (27)1 yey sin? Pr f 
On the other hand, for r = Mo = 0, (14.24d) becomes 
2 T 4,^ GJA 
g® — Z2 dp Tr ( ex ne) Ia 


W a J, T) P Dn sin? fp 


which, upon making use of the relation tr(yp yv) = 40,,, reduces to the negative of 


(14.26) 


(14.26). This simple example demonstrates the important role played by irrelevant 


vertices in canceling divergences that cannot be removed by renormalization. 


Let us summarize the lesson we have learned. The lattice provides us with 
a gauge invariant regularization scheme. Although this gauge invariance is broken 
by the gauge condition, the Faddeev—Popov procedure will leave gauge invariant 
correlation functions unchanged, if we include the contributions of all irrelevant 
vertices. This is true for finite lattice spacing. But when studying the continuum 
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limit of correlation functions in a given order of weak coupling perturbation theory, 
only a subset of these vertices need to be taken into account. These vertices will 
ensure the renormalizability of the theory and the restauration of the continuum 
space-time symmetries in the limit of vanishing lattice spacing. 


14.3 Renormalization of the Axial Vector Current 
in One Loop Order 


When computing decays like 7~ — e + De, one needs to calculate the matrix 
element (0|j5,,(0)|7~ (9)) = pufr, where fr is the pion decay constant, and j5,,(«) 
is the renormalized axial vector current. We must therefore know how the lattice 
regularized bare current is renormalized. Here Ward identities will serve as guidelines 
for determining the renormalization constants. It is instructive to compute these 
constants in one-loop order perturbation theory. 

Let us first exemplify the main idea for QED in the continuum. In the tree 
graph approximation the axial vector current is jsultree = Y(£)yuysY (£). The one 
loop correction to this current is given by the diagrams depicted in fig. (14-2). In 
the limit of vanishing fermion mass the QED action is invariant under global ~s- 


transformations, 


p(x) > e* Py (x), 
(a) => (xe. (14.27) 


By performing an infinitessimal local y;-transformation of the fermion fields 
in the generating functional of Green functions (i.e., € becomes x-dependent), and 
making use of the invariance of the measure, one easily derives a Ward identitiy for 
an n-point vertex function with an the insertion of the divergence of the axial vector 
current. In the continuum formulation of the path integral the Ward identity is only 
formally defined. In a lattice regularization of the path integral, this Ward identity 
is an exact statement, but needs, in general, to be renormalized as the cutoff (lattice 
spacing) is removed. It is instructive to first derive this naive identity in continuum 
QED in one-loop order directly for the diagram shown in fig. (14-2a). In momentum 
space its divergence is given by 

1 
iquAsu(p, p') = i(—te uf oa Bex pP + OY Slp + AN T (14.28) 
where q = p — p', and So is the free fermion propagator So = (iYpqu + m0) t; Mo is 
the bare fermion mass. Making use of the trivial identity 


Up — p") uus = 2Moys — So ‘(P's — 7559 (Pp), (14.29) 
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(a) 


(b) (c) 


Fig. 14-2 Diagrams contributing in O(e?) to the axial vector (pseu- 
doscalar) current in the continuum formulation. The cross stands for the 


insertion of y,¥5 (Ys). 


which is valid for arbitrary momentum £, one immediately verifies that 
iquAsy(p, p') = 2moAs(p, p') + y£ (p) + U(p')4s. (14.30) 


Here X(p) is the self-energy, and A; is given by 


(14.31) 


1 
As(p,p") = i(—ie) D a haso + Oise + Om] 


The self energy is divergent and requires mass as well as wave function renormaliza- 
tion. Mass and wave function renormalization as is dicated by QED in fact suffices to 
render all the terms in (14.30) finite. This can be easily checked in the Pauli-Villars, 
or dimensional regularization. The renormalized Ward identity for the corresponding 
vertex function takes the form 


iq sy(p, Pr = 2mVs(p, p')r — Sp (prs — YSP (P)R, (14.32) 


where Sp(q)r is the renormalized fermion propagator to one loop order, i.e., (iy - 
p+m—p(p))*, and 


Tsu(p, p')R = ZV 5y(p,D'); 
Ts(p,p')r = Zpl 5 (p, p"), 
mo = Zz (m + ôm). (14.33) 
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In the one-loop approximation one finds that* 


2 


Z,-1==5n(*), 


81? A 
e? m 
meles (=), 14.34 
x 2m2 NA ( ) 
e? m 
ôm = UT In (+), 


where A is a momentum cutoff. Equation (14.32) is the generalization of the tree 
level Ward identity (14.29). 

On the lattice the Ward identity (14.32) will be modified by terms which are 
naively irrelevant, i.e., which vanish in the naive continuum limit. We shall refer to 
them in the following simply as “irrelevant”. In particular it will involve a contri- 
bution arising from a chiral symmetry breaking term in the action, which ensures 
the absence of fermion doubling. For concreteness sake we will consider the case 
of Wilson fermions. As we shall see, the irrelevant contribution referred to above 
leads to an additional finite renormalization of the axial vector current (apart from 
the QED wave function renormalization) in the continuuum limit. This problem 
has been first discussed by Karsten and Smit (1981).** Here we dicuss it in some 
detail. 

To derive the lattice regularized Ward identity analogous to (14.32) we consider 
the following lattice integral, 


Zo = J DU Dy Dy Oly, b)e~*, (14.35a) 
where 


O = valy)dal(z), (14.356) 


and S' is the lattice action for QED with Wilson fermions, (5.22). The fermionic 


contribution can be written in the form 


Sa DD p(x) f 5n (DR + Di{U]) + mo} + AS, (14.364) 


* We are neglecting finite contributions. It therefore corresponds to a minimal 
substraction scheme. 

** The renormalization of the axial vector current for different lattice realizations 
of the current has been considered by Meyer (1983). 
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where 
g= ge D PODEUP UWE) (14.36b) 


is the chiral symmetry breaking Wilson term which vanishes for a + 0, and 


1 


DE[UW(e) = ZUe + af) — va), 
DE(UW(@) = ŻY) - U} — anyw(e = af), (14.37) 


are the covariant right and left lattice derivatives. r is the Wilson parameter. Making 
use of the invariance of the partition function (14.35a) under the following infinites- 
simal local axial transformation of the fermion fields (i.e., a change of variables) ,* 


òh) 
p(z) 


ie(x)ys p(z), 
ie(x)Y(z)ys, (14.38) 


where 75 = 171727374, and {7,75} = 0 for all u, one is led to the identity 
(OSS — ôO) = 0. (14.39) 
One then readily verifies that for Wilson fermions 


6S =i 2 ) + 2mojs(£) + A(£)], (14.40) 


where X, = $0,01, £u = ya (n, € Z), OF denotes the left lattice derivative, 


Jul) = FEET (oOo + aft) + He + aiee (14.41) 
is the gauge invariant axial vector current, and 
Js(x) = ¥(x) 75(2) (14.42) 


is the pseudoscalar current. Furthermore 


Fy LHe aU aap ele + of) + Ufa — ana = af) = 20) 


a [p(x — aft)U, (x — aĝ) + O(a + aĝ)U} (x) — 20(2))y5(z). 


(14.43) 


* The integration measure is invariant under this transformation. 
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is the operator originating from the chiral symmetry breaking Wilson term (14.36b) 
in the action. Finally, the variation dO in (14.39), with O given by (14.35b), is 
given by 


SO =i > elx) X [beyla lpo) + beeValy)bs(z)(s) sa]: 
x 6 


Since e(x) in (14.40) is an arbitrary infinitessimal function, one is led to the Ward 
identity 


(OF j5u(a)Va(y)ba(z)) = 2mo(j5(a)Wa(y)ba(z)) + (A(x)ha(y)¥a(z)) 
— X bey(45) 05 (halu Jbel) 
6 


— Sobre (Waly)da(2))(r5) 50. (14.44) 
6 


Notice that A is an “irrelevant” operator which vanishes in the classical continuum 
limit. It could however (and in fact does) play a relevant role on quantum level. In 
the following we will consider (14.44) up to O(e?). To this order A is given by 


A(z) © E = {ilar h +ieaA, (e ii sL) 


ea? afl zi 
- (H+) 


2 
ai (4, (e = a J w(a — aĝ) 
+ he} + m X p(e)jyy(z). (14.45) 
Hence up to O(e?), 
A(z) = -13 Hees bla) <> Beye) +x(e), (1446) 


where x(x) is an “irrelevant” operator involving one and two photon fields. In mo- 
mentum space the sum of the first two terms on the rhs of (14.46) become propor- 
tional to M,(p; a) + M,(p'; a), where 


2 
M,(q;a) = £ ` sin? a (14.47) 
H 


is the r-dependent part of the Wilson mass (4.29b). 


Weak Coupling Expansion (II). Lattice QED 227 


With the decomposition (14.46), the Ward identity (14.44) implies the following 
relation between the axial vector and pseudoscalar vertex functions in momentum 
space 

iĝ I su(p, p's Mo, a) = 2[M (p; mo, a) + M (p'; mo, a)\U's(p, p'; mo, a) 
+1 (p, p'; mo, a) — YSF" (p; mo, a) — Sz (p's mo, a) 75, 
(14.48) 


where [ is the two-point fermion vertex function with an insertion of the 


x-operator. M(q; mo, a) is the “Wilson” mass 
M(q; Mo, a) = Mo + M,(q, a), (14.49) 
and S}' is the inverse of the lattice regularized fermion propagator 
Sp (P; mo, a) = iYaPu + M (p; mo, a) — U(p; mo, a), (14.50a) 
where 
y I=; 
By = 7 sin ppa. (14.506) 


In one-loop order, I’s,, and I's are given by the sum of Feynman diagrams of the 
form a — f and a,e, f, respectively, shown in fig. (14-3). The diagrams contributing 
to the self-energy “(p) are those labeled by g and h. The Ward Identity (14.48) is 
nothing but the generalization of the following tree-level lattice identity analogous 
to (14.29): 


ae oat 
sin (e 2 Á ) a Ts4(p, p’; Mo, Gi) ies = 2[M (p; Mo, a) + M(p'; Mo, a)|y5 
m 


z 7559 (p; Mo, a) = So (PS Mo, a)ys, 
(14.51a) 


where 


+9 
realises = COS (? z) a Yus. (14.51b) 
u 


In O(e?) we have the following relation between the one particle irreducible vertex 
functions 
iGuAsy(p, P's Mo, a) = 2[M (p; mo, a) + M (p'; mo, a)|As(p, p'; mo, a) 
+A (p, p's mo, a) + Y5¥(p; mo, a) + E(p'; mo, a) 75, 
(14.52) 
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q i q7 q1 
/ / 
p p i z P 4 
(a) (b) (c) 
qv qy qi 
p' p p’, p p' p 

(d) (e) (f) 

ag GE eS 

P P p p 

(2) (h) 


Fig. 14-3 Lattice diagrams contributing in O(e?) to the Ward identity 
(14.48). Diagrams b, c, d and h have no counterpart in the continuum. 
Diagrams a-f contribute to Ts,. In this case the big dots stand for the 
insertion of the axial vector vertices defined via the expansion of (14.41) 
in powers of the gauge field. Diagrams contributing to re are shown in 
figs. b, c and d, where the big “dot” now stands for the insertion of the 
vertices defined via (14.45) and (14.46). Only diagrams a, e, f contribute in 
one loop order to T5 (p, p';a) because of the ultralocality of the pseudoscalar 


current (14.42). 


which is the lattice version of (14.30). Apart from the appearance of the Wilson 
mass, it involves a naively “irrelevant” contribution A®?, In the following we will 
study in detail the renormalized version of the bare lattice Ward identitiy (14.48) to 
one-loop order. Our emphasis will be placed on the role played by the above men- 
tioned irrelevant contribution. The determination of the renormalization constants 
involve some tedious, but straight forward calculations. They are extracted by Taylor 
expanding the expressions for the vertex functions around vanishing momenta. Only 
first order polynomials in the momenta need to be considered. The coefficients in 
the expansion are in general complicated integral expressions, whose behaviour for 
a — 0 can however be determined rather easily. We leave these computations as 
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a lengthy exercise for the reader. In appendix B we have summarized the relevant 
vertices in momentum space required for carrying out the computations. 

Consider the lattice regularized Ward identity (14.48). Let Ze * be the QED 
wave function renormalization constant for the fermion fields. Multiplying (14.48) 
by Zə we have that 

ae A 
iĝ Zo sy(p, P's Mo, a) = 2moZoI's(p, p'; Mo, a) = Zai (p, p’; Mo, a) 
= —y5Z25 p (p; Mo, a) — Z2Sp" (p'; mo, a)Ys, (14.53) 


where 


ZC (p, p'; mo, a) = 2Z2|[M,(p; mo, a) + M, (p'; mo, a)\U's(p, p'; mo, a) 
+ Zar $? (p, p'; mo, a). (14.54) 


Diagrams contributing to ry are labeld by b, c, d in fig. (14-3). For the rhs of 
(14.53) to be finite we must also perform a mass renormalization: 


mo = Zz (m + ôm). (14.55) 


Here m is a renormalized mass. With the definitions (14.47), (14.49), (14.50a) and 
(14.55), we then have to one-loop order that 


lim Z2S7* (p; mo, a) = iYapa + M — Erp, m), (14.56) 
where 
S(p; m) = lim[E(p; m, a) = õm — i(Z2 — Vyby (14.57) 


is the renormalized self-energy. Zə and 6m are chosen such as to the render this 
expression finite. 

The in the limit a — 0 divergent parts of 6m and Zə can be computed by 
Taylor expanding }Ł(p; m,a) up to first order in the momentum. From the diagrams 
g and h in fig. (14-3) one finds after some lenghty, but straightforward algebra that 
the divergent parts are given by 


ôm = + =m ln(ma), (14.584) 
T 


—~ In(ma), (14.58b) 
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where 
T 4i f) 
C(ma) = re | í s z no) - ; (14.58c) 
-r (27)! 5 i + 012(0, ma)] 
with 
n() =P -25 sin? 27 cos? ba —r’sin ba 
; 2 = 2 
—4[? + M?(é,ma)] (14.58d) 
and 
a = 2sin z 
lo = sin bs. (14.58e) 


M(Ê ma) is the Wilson mass (14.49), with mọ —> m, measured in lattice units 
(Quantities with a “hat” are measured in lattice units), and C'(0) is a finite constant. 
Hence to one loop order and a — 0 (14.55) is given by 

Mo = m + EW) + s In(ma). (14.59) 

a 87? 

In contrast to the continuum formulation, mo involves a linearly divergent contribu- 
tion proportional to the Wilson parameter. As we shall see this linear divergence will 
be elliminated by a corresponding divergent contribution of the naively irrelevant 
term r% in the Ward identity. The logarithmic divergent expressions Zə — 1 and 
ôm are the lattice analog of the expressions in the continuum (14.34). 

Consider now the lhs of (14.53). Since with the above choice of Z and ôm 
the rhs is finite for a —> 0, so is the lhs. Consider first the contribution iĝ „Zl sp- 
Since the highest “lattice degree of divergence” (LDD; see sec. 13.3) of the one 
loop diagrams contributing to Is, is zero, this expression is at most logarithmically 
divergent. In one loop order we have that 


ifu Zl sy (p, p's Mo, @) = Guys + tGulAsy(p, p's m,a) + (Z2 — Ys]. (14.60) 


As, denotes the contribution of the one-loop diagrams a — d shown in fig. (14-3). 
Of all these diagrams only the triangle diagrams turns out to be (logarithmically) 
divergent. We can extract the divergent part by studying the small a behaviour 
of the corresponding lattice Feynman integral at zero external momenta. After 
some lengthy, but straighforward algebra one finds that the quantity appearing 
within square brackets in (14.60) is finite for a + 0. Consequently the remaining 
(pseudoscalar) terms on the lhs of (14.53) are also finite, since the Ward Identity 
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holds for arbitrary a. Consider first the contribution of 2|M,(p,a) + M, (p',a)]I; in 
(14.54). Since the one-loop contribution to [; has LDD = 0, and hence diverges at 
most logarithmically, while M, vanishes linearly with the lattice spacing, this term 
will make no contribution in the continuuum limit. Next consider the contribution 
of Zor in (14.54). To O(e?) Zor is just ry + The corresponding Feynman dia- 
grams b, c, d in fig. (14-3) have LDD = 1. We therefore decompose this term follows: 


TY = TY? + (T -TIP + - TTY? (aet 


, 


where T, denotes the Taylor expansion in the momenta around p = p' = 0 up to n’th 
order. The last term on the rhs has negative lattice degree of divergence and hence 
possesses a finite continuum limit. This limit may be calculated by making use of 
the Reisz theorem (see sec. 13.3). Since r% is a naively irrelevant contribution, this 
term vanishes in the continuum limit. For TEY and (Tı — Te one then finds 


after some lengthy algebra that 


Tee = amz\%) 95, 


"ES E (14.62a) 
(Tı o's ZA Ws) 
where 
c T def sin? ĉe 
7 = ema) = arte? f ; due (14.626) 


x (27) ĝ [E + M? 


and 20 is finite. After a rather lengthy calculation its expression is found to be 


A 


T Ap f) T Ap 
29 (M) = ef de Ja!) ef d'l Joll) 


PP AE À A 422 2 Was, y 
-r (27)* Fp 4 142(8, M) n (2) F E + NG, my 
(14.62c) 
where m = ma, 
fo(€) = —2rM,(£) + 2r~ cos ls X sin 5 +2rM(£, M)sin a (14.62d) 
A 


A A 


gelê) = 2M, (Ô etd +r? X sin? d (rsin? ĉ, — M (Ê, ñ) cos ê,) 
AÀ 


+r cos Ê, (sin? 0, — X sin? ey), (14.62e) 
A 


* Recall that x is itself an operator of O(e). It arises from the expansion of the 
fermionic contribution to the lattice action in powers of the gauge potentials, and 
is a lattice artefact. 
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with 
M (6,1) = m + 2r X` sin? I (14.62f) 
A 
and 
P) 2 l; 2 by 
No(l) = 2cos FF ` cos” > (14.629) 
À 


As always, quantities with a “hat” are measured in lattice units. The continuum 
limit corresponds to vanishing m = ma. The above integrals are finite in this limit. 


Summarizing we have that 21°) in (14.53) is given by 


Zor” (p,p') = 2m ys + iz quan tee, (14.63) 


where the “dots” stand for terms vanishing in the continuum limit. Note that this 
expression is completely local and has the form of possible counterterms for the 
pseudoscalar and axial vector current. This will in fact be just the case. 

Finally consider the contribution 2m9Z2T's(p, p’; mo, a) in (14.53), where mo is 
defined in terms of the renormalized mass m by (14.55). In the one-loop approxi- 


mation it is given by 
; . om 
2m Z20's(p, p ; MO, a) a 2my5 + 2m As(p, p m, a) g P ’ (14.64) 


where the diagram contributing to A; is shown in fig. (14-3a). Since As(p, p'; m,a) 
has LDD = 0, it diverges at most logarithmically for a > 0. But 6m has a linearly 
divergent part, so that (14.64) diverges even linearly for a — 0. Now comes an 
important role played by the y-term in (14.53). By combining (14.64) with (14.63), 


and making use of (14.58a) and (14.58b), we have that for a > 0 
2moZal's(p, p's mo, a) + Z2T'® (p, p') œ 2m[T5(p, p'; m, a) + Zp ys] + 122 quus 
(14.652) 


where 
z= 7g) — x — n : 14.655 
Zp = Zp + = (ma) ( ) 


This is precisely the lattice analog of the renormalization constant zp = Zp — 1 
in (14.34). Hence, after wave function and mass renormalization, the Ward identity 
(14.53) reads as follows in the continuum limit 


iqul'sp(p, p) Rp = 2MV's(p, p') a + 12% quays — YSF (p) — Sp (p')ys, (14.66) 
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where ZW) = 2% (0) is a finite constant determined from (14.62c), and Sp is the 
renormalized propagator. The extra term 12 qs can be removed by a finite 
renormalization of the axial vector current, so that the final form of the Ward 


identity becomes 


iqul’sy(P,P')k = 2mV's(p, p')r — 1557" (p) — Sp (p's, (14.672) 
where 
= —1 
Psu(p, Pr = lim ZO" Zo(ma)Vsy(p, p'; ma, a), (14.676) 
[5 (p, p')r = lim Zp(ma)Vs(p, p';ma, a), (14.67c) 
a— 


and ZOO =i 4+ 2%), Zp =1+2p. Z and Zp are logarithmically divergent renormal- 
ization constants having a form completely analogous to (14.34) of the continuum 
formulation. Note that the linear divergent contribution Tor in (14.61) to the 
Ward identity (14.53) played a crucial role in rendering the expression finite. This 
term cancelled the linear divergent contribution arising from ôm, which is a conse- 
quence of the lattice regularization, and has no counterpart in the continuum. What 
is new on the lattice, is that the axial vector current requires an additional finite 
renormalization, in order that the Ward identity retains its naive structure after 
renormalization. Thus QED renormalization alone does not suffice. 

We have considered above the Ward identity relevant for studying the renor- 
malization of the axial vector current. Ward identities involving the insertion of 
the divergence of the axial vector current in more general Green functions can also 
be readily be obtained. They can be best summarized by making use of functional 
methods. Thus consider the generating functional of Green functions, 


Zin, ñ, J] = / DU Dip Dip e~ UPA Soure, (14.682) 


where 


Saour = S alela) ah plens) + J,,(x)U,(2)). (14.68b) 
Making the infinitessimal change of variables y(x) > y(x) + 8y(x), Y(x) > W(x) + 
y(x), with dy and dw given by (14.38), under which the measure is invariant, one 
imediately concludes that 


(6S ~~ Om soured aad = 0, (14.694) 
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where, as before, ôS is given by (14.40), and 


Ssource =1 ee x)ysv( x) + + W(x)y5n(x)). (14.690) 
Expression (14.69a) can also be written as follows 


[ pups at joa + Imois(z) + Ale) 


— Fol) Osea — a(x) (soe 


—S+Ssource — 0 


or compactly 


(-O% jou (2) + 2mojs(z) + A(x)) nar = (0) 75 aa — syle (14.70) 


By differentiating this expression with respect to the sources we generate Ward 
identities involving the insertion of the divergence of the axial vector current in 
arbitrary Green functions. The Ward identity we have discussed above follows by 
differentiating (14.70) with respect to 7 and 7 and setting thereafter n = 7 = J, = 0. 
A similar analysis as the one discussed above shows that Ward identities involving 
the insertion of the divergence of the axial vector currrent in higher n-point functions 
involving np > 2 external fermion lines and n4 > 1 gauge fields are finite and non- 


anomalous upon QED renormalization. 


14.4 The ABJ Anomaly 


In continuum QED or QCD it is well known that Ward identities following 
from gauge invariance play a very important role in securing the renormalizabilty of 
these theories. In general, Ward identities relating different unrenormalized Green 
functions are derived by considering local transformations of the fields in the gener- 
ating functional. If the “naive” form of these identities retain their structure after 
renormalization, then we say that the Ward identities are non-anomalous. If their 
structure is not preserved (on account of quantum fluctuations) then one speaks of 
anomalous Ward identities. Such a breakdown on quantum level can be desastrous, 
for it may not allow the quantization of the theory. Thus e.g. in the case of the elec- 
troweak theory it is important that the chiral symmetry of the classical action, in 
the massless quark limit, remains unbroken on quantum level, since the gauge fields 
are coupled to chiral currents which are the sources for the fields. An example of a 
harmeless anomaly is the ABJ-anomaly (Adler 1969, Bell and Jackiw 1969), which 
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plays an important role in the description of the electromagnetic decay 7° — 2y. 
The anomaly is harmless because it manifests itself in the divergence of a current 
(the axial vector current) which is not the source for the gauge fields in QED or 
QCD. How does this anomaly arise within the framework of a lattice regularized 
gauge theory? 

Let me first remind the reader of how the axial anomaly arises in continuum 
QED. Consider first the partition function for continuum QED in an external gauge 
field, 


Z[A] = | DYDY esemane, (14.71) 


where Sfem is the fermionic contribution to the action (5.8c). In the limit of 
vanishing fermion mass this action is invariant under the global transformations 
W(x) > exp(iays)v(x) and y(x) + y(x) exp(iays), where a is an 2-independent 
parameter. Next consider an infinitessimal local transformation with a — e(x). The 
fermion measure in (14.71) is, at least formally, invariant under this transforma- 
tion.* Let Stem be the corresponding change of the action. Since the above local 
transformations of the fermion fields just correspond to a change of variables, we 
(naively) conclude that 


1 T 
(8 Stem? A = z | Pepe Ô Storme m = 0. (14.72) 


(OSterm)A is the expectation value of 6Sterm in a background gauge field. One readily 
finds (after a partial integration) that 


Ô Sterm = jes e(z) |2mvh(2)950(x) is ð lla) Yu'sd(2)) 4 
Since e(x) is an arbitrary function, it follows from (14.72) that 
(OuJsp())a = 2m(js(x)) a, (naive), (14.73) 


where js, = UYuysv. But actually this equation is violated because of quantum 
fluctuations, as is demonstrated in any book on quantum field theory. The violation 
is induced by the triangle graphs shown in fig. (14-4), each of which is linearly 


* Actually, the integration measure needs to be regularized. As has been shown 
by Fujikawa (Fujikawa, 1979) the ABJ anomaly can be viewed as a consequence of 
having to regularize this measure. 
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ky kg ky ky 


Fig. 14-4 Triangle diagrams which give rise to the ABJ anomaly in the 


continuum. 


divergent and therefore must be regularized. One then finds that (14.73) is modified 
by an additional term as follows 


2 


— Fp PH, 14.74 
1672 H ( 7 ) 


(Oujsu(@))A = 2m(js(x)}a + 


where Fiy is the dual field strength tensor, Tey = Zea Fao 

On the lattice the regularization is introduced already on the level of the parti- 
tion function. Hence any considerations of the above type will leave us with equations 
which are exact. One then may be left with an anomaly when the cutoff is removed, 
i.e., upon taking the continuum limit. 

In the continuum formulation of QCD (or QED) it is well known that different 
gauge invariant regularization schemes all yield the same expression for the axial 
anomaly. Any candidate for a lattice discretization of QED or QCD should also 
reproduce the correct axial anomaly in the continuum limit. As we have seen in 
chapter 2, a naive discretization of the fermionic action which is local, hermitean, 
chirally symmetric for vanishing fermion mass, and having the correct continuum 
limit, will necessarily lead to the fermion doubling problem. That this must be so 
is a consequence of the Nielsen-Ninomyia theorem (1981). To avoid the problem 
of species doubling, the chiral symmetry must be broken explicitely, if one refrains 
from abandoning at least some of the other properties. As we have seen in chapter 5, 
a simple way to accomplish this is to add to the naively discretized fermion action 
a “Wilson term”, leading to (5.17), which ensures that in the limit of vanishing 
lattice spacing the unwanted fermion modes acquire an infinite mass and hence 
decouple. For Wilson fermions the axial anomaly has been first studied by Karsten 
and Smit (Karsten, 1981). These authors showed that the origin of the anomaly was 
an irrelevant term in the lattice Ward identity. The anomaly was also studied by 
Rothe and Sadooghi (Rothe, 1998), using the small-a-expansion scheme of Wetzel 
(1985). In the former reference it was shown that, in the limit of vanishing lattice 
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spacing a, this naively irrelevant contribution is indeed given by the D —> 4 limit of 
the dimensionally regulated continuum triangle graph. These computations are very 
involved and we do not present them here. Subsequently, the anomaly was studied 
within a more general framework by Reisz and Rothe (Reisz 1999), where the action 
is not assumed to have the form proposed by Wilson. 

As we have pointed out in section (4.7), there is an even milder way of breaking 
chiral symmetry on the lattice, proposed a long time ago by Ginsparg and Wilson 
(1982). For Ginsparg-Wilson (GW) fermions the fermionic action is of the form 


Storm = X_ O(2)(D(x,y) + mbzy)b(y); (14.75) 


where the “Dirac Operator” D(x, y) is a 4 x 4 matrix in Dirac space which breaks 
chiral symmetry in a very special way. While the Dirac operator in the continuum, 
or its naively discretized version, anticommutes with y5, the GW-Dirac operator 
satisfies the following GW-relation: 


{55 D} = aDy5D, (14.76) 


where D is a matrix whose rows and columns are labeled by the a spin and space- 
time index. It is a function of the link variables and can be expanded in terms of 


the gauge potentials, 


D= Y D E E A Te, (14.77) 
N, Hidi Ti 

where x denotes a lattice site. For Wilson fermions D(z, y) is a strictly local operator 
connecting only neighbouring lattice sites, and with the gauge potentials living on 
the corresponding links. On the other hand, the Dirac operator D(x,y) for GW- 
fermions is non local in the sense that it connects arbitrary lattice sites and does 
not involve only the gauge potentials at sites close to x. For the Neuberger solution 
to (14.76), given by (4.65a) and (4.66), the non-locality arises from the inverse of 
(At A)'/?. Nevertheless, as has been shown by Hernandez et al. (Hernandez, 1999), 
Neuberger’s Dirac operator is still local in the more general sense, that the Dirac 
operator decays exponentially at large distances, with a decay rate proportional to 
1/a. In the naive continuum limit we have of course that D(x, y) > y,D,,[A], where 
D,,|A] is the covariant derivative in the continuum. 

In the following we shall discuss two alternative points of view of how the 
ABJ anomaly is generated in the case of GW fermions. In the first approach we 
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will make use of the observation made by Lüscher (1998), which was proven in 
sec. 4.7, that the GW-action possesses an exact global axial-type symmetry for 
vanishing fermion mass. As we have seen in sec. 4.7, this symmetry differes from the 
standard one (4.8) by lattice artefacts. Associated with this symmetry is an axial 
vector current which is conserved on classical level. Following a similar procedure 
as in the continuum, we then derive a Ward identity and identify the anomalous 
contribution (ABJ anomaly). Within this approach the anomaly will arise from 
the non-invariance of the fermionic integration measure under the non-standard 
local axial transformations. In the second approach we then consider the Ward 
identity derived for standard local axial transformations under which the measure is 
invariant, but the action is not. The ABJ anomaly now originates from the explicit 
chiral symmetry breaking in the GW-action, and hence parallells the approach to 
the anomaly in the case of Wilson fermions. 


Approach 1 

Consider the action (14.75), where D satisfies the GW-relation (14.76). The 
GW-Dirac operator is a function of the link variables. This action is invariant for 
m=O under the global infinitessimal transformations (4.68). Consider the case 
where e€ in (4.68b) is a function of the space-time coordinates, i.e., a local trans- 


formation: 
ypowa=yte, Y> p = p++ sy, (14.78a) 
5w(ax) = iel£)ys (1 = =D) v (£), (14.78b) 
Sý(z) = ie(x) E (1 = 5D) (22) 75.- (14.78¢) 


One then readily verifies that the variation of the action is given by 


5 Stem = i X e(a) |F) + 2mip(x)ys5b(x) + A(x)], (14.79) 


where X, = >¢,, a’. F(x) and A(x) are defined in (4.69b) and (4.69c), with F(z) 
satisfying (4.70). Now according to the Poincare Lemma on the lattice (Lüscher, 
1999b), (14.70) implies that there exists an axial vector current js,,(z) such that 


F(t) = -É jsl), (14.80) 


where ØF is the left lattice derivative (the proof of this lemma is quite involved). 
Since the GW-Dirac operator has the correct continuum limit, it follows that for 
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a > 0, jsu(£) > ies With (14.80) we conclude that (14.79) is given by 
OSterm = 1 Dest —9t Jeu e)E 2m (x)ys(x) + A(x)). (14.81) 


In contrast to the case of Wilson fermions, where j5,,(x) is given by (14.41), we do 
not know the explicit expression for the axial vector current. The last term on the 
rhs is not responsible for the anomaly. In fact its external field expectation value 
vanishes in the continuum limit. The anomaly arises from the non-invariance of the 
fermionic measure under the variations (14.78). This leads to a Jacobian. Thus from 
(14.78) we have that 


oy (z) 
ow(y) 


The determinant of this matrix is given by 


é a 
= B(x,y) = |1 + ie(æ)ys (1- 5D) (wy). 
det B=e™™F x 1+ TrlnB. 


Here the trace is carried out in Dirac, as well as in coordinate space. Hence the 
Jacobian of the transformation is 


yy! 
J | - =det B=1 — 65 So e(æ)tro(yD)(, 2), 


where trp denotes the trace in Dirac space. A corresponding expression holds 


x 


for J[du" /dy]. Consider now the partition function in a background link variable 
configuration, 


U] = f Dy Dy etem], (14.82) 


Making the infinitessimal change of variables (14.78) leaves this expression invariant. 
Hence we conclude that (taking into account the Jacobian of the transformation) 
that 


(ô Sterm)U Sua x)trolys D(z, x)) = 0. (14.83) 
To arrive at the final form of the Ward identity we rewrite the contribution (A (x£)}y 


to (J.Sterm) in (14.81) as follows: from (4.69c), (A(x))y is given in matrix notation 
by* 


(A(o))u = F tro|(D + m) Dys + 5D(D + m) "| (2,2), 


* We have dropped the explicit dependence of the Dirac operator on the link 
variables, for simplicity. 
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where we have made use of 


(ba(z)daly))u = (D + m)zg(x, y) (14.84) 


Making use of (D +m) “tD =1—m(D+m)"! and trpys = 0, we can further write 


(A(z))u = —m*atrp(ys(D + m)~")(x, £) = m*a(b(x)¥(2)). 
Hence the Ward identity (14.83) takes the form 


(Ov jou(2 )u = 2m(j5(x))u — atrp(ysD (a, 2)), (14.852) 


where 
jle) = (1+) tele). (14.850) 


The last term on the rhs of (14.85a) is an anomalous contribution and yields in the 
continuum limit the ABJ anomaly (Hasenfratz, 1998: Lüscher, 1998a). 

We now proceed to derive the above Ward identity from a more conventional 
point of view which parallels the case of Wilson fermions. 


Approach 2 

Consider once again the action (14.75) and the partition function (14.82). Let 
us carry out a change of variables (14.78a) induced by the standard local axial 
transformations, where dw and ôy are given by (14.38). Under this transformation 
the integration measure is invariant since trpys = 0. The change in the action is 
easily computed and now given by 


Sim =i) ele E r)ys(DY) (z) + (WD)(e)rsv(e) 


+ a x)y5)(2). (14.86) 
We now make use of the definition (4.69b) and of (14.80) to write this expression in 
the form 
Ô Storm = 4 Doe -ô jou(t) + 2mip(x)ysh(x) + a(hD)(x)7s(Dv)(2)]. 


(14.87) 


Since the fermionic measure in (14.82) is invariant under the above local axial trans- 


formations, the Ward identity now reads 


(5Sterm)u = 0. (14.88) 
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Making use of (14.84), the expectation value of the last term in (14.87) can be 


written in the form 


a((bD)(x)75(Dv)(x)) = —atrp(ysD(z-2)) 
—m’atrp [sD +m)! (x, x)l, (14.89) 


where the last term is just m?a(y(x)ysp(x)}u. Thus one arrives once again at the 
anomalous Ward Identity (14.85). 

We shall not discuss the anomalous contribution any further, since it has been 
shown by Reisz and Rothe (Reisz 1999) that any lattice action satisfying some very 
general conditions (which also hold for GW-fermions) will necessarily reproduce the 
correct anomaly in the continuum limit. For the more complicated case of QCD we 
will present a proof in section 6 of the following chapter. 


2021 © The Author(s). This is an Open Access chapter published by World Scientific Publishing Company, 
licensed under the terms of the Creative Commons Attribution 4.0 International License (CC BY 4.0). 
https://doi.org/10.1142/9789814365871_0015 


CHAPTER 15 


WEAK COUPLING EXPANSION (III). 
LATTICE QCD 


Weak coupling perturbation theory in lattice QCD is much more involved than 
in the U(1) gauge theory discussed in the previous section. The reasons for this 
are the following: a) The lattice action is a complicated functional of the coloured 
gauge potential; b) the gauge invariant integration measure associated with the link 
variables depends non-trivially on the gauge fields, and c) the generalized covariant 
gauge, analogous to that discussed in the abelian case, can no longer be implemented 
in a trivial way. This latter feature is of course also true in continuum QCD. But 
whereas there the Faddeev—Popov determinant, which emerges when the gauge is 
fixed, can be represented in terms of an effective ghost-gauge field interaction which 
is linear in the gauge potential, this is no longer true in lattice QCD. 

The complexity of the expressions in perturbative lattice QCD, is a consequence 
of the gauge invariant lattice regularization, which, as in the U(1) case, leads to an 
infinite number of interaction vertices. But because of the non-abelian structure of 
the theory, most of these vertices have a very complicated structure. Although in 
the naive continuum limit only those vertices survive which are characteristic of the 
continuum formulation, irrelevant contributions to the action do play an important 
role when studying the continuum limit of Feynman integrals. Hence one must ex- 
ercise great care in including all lattice artefacts in the action, which contribute 
to the correlation functions in this limit. In this connection let us recall that the 
whole point of the lattice formulation was that it provides a regularization scheme, 
where gauge invariance is ensured for any finite lattice spacing. Only by including 
all lattice artefacts we will therefore be ensured that for any finite lattice spacing 
gauge invariant correlation functions will be independent of the choice of gauge, 
and that the gauge fixed theory will possess a BRS-type symmetry, reflecting the 
original gauge invariance of the theory before fixing the gauge. This is important 
since this symmetry leads to Ward-identities which play an important role in de- 
veloping a renormalization program. One therefore should abstain from making any 
approximation when expressing the link-integration measure and Faddeev—Popov 
determinant in terms of the gauge potentials before removing the lattice cutoff. 
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In the following we shall set up the generating functional in a form which is 
suited for performing the weak coupling expansion in lattice QCD. We then derive 
lattice expressions for the propagators and vertices relevant for low order perturba- 
tive calculations. We will however not discuss lattice Ward identities, nor renormal- 
ization in this book. A detailed discussion of these topics can be found in the work 
by Reisz (1988a,b). 


15.1 The Link Integration Measure 


In lattice QCD, the link variables are elements of SU(3) in the fundamental 
representation.* They hence can be written in the form 


U,(n) = ete) (15.1a) 


where (n) is an element of the Lie-algebra of SU(3): 


8 
pulan) = F oA(nyT. (15.18) 
A=1 
Here T4 (A = 1,...,8) are the generators of the group in the fundamental repre- 


sentation. We chose them to be given by 


where \“ are the Gell-Mann matrices introduced in chapter 6. From (6.8), and (6.15) 
we have that 


TAI S y fasor®, (15.2a) 
C 
Te(T4T?) = soap. (15.20) 


Under a gauge transformation, the link variables transform according to 


U,(n) + g(n)U,(n)g"*(n + fi), 


* In contrast to the notation used in chapter 6, we shall not underline matrices 
in colour space with a “twidle”. Except for the generators, all quantities carrying a 
colour index will be c-numbers. Quantities without a colour index are matrix-valued. 
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where g(n) and g(n + Ô) are elements of SU(3). Correlation functions involving 
the product of link variables and coloured quark fields are computed according to 
(6.24), where DU is the gauge invariant measure associated with the link variables. 
Our present objective is to express this integration measure in terms of the group 
parameters $‘}(n) defined in (15.1b). To this effect we first construct the invariant 
measure associated with a single link variable, following Kawai et al. (1981). 

Let U be an element of SU(3) with Lie algebra L. Then U can be written 
in the form U = exp(id), with @ € L. Consider the following bilinear differential 


form 
d’s = Tr(dU'dU), (15.3) 


where dU = U(¢ + dọ) — U(@). It is invariant under left or right multiplication 
of U with a group element of SU(3). Expressed in terms of the coordinates {¢“}, 
parametrizing ¢, (15.3) will have the form 


Ps =X gap(o)do*de”. (15.4) 
A,B 


This defines a metric, g4p(@) on the group manifold. The gauge invariant integration 


measure (Haar measure) is then given by 


dulo) = v/det g(¢ va 9() T] dg, (15.5) 


where g(@) is the matrix constructed from the elements g4p(@). To calculate g(@) 
let us rewrite (15.3) as follows (Kawai et al. (1981)): 


ds = Tr{(U-'dU)' (Ud) }. (15.6) 


As is shown in appendix C, U~'dU is an element of the Lie-algebra of SU(3) and 
has the form 


U-'dU =i Ņ_ T4Map(—4)de”, (15.74) 
A,B 
where 

De 

Magl) = ( ) (15.76) 
1D ÄB 
8 

=) yr, (15.7) 


Weak Coupling Expansion (III). Lattice QCD 245 


and t@ are the generators of SU(3) in the adjoint representation.* Their matrix 


elements are given by 


tec = —ifase; (15.8) 


where fagc are the structure constants of the group appearing in (15.2a). The 
generators t“ satisfy the following orthogonality relation: 


Tr(t^t?) = 384g. (15.9) 


Inserting the expression (15.7a) into (15.6), and making use of (15.2b), one finds 
that the metric gag(¢), defined in (15.4) is given by 


galo) = 5(M(8)M(6)) an 


1 — cos =) 
EN eee (15.10) 
( Ds AB 


Hence g(@) has the following power series expansion in terms of {ġ4}: 


Dp ee , (15.11) 


l=1 


where ® has been defined in (15.7c). This is the expression we were looking for. 
Notice that by construction, g(@) is a non-negative hermitian matrix. Hence its 
determinant is real and non-negative. 

The invariant integration measure associated with a single link variable U,,(n) 
is obtained from (15.5) and (15.10) by replacing ¢4 by b(n). Taking the product 
of these measures we arrive at the desired expression for DU: 


pu = VI det | 5 M1 (b,(n))M nto] } po (15.12a) 


where 
T= e Pun) 
M(ġ,(n)) O (15.12b) 
,(n) = tpi), (15.12c) 
A 


* Capital letters always run from one to eight. 
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and 


Do = || doin). (15.12d) 


n,A,u 


We next rewrite (15.12) in a way which is convenient for later computation. Since 
the determinant of g(@) can also be written in the form exp(Tr In g(@)), we obtain 
the following alternative expression for DU: 


DU = e Smelt Do, (15.13a) 


where, apart from an irrelevant additive constant, Sireas|@] is given by 


2(1 — cos see) (15.135) 


1 
Smeal] = z So Tr In | B2(n) 
nb 


The quantity appearing within square brackets is a polynomial in the matrix ©®,,. 
Simeas(P] can also be written in the form 


Sneasld] = -5 JO Tr Inf + N (gln), (15.14a) 
where 
ee ee 20 
N(¢u(n)) = 250 iyi te) (15.145) 


with ®, defined in (15.12c). Notice the difference in the structure of the integration 
measure (15.13) and its abelian U(1) counterpart, where DU is given by (5.23). In- 
deed in the abelian case U-'dU = idd, where ¢ is the single real variable parametriz- 
ing U. Hence according to (15.6), the right-hand side is just given by (d@)?. 
Consider now the ground state expectation value of a gauge invariant func- 
tional of the dimensionless fields b(n), e(n), an) We denote this functional by 
[¢, d, al. For the action we will take the standard Wilson form given in eqs. (6.25), 
except that now we shall write Sgcp/¢, w, v] instead of Sgcp|U, w, v] to emphasize 
that Sgcp should be expressed in terms of the fields D Writing the link integration 


* Recall that while the capital letters A, B, ... run from one to eight, small Latin 
letters run from one to three, since the quark fields transform under the fundamental 
representation of SU (3). 
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measure in the form (15.13a), the ground state expectation value of Td, ý, Ñ] is 
given by 


E f DoD} DÝT|o, w, ple Saco [¢,,4)]—Smeas|[] 


~ 7S 15.15 
f DoDiy Dyje- Saco lp, Y]—Smeas [o] ( ) 


(TIe, 8, G) 


This expression is not yet suited for carrying out the weak coupling expansion. As 
in the U (1) case considered in the previous chapter, we must still fix the gauge.* 


15.2 Gauge Fixing and the Faddeev—Popov Determinant 


A popular choice for a local gauge condition which is linear in the fields ge, and 
respects the discrete lattice symmetries, is the following generalization of (14.3),** 


File; x] = Ore4(n) — x4(n) = 0, (15.16) 


where x4(n), A = 1,...8, are some arbitrary given fields. We want to introduce this 
gauge condition into the functional integral (15.15). This must be done in such a 
way that expectation values of gauge-invariant observables are not affected by the 
gauge-fixing procedure. Following the prescription given by Faddeev and Popov for 


the continuum formulation, we consider the integral 
Arild = | Do TT Erted) (15.17) 
n,A 


where 2¢ denotes collectively the gauge transform of the group parameters {oi (n)} 
which parametrize the link variables U,,(n). The above integral is carried out over the 
gauge group manifold, with the integration measure Dg being given by the product 
of the invariant Haar measures on SU(3) at every lattice site, 


Dg = | | dulan). 


Because by definition of the Haar measure du(gg’) = du(g), it follows that Arp[¢; x] 


is gauge invariant: 


Arp|*¢; x] = Arp[¢; x]. 


* Within the framework of continuum perturbation theory, this is an obvious 
requirement, since otherwise the gluon propagator cannot be defined. In a lattice 
formulation Sineas[¢] includes a term quadratic in the fields on which is not gauge 
invariant. But since it depends on the coupling, it must be treated as part of the 


interaction. 
* Tt will be always understood that repeated Lorentz indices are summed. 
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We next introduce the identity 
1 = Areloix] f DoT] 5(40%6:x) 
n,A 


into the integrands of (15.15). Using the fact that [,Sqcp, Arp, as well as the 
integration measures DU = exp(—Smeas) DO and DwDw are gauge invariant, we can 
replace the fields Q, a, and w in these expressions by their gauge transforms l¢, I) 
and 9), respectively. A simple redefinition of the integration variables then leads to 
the following alternative expression for (15.15): 


as te 1 Re 
Moi ih =F | DeDiDbdrel6: xj TJ EFox) 
F n,A (15.18a) 
7 l'[¢, d, v] eT Sacp [.,8]-Smeasid] 
where the normalization constant Z is given by 
Z= J DoDÝDÝArplo; x] [] (FA, xe 820060- Smet, (15.185) 
n,A 


We must now compute App|¢; x]. But because of the gauge fixing 6-function appear- 
ing in (15.18), we only need to know Agp|¢; x] for field configurations ¢ satisfying 
the gauge condition (15.16). Hence it suffices to calculate the integrand of (15.17) 
for 9¢ in the infinitesimal neighbourhood of g = 1 with @ restricted by (15.16). 
Accordingly, we must compute the change in the fields pi (n) induced by an in- 
finitesimal gauge transformation. In the continuum formulation the corresponding 
change in the potentials AZ is a linear functional of the gauge fields. In a lattice reg- 
ulated theory this is no longer true. Hence also App[¢ġ; x] will acquire a non-trivial 
structure. 

The response of b(n) to an infinitesimal gauge transformation has been cal- 
culated in appendix D. Let dopa (n) denote the change in pi (n) induced by the 


transformation, i.e., 
U,,(n) > eter) U,(n)e tert) — eilbu(n) +(e) u(r) 


where e(m) are elements of the Lie algebra of SU(3) in the fundamental represen- 
tation: 


e(m) = S > T4eA(m). 
A 
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Then it has been shown in appendix D that 
de Ga(n E plan” (15.194) 
where 
Dl] = M~ (eu(n)) OF + 1®,(n). (15.195) 
~' (¢,(n)) is the inverse of the matrix (15.12b), and ®,,(n) has been defined in 


(15.12c). The first few terms in the expansion of M~ in powers of ¢,,(n) are given by 


= te Oe ey ee (15.19¢) 


2 B 
The non-linear response of pi (n) to an infinitesimal gauge transformation is due to 
lattice artefacts. Indeed, making the replacement 


pu (n) > ga A; (x) 


n (15.19), and using the more suggestive (continuum) notation e”( 


eP (n), one finds that 


x) instead of 


goð 0o47 =A Di [Alace® (x) 
where 
D,[A] = 0, + igo X tP AP (2) 
B 


is the matrix valued covariant derivative of the continuum formulation. 

Let us now calculate the function F4/9¢, x] in (15.17) for g in the neighborhood 
of the identity, and for fields b(n) satisfying the gauge condition (15.16). Making 
use of (15.19) one finds that 


~ — X Lnamalde?(m), (15.20a) 


where 


Lipkin? = ô! D lol Bdrm (15.20b) 


is the analog of the matrix 0,,D,[A]4g6“(x — y) in the continuum formulation. 
Note that according to (15.19b), D,,[¢] is a local function of the matrix valued field 
(n), and that all lattice derivatives act on the lattice site “n”. We next introduce 
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the expression (15.20a) into (15.17). Since for fields b(n) which satisfy the gauge 
condition (15.16) the integral only receives a contribution for group elements g in 
the immediate neighbourhood of the identity, we may replace the group integration 
measure by 


Dg > I] def (n). 


n,A 


The integral (15.17) can now be immediately performed and one finds that for field 
configurations satisfying the gauge condition, App is independent of x and given by 


Arp|[¢] = det(—L[¢}) 


where L|¢] is the matrix defined in (15.20b). App is referred to in the literature as 
the Faddeev—Popov determinant. 

In principle we could incorporate the effect of App|@] into an effective action by 
setting App|¢] = exp(Tr In(—L|@])). We had adopted such a procedure in connection 
with the link integration measure. But whereas Sineas|¢] is given by a sum over local 
products of the fields $4(n), this is not the case for Tr n(—L[@]).* To derive the 
Feynman rules, however, we want to start from an action where the fields are coupled 
locally. Hence we cannot incorporate the effect of the Faddeev—-Popov determinant 
into an effective action in the above mentioned way. Using a standard trick however, 
we can circumvent this difficulty. Thus making use of the formula (2.47) we can 
write det L[¢] in the form 


det L|] = J TL at detinens, (15.21a) 
A,n 
where 
Srplo, ê, êl =- X A(n)OL Dy lolas” (n). (15.21) 
A,B,n 
The Grassmann valued fields é4(n) and é4(n) (A = 1,...,8) carry a colour but no 


Dirac-index. They transform according to the adjoint representation of SU(3), and 
are the lattice analogs of the famous Faddeev—Popov ghost fields. 

Finally, we must get rid of the gauge fixing 6-functions in (15.18a,b). We do 
this in the way described in chapter 14. Since the numerator and denominator in 


* This non-local property is of course not peculiar to the lattice formulation. 
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(15.18a) do not depend on the choice of the fields y4(n), we can average these 
expressions over y(n) with a Gaussian weight factor exp -5 Daa K O V: 
Collecting the results obtained so far, we therefore find that (15.18) can be written 
in the form* 
x A es Aw tot) PA a 
[ DeDEDEDEDA Ig, Å, He leita 


r Eo > = a i 15.22a 
(TIo, Y, 4) f DoDD DED- Setda ( ) 


where the “total” action, B is given by 


Che oar Salo] T sw) [o,u, J] + Sarlo] + eases) + Srp lo, C, ĉl. 
(15.22b) 


Here Sgleo] and gm [o, w, Ù] are given by (6.25b) and (6.24c) with the link variables 
U,,(n) replaced by exp(iġ„(n)), and Scr|ġ] is the non-abelian analog of (14.5c): 


Sall = >D (ôte). (15.220) 


The expression (15.22a) provides the appropriate starting point for performing a 
weak coupling expansion analogous to that described for the abelian case considered 
in the previous chapter. We have gone quite a way to arrive at this expression. And 
we still have to do some work to derive the Feynman rules from the generating 
functional 


Zj, AN, TE J pepivivever Sen let, 


| elon [1E (AA ĀE (nik (m) +08 (nig (m)+EA nen) +E] 

The reason is that the contribution of S¢[¢] to Sgcp, is a complicated functional of 
the fields on and their derivatives. This is a consequence of the non-abelian character 
of the link variables. In the continuum formulation this piece of the action gives rise 
to triple and quartic interactions of the gluon fields. In the lattice formulation, on 
the other hand, not only do these vertices get modified by lattice artefacts, but there 
are also an infinite number of additional interaction vertices which contribute to the 
correlation functions for finite lattice spacing. Only a finite number of these vertices, 
however, contribute in the continuum limit in a given order of perturbation theory. 


* In chapter 2 we had omitted the “hat” on w and a for convenience. 
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15.3 The Gauge Field Action 
Consider the action (6.25b). It can be written in the form 


Cane ah > (l= Uyol(n)), (15.23) 


AV 


where “1” denotes the 3 x 3 unit matrix, and U, (n) is given by the ordered product 
of link matrices around an elementary plaquette lying in the pv-plane: 


Uy (n) = etb ln) ebr (n+Â) o—tou (n+?) oin), (15.24) 
Clearly, 
Un) = Undi (15.25) 


Since U,,(n) is an element of SU(3) in the fundamental representation, it can be 


written in the form 
U, (n) = er, (15.26) 


where ¢,,(n) is an element of the Lie algebra of SU(3) in the above mentioned 


representation: 


Ou (n => Pav (15.27) 


From (15.25) it follows that 


Pa ln) = =H (N). 


Consider the trace of (1 — U,,). Expanding (15.26) in powers of ¢,,, and recalling 
that TrT^4 = 0, we have that 


1 ) 1 
Tr(1l — Uiw) — Tr E + Ow) E gw)" Sines } 3 


Because Oy, = — vp, it follows that the cubic term will not contribute to the action. 
Hence 


=3543 (by(n))° — lem (nyt ef. (15.28) 


0 nuw 
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The trace can be easily evaluated by making use of the following relations* 
1 
Tr(T4T*?) = 5 OAB: 
1 
TEAL T= q (dase + ifasc), 
AmBmCmD 1 1 1 
te = 7p04BocD = g/4Befope + gtapedcpe 


1 
+ 3 (fasedcpe + fopedasBe), 


which can be easily derived using the commutation relations (15.2a) and the follow- 
ing expression for the anticommutator of T4 and TP: 


1 
(TATR h= zôaBI + dagcT®. 


Written in terms of the fields ¢! ; Ore (15.28) becomes 


ree 
_i 1 ax ā 8 A )\2( 4B \2 
Salo] 2 2 4 5 a 288 ( un) ( go) 
í a (15.29) 
pas dapedcdEe Gn Puy PavP ae #0 


grees 


Eo? 


where we have suppressed the dependence of the fields on the lattice site. Next we 
express the right-hand side of this expression in terms of the fields {¢4(n)} which, 
apart from a factor go, are the lattice analogues of the coloured gauge potentials. 
To this effect we first derive a relation between ¢,,,(n) and the matrix valued fields 
b(n), P(n + ft), pun +7) and ¢,(n) appearing in the product (15.24). We do this 
by making repeated use of the Campbell—Baker—Hausdorff (CBH) formula, which 
states the following: Let G be a Lie group with Lie algebra L, and let Bı and Bə be 
elements of L. Consider the product exp(B,) exp(B2). It can be written in the form 


eP1eB2 — e0(B1,B:) (15.30a) 


with C(B,, B2) E€ L. According to CBH, C(B,, B2) is given by 


C(B,, B2) = > Ca (Bı, Bo), (15.30b) 


* The tensor d4gc is completely symmetric in the indices. Its components are 
given by dig = də28 = ds38 = —dggg = 1/V3; diss = disr = —d2a7 = dos6 = dz44 
d355 = —d366 = —d377 = 1/2; dass = dsss = dees = drs a 
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where the contributions C,(B), B2) are determined by the following recursion rela- 


tions: 


Cı(Bı, B2) = Bı + Ba, 


1 
(n + 1)Cny1 (Bı, Bə) = z8 a Bo, C,,(Bi, Bə)| 


(15.30c) 


Here ky, are rational, and k2,(2p)! are the Bernoulli numbers. We now make 
repeated use of this formula to calculate the product 


eP1eP2eB3eB4 — M(B) 


where B stands collectively for B,,..., B4. Clearly 


4 
M =) B,+0(B’). 
i=1 
Consider the case where exp(B;) are elements of SU(N) in some matrix represen- 
tation. Since M(B) is at least of O(B), and since Tr M = 0, it follows that if we 
want to calculate Tr(1 — exp(M)) up to fourth order in the B,’s,* we only need to 
know M(B) up to O(B?). Hence we will also only need to know (15.30b) up to this 
order. From (15.30c) one obtains 


1 
1 
+55 (Bi [Bi Bill + [Bs [B;, Bil) +---- 
Making repeated use of this expression and of the Jacobi identity, one finds after 


some algebra that M(B) can be written in the form 


M(B) => B: + 5 XBi Bil + = (Bs [B; Bill 
a i<j z (15.31) 
+= >> {(Bi [B; Bull + (Be, [B;, Bill} + O(B°). 


i<j<k 


* This will suffice for our purposes. 
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We now apply this formula to the matrix product (15.24), and obtain an expression 
for (15.27), correct up to third order in the fields ¢,): 


j 1 
ows > 0: -+ 5 > 16,41] ae oD [8:, [0:, 8;]] 
: a os (15.32a) 


-5 D {lbs 4. Bell + (a), BI} 4 


i<j<k 


Here the Lie-algebra valued fields 6; are given by 


= b(n + fi) = u(n) + 0% 4,(n), 


Y (15.326) 
= —¢,(n+ 0) = —¢,(n) — feln), 


For simplicity we have suppressed the dependence of ¢,,, and 6; in (15.32a) on the 
lattice sites. 

Consider for example the contribution of the first two terms appearing on the 
right-hand side of (15.32a). Inserting the definitions (15.32b) one finds that 


Suv = OF by — OF Gy + ilhu Hr) + illon O76] — lr, OF byl) 
+5 (bv, ÂE — [bys OF ou) (15.33) 
-$ ôt, 5Fy] + O(9%) 
Introducing the dimensioned (matrix valued) gauge potentials A, (x), and the field 
strength tensor F in the familiar way, i.e., 


Pu (n) = goaA, (x), 


u(n) —> goa F(x), (x = na) 


we see that only the first two terms in (15.33) contribute to F,,, in the continuum 
limit. Thus 


Fy (x) = Of A(x) — 07 A(x) + igo [Ay(2), Ala) +++, 


where or is the dimensioned right lattice derivative, and where the dots stand for 
terms which vanish for a — 0. Hence in the continuum limit F» coincides with the 
field strength tensor in QCD. 


256 Lattice Gauge Theories 


We now return to eq. (15.32a). Decomposing the matrices 6; as follows 
0,= > OAT", 
A 
and making use of the relations (15.2), one finds that the colour components of the 
field uv, defined in (15.27), are given by 


rH — 5 64 (n) + pae 


E (15.34a) 
Pa D? [oin ) + 06.,(n a eee 
Oe. 
where 
jn) = 2 fagot? (nos (n), 
(15.34b) 
Oel Se fane fone? (n )6; 5 (n)OR (n), 
B,C,D,E 
and where 64,..., 0; are related to the fields gi, 64 and their derivatives by expres- 
sions analogous to (15.32b): 
O(n) = oin), 
Ve \— 4A ARA 
03 (n) a —i, (n) T o, u (n), 
03(n) = -43(n) 


Inserting (15.34a) into (15.29) one arrives at the following expression for the action, 
correct up to fourth order in the fields {04}:* 


Selsl=4 { a - an 


Jo “nw ij i,j,k 
n j<k 


+ 73 oA Ta (15.35) 
1 
—-——daprdcpr >, 04070 OP 


192 i j,k,l 


288 sÈ 0070KO OP} + 


* From now on it will be understood that also repeated colour indices are 


summed. 
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Here a sum over repeated colour indices is understood. The dependence on n, p, 
and v of the quantity appearing within curly brackets is given implicitely by the 
relations (15.32b). 

Clearly, (15.35) is a complicated function of the fields {#1} and their deriva- 
tives. Most of the contributions are however lattice artefacts and do not survive 
in the continuum limit.* This is easlily demonstrated. Introducing the definitions 
(15.34b,c) into (15.35), and the dimensioned colour components of the vector 
potentials according to 


oi (n) > goa AR (x), z = na, (15.36) 
one has that 


Bo ) > goa R z), 


where 

TaS OFA? (2) — OF A (2). 
Hence the sum >, 6? actually vanishes with the second power of the lattice spacing. 
It is therefore evident, that in the naive continuum limit only the first three terms 
appearing on the right-hand side of (15.35) survive. For a — 0 their contribution 
can be easily evaluated and yields the usual expression for the continuum action 


Se 7 | CoPR@E acon 
where FB (x) is the non-abelian field tensor defined in (6.16). On the other hand, 


for finite lattice spacing, only the contributions quadratic and cubic in 04 have a 
simple form. We shall treat them in detail below. 


15.4 Propagators and Vertices 
(i) The Gluon Propagator 


Consider first the contributions to (15.22b) arising from Sg and Sgr which are 
quadratic in the fields på. Expressed in terms of the dimensioned gauge potentials 


one readily finds that** 
=p Me \Q ae u ASU), (15.37a) 


* This is true for the classical action. But on the quantum level, we cannot 


simply ignore all these contributions, as we have pointed out repeatedly. 
** We use the notation X., = >>, a*, introduced in chapter 14. The procedure 
for casting Sg into the form (15.37) is the same as that described in this chapter. 
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where 
OPO (x,y) = bacQu(2,y), (15.376) 


and Q, is defined in (14.13b). Following the procedure discussed in chapter 14, we 
can immediately write down the propagator for the gauge potential in momentum 
space. To avoid the appearance of any superfluous phases, which will eventually 
cancel in the Feynman rules,* we Fourier decompose the fields A® (a) as follows 


d'k -~ PE 
A? (x) = f = Ar (per erie. 15.38 
Re) = j gai) (15.38) 
Then the gluon propagator in k-space is given by 
k 1 kuku 
Orv = ae Oy = (1 = ao) —— OBC; 
Bu C,v k k 


where k, is the lattice momentum defined by (13.7a). 
(ii) The Two-Gluon Vertex 


Consider next the contribution of Simeas{¢] quadratic in the gauge potential. 
From (15.15) one finds, using (15.9), that 
2 l I 
SAS aa 2A (15.39) 
This contribution is proportional to g and hence should be considered as part of 
the interaction. What is striking about this contribution is, that it diverges like 
1/a? in the continuum limit!** In fact it has the typical structure of a mass-counter 
term. This is indeed the role it plays in lattice perturbation theory where it serves 
to eliminate quadratic “ultraviolet” (a — 0) divergences in Feynman integrals con- 
tributing in O(g2@) to the gluon self-energy. In this way the lattice provides its own 
counterterms to ensure the renormalizability of the theory. This demonstrates in a 
particularily drastic way, how important it is to include the effects of the lattice 
cut-off in the integration measure. 
The two-gluon vertex arising from (15.39) is given in momentum space by 


nxn = —(2n)6O(R +) 46,580, 
HB v,C 


* See the discussion in chapter 14. 
** Since $, =}, at, the contribution to Smeas arising from the Haar measure 
associated with an individual link variable actually vanishes for a > 0. 
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where SO (k + k’) is the periodic ĝ-function. Notice that we did not include the 
factor 1/2! appearing in (15.39) in the definition of the vertex, conforming to usual 


conventions. 
(iii) The Three-Gluon Vertex 


The contribution to Sg involving three gauge fields is obtained from the second 
term appearing on the right-hand side of (15.35).* Making the substitutions (15.34c) 
and (15.36), and using the antisymmetry of the structure constants fago under 
exchange of any pair of indices, one finds that 


SE = o0) fave (Ane) + FOARE) ORAE) ASB 


Notice that this expression includes lattice artefacts vanishing linearly with a. It can 
be written in a more symmetric form by making use of the antisymmetry and cyclic 
symmetry of the structure constants fagc in A,B,C. Using the first mentioned 
property we have that 


a e 
8P = -PI fano ((1+ $28) Aso) (APOIAR) ) bu, 
where the action of oR is defined by 


o f(x) = g(x)O® f(x) — (®g(x)) f(x). 


Next we cyclically permute the pair of indices (A, u), (B,v) and (C, A) and obtain 
(3) go a A S 
8P = -FI faso { (+ 388)A4(a)) (APERAS (E) ) by 
+ cycl. perm. }. (15.40) 


In this way, we have made manifest the Bose symmetry under the exchange of colour 
and Lorentz indices. Notice that by having cyclically permuted simultaneously the 
Lorentz and colour indices, the gauge potentials appearing in all three terms within 
the curly bracket in (15.40) are labeled by the pairs (A, w), (B, v) and (C, A). 


* Notice that Smeas|@] does not contribute in this order. 
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Let us calculate explicitly the 3-point gluon vertex, D; in momentum space. 
This vertex function is defined as follows 
d'k E LKU si j 
SOL =— 3 Df oa om OEA ENA E) 
x OON (15.41) 
We represent Tork k', k”) by the following diagram 
kiA kv B 
k”, à, C 


Consider the explicit expression displayed on the right-hand side of (15.40). In 
Ema 


momentum space the operators 1 + Zor and ar act multiplicatively as follows 


(1 + can) ers (cit cos nt ere 
2 2 (15.42) 
e 


erronee = ilq S OR a tang, 


where ki, and ke are defined by an expression analogous to (13.7a). When the phase 
factors appearing in (15.42) are combined with the overall phase exp|i(k, + k}, + 
kX)a/2], arising from the definition of the Fourier transform (15.38), and use is made 
of the fact that — because of the summation over x in (15.41) — the sum of the 
momenta flowing into the vertex vanishes, one finds after some trivial trigonometric 
algebra that 

yr 


ky 
TABO (ie, k', k") = igo(2r) t66 (k + k' +k" faso wm k’), cos ou, 


eee: ki eral: k" 
+ (k — k") cos a daa + (k’ — k), cos Ka ; 
(15.43) 


where (p— q) „ Stands for 
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Hence in the continuum limit, (15.43) reduces to the familiar expression of the 


continuum formulation 


Did (k, k', k") —> igo(2m)*5 (k + k' +B") fazcl(kY — k) Sra 


pvr 
+ (k ca kK Opn + (k’ a k) Ow]. 
(iv) The Four-Gluon Vertex 


The computation of the four-gluon vertex (see fig. on page 245) from the fourth- 
order contribution in {6%} to the action (given by the last five terms in (15.35)) is 
quite tedious.* Making use of the definition (15.34b) and of )>,04 = ô på — Igi, 
following from (15.34c), as well as of the antisymmetry of fecpg under C + D, this 
contribution takes the form 


(So)ae = SP + SQ, (oa 
where 
gif 2 YY Fave feos} | (roe — OF) Sato a 
n py ABCDE j#k 
+2 X` 0 (670? + op (15.446) 
j<k<l 
+3 (6/07 — 020?) (COP — OF Or } 
and 


sg = a ops D Gi (ĉagôcp + OacdpB + OapoBc) 


n pv ABCDE 
+ (daprdcpg + dacedpBe + tavedvce)} 
x (GF g4 — dF ot) (ROP — AF bP) (GEGS — AFGC)(GRg? — AFH?) 
(15.44c) 


where {64} have been defined in terms of the gauge potentials in (15.34c). We have 
suppressed the dependence of the fields on the lattice site n. The expression (15.44c) 
has been written in a manifestly symmetric form under the exchange of any pair of 


colour indices. 


* The following derivation has also been carried out independently by P. Kaste. 
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Consider first the expression (15.44b). We need to express the r.h.s. in terms 
of the fields {04} and their derivatives according to (15.34c). This clearly generates 
an anormous amount of terms which can be readily obtained by using a program 
like “Mathematica”. The next step consists in classifying these terms according to 
the number of identical Lorentz indices of the gauge potentials. A large number of 
these terms can be combined by making use of the antisymmetry of the structure 
constants under the exchange of any pair of indices, and of the invariance of the 
individual contributions to the action under the exchange of u and v. Let us de- 
note the contributions to sv ) involving two, three, and four gauge potentials with 
identical Lorentz indices by si iy se 2 and si » respectively. 

Consider for example the contribution S$‘), After exploiting the above- 
mentioned symmetries one finds at the end of the day that the (hundreds!) of terms 
combine to 


Sf =O D fansfeos { (Otaca) 


0 ny, v ABCDE 


1 A 
J A $y + a 


la 
P VOO a Ea “(ako KAA) 
eres p x A 
- T ARNODENN 
This expression can be written in an even more convenient form: 


P-B D tanefone {|| (1+ 588) of] [(2-+ 548) 06] 


Agi nv ABCDE 


~ 18864) 6806)] || (1+ 508) of] | (1+ 548) oP] 
-70E AOP) 


ia COR ARENA -7 + (od of) (OBOE?) 


= = (OAaret By sCaRet ae (15.45) 


Next we introduce the dimensional gauge potentials through the identification 
or = goa A’, and Fourier decompose the fields Ag according to (15.38). Let k,q,r 
and s denote the incoming momenta associated with the gauge potentials carrying 
colour indices A, B,C and D, respectively. Making use of (15.42), one readily finds, 


after carrying out the sum over n (which yields an energy momentum conserving 
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d-function), that 


gifs _% Ls = oa dêr des eee, 
aes A ABESCDE 


Panes * (27)* (27 ) 


1 1 
x {ube [eos sulk — 1), cos 524 — s)„ + 


1 a 
PETT) ATS), 


E E P at E IEEE E VOET stan aa 
-ig its- iA TET) AOAO), 
(15.46a) 


where, generically, 
~ 2. 1 
k, = 7 sin 5 thy. (15.46b) 


The term proportional to ô \ĝvp can be written in a more symmetric form by making 
use of the antisymmetry of fope under the exchange of C and D. The contribution 
proportional to 6,6, is already invariant under the relabeling (C, A,r) © (D, p,s). 
Adding to (15.46a) the expression with (C,A,r) and (D,p,s) interchanged, and 
dividing the result k 2, we obtain 


off) — a oat dêr d's 
2G E 2 > 2 E- 4 (Qn)4 (Qn)4 


Lv,A,0 ABCD 
eR FA eae, 


pv Ap 


(15.47a) 


where 


)ABCD 
gee (k, q, T, s) 


1 1 1 4 
=-9 >, faBEfCDE {nado feos sulk — 1), cos a — s) — AN 


1 1 I osoa 
=Ó upin feos sulk — s), COS z2 =e) pth] \ 
ag ase) (15.475) 


and 


1 a 
T E q, T, s) = —9o 22 fase fCDE l ôu\ðvpa (k z r) (q _ Su 


1 Ex 
zy Supdure (k =—s\JG=T)p (15.47c) 


1 —~— a, 
75 Fur dao (q —k)a(s— D 
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Let a, 3, y denote collectively the sets 
a= (A,m, k); B= (B,v,q); y=(C,A,7); 6 =(D,p,8). (15.48) 


Then the expression (15.47b) is symmetric under the relabelings i) a + £, ii) y © 0, 
iii) a + 7,84 ô and iv) a + ô, 8 + y. The full Bose symmetry of the contribution 
sit 2) to the four-gluon vertex function can now be incorporated if we add to (15.47b) 
the expressions obtained by carrying out the permutations 8 + y, and 8 + 0, and 
dividing the result by 3. Then 


4 4 4 4 
(fo) _ d s 5 7 d'r d's (f2) ABCD 
pea) coon a Ca 


AR ABOD 
B q v B qv z aes ots oe 
+(3 r nE f eee 


Having written sit 2) in this symmetrized form, one finds, upon making use of 


(15.49) 


X [fase fone + face fpee + fane fece] = 0, 
E 


following from the Jacobi identity for double commutators of the generators of the 
group, that the last term in (15.47b), together with the permutations in (15.49) does 
not contribute to (15.49) 

Consider next the contributions gifs) and gifs), with three and four Lorentz 
indices of the gauge potentials identified. Making again use of the symmetries of 
fasefoper one finds after a fair amount of work that they can be reduced to the 


simple forms 


offs) — (cE Egi C 5) z] 
SG Bp AL hers (ob, ae On) 15 H Py 
(15.50a) 
and 
Sg" = E TD Ds fasefope(? (od By gear rar (15.506) 


n py ABCDE 
Going over to momentum space, one finds, making again use of (15.42) that 


L = dêr dts 
(f3) (fa) _ z 
a a OS a 


uvap ABCD 
x PT ABRET q,r, o NT 


pv Ap 


(15.514) 
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where 
ee A 
i Brey CR; q,r ,5)= = -=g pR faBe fope sian ©) ky COS g'u 
E 
+ ôpvôu supa? >S u —k),(s— A} (15.510) 


While the second term in this expression is symmetric under the permutations: i) 
y © ô, ii) a © 8B, iii) a 6 7,8 © 6 and iv) a © ô, B & y, where a,Z,7,6 
stand for the collection of indices (15.48), the first term is only symmetric under 
the exchange y + ô. We therefore add to it the corresponding expressions obtained 
by implementing the permutations ii)-iv), making use of the symmetries of the 
structure constants, and divide the result by 4. 


d* 5, £ dêr 
Se ase iS g Tep Lo j Qn) ae fase ÎCDE 
rn ABCD Bz ( T)! 
1 ere 1 
x fiain — 1) ky cos zlu 


1 ~, Me 1 
— Found up (8 — 1)vGy COS 5 ky 


1 7 1 
+ 55 pS up® (q — k) Fp cos FISA 


aaa 1 
— — k)p5\ cos 5p 


Sas? ZOE AM) AP (q)AS (AP (0) 
(15.52) 


The expression appearing within curly brackets is still not symmetric under all 
permutations of the collective variables (15.48). To exhibit the full Bose symmetry 
we add to it the corresponding expression obtained by the permutations appearing 
n (15.49), and divide the result by a factor 3. 

The remaining contribution (15.44c) to the action, expressed in Fourier space, 
is obtained in a straightforward way. Combining it with that obtained above one is 
then led to the following expression for the four-gluon contribution to the action 

1 d*k d*q d'r dfs 
4! I (27)4 (2r) (27)4 (27)4 
A r Te (ks ar A ADA AS: 


pvrAp ABCD 


(Sq) a4 


(15.534) 
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where* 


Deas (ks, 78) 


1 1 
=- 9% bs faBefove {Sudo [eos 5 ud — s)„ COS zok =r), 


at~ 


1 1 
— ô, pĝvA feos 320 =F) COS sulk — s), — qo riapus 
1 n 1 
+5 5urdup0 (s (s — r), k, cos ( ad, 
a Iu COS 


~g Suða" a ) 5a COS 


are byw Syp (4 q—k) fo cos a 


+E Sp OprOpp@” 2 -= k) (s — na} 
MPa ove rsene De pronos] 


Iaa 
12° 


2 
{5 anton + dacdpp + ôapôBc) 


F X (dasedcne T dacedppg zg tanstves)| 
E 


x {oad She deh do = Ow Ounkplol Sn 
— SS pk DrFp — OprSupkviv8vGu — Or OvpGuipSpky 


+ SporpkrOF usp + SurSvpkrTvGudp + SupOrrkySrGuh u 


4 


Ge se a 
— A kaa 


(15.53b) 


This concludes our discussion of the pure gluonic sector. We now proceed to the 


analysis of the fermionic and ghost sectors. 


(iv) Fermionic and Ghost Contributions 


Consider first the contribution to (15.22b) arising from gM) 


Ab, i). For 


Wilson fermions it is given by (6.4), where the link variables are replaced by (15.1a). 


Expanding these in powers of @,,, and introducing the dimensional fermion fields and 


* This is a corrected version of the expression given by Kawai et al. (1981). 
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gauge potentials according to (4.3a) and (15.36), one obtains up to second order in 
the gauge potentials A? (x): 


Sel, A] = Sp lb, P] + SP A, y, 9] + SR LA, Y, 9], (15.54a) 
where 
spud- (M+ E) Neve 
= 5 [PEE — Wee + af) + Be + af) +4), 
i (15.54b) 
SPAY, B= — 2 TR Bee- y) (e + af) 
- J(e + afi) (r + )0°(@)] AP (a), (15.54c) 
SPa, y = 22 79,7 Jadur 
x [P E)r — Y (E + aft) + Bw + a) (r + yu)0"(@))AB(2) AG (a). 
(15.54d) 


A summation over the “quark” and gluon colour indices is understood.* Apart from 
some group theoretical factors, and the fact that the fields now carry colour indices, 
the structure of Sp[A, Y, Y] is quite similar to that discussed in the abelian U(1) 
case. Hence except for some obvious modifications, the structure of the fermion 
propagator and gluon—fermion vertices will also be the same as those obtained in 
the abelian case. 

Finally, consider the contribution of the ghost fields to the action. It is given 
by (15.21b), where D,,[@] has been defined in (15.19b). By expanding the matrix 
M~'(¢,) up to terms linear in ¢, (cf. eq. (15.19c)), we include lattice artefacts 
vanishing linearly with a in the naive continuum limit. Next we introduce the 


dimensioned Faddeev-Popov ghost fields c4(x) and @4(a) according to** 


* Recall that small latin letters run from one to three, while capital letters run 


from one to eight. 
* They carry the same dimension as the scalar field discussed in chapter 3. 
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Then (15.21b) becomes 


Srp|A, c, c| = eae x)d4pUc® (x) 


~oo J fano" (a)9i [AR OU + 5p) 


-aa Diet, t PY ap (Or Cal )Ojre? (a) Aq (2) AP (a) eee 
(15.55) 


where we have made use of (15.8). By Fourier decomposing the quark and ghost fields 
in a way analogous to (14.17), one readily derives from (15.54b-d) the propagators 
and interaction vertices in momentum space. Except for some colour matrices, the 
quark propagator and the gluon—quark interaction vertices have the same structure 
as the corresponding expressions in the U(1)-gauge theory. Furthermore, from the 
quadratic contribution to (15.55) we see immediately that the ghost propagator is 
given by d48/ k2. The ghost-gluon interaction vertices in momentum space can also 
be read off immediately from (15.55) by making use of the property (15.42). Below 


we summarize the lattice propagators and vertices. 


(i) Propagators and Vertices which Possess a Non-Vanishing Continuum Limit* 


u, A k v,B 1 7 
Orme ac (1 — ao) —= ) bu 
e—_ e 
p, b Ma 3 : dab 

S, sinp a + MO) 
k 1 5 
KED ao 


* For the definition of M(p) confer eq. (4.29b). 
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p, B, b p’, Qa 


—igg(2m)*5 (k +p-p') p cos (=p n x£) — irsin (s D al TA 
aß 


K’, v, B k”, à, C —~_ 
igo(27)400 (k + k' +k") fano [dva(h” — k') „cos 5k,a 
ku A +5,a(k — k"), cos Sha + öp(k' = k), cos bkra! 
p, B p’, A X 
igo(21)t89 (k + p — p') farce, cos(ppa/2) 
k, u, C 
q, v, B r, à, C 


(see eq. (15.53b)) 


k,u, A s, p, D 
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(ii) Vertices which Have No Continuum Analog 


u, B v,C 


2 
NOKAS —(27)t8 (k + ki) Swe 


kK’, v, B p,a, a 
a 
-390 (2m) 0E (k + k' +p- Pb {TA, T fas 


- |r cos Cardi — iy, sin (pare jue 
k, u, A Pp, B, b 2 X 2 aß 


1 4 a 
LA Tga (21) 0p (k +k + p= PIES tP Jandu Phy 


Note that the factor + 


n! 


multiplying the contributions to the action involving 
couplings with n-gluons have not been included in the expressions for the vertices. 
The symmetry factor multiplying a Feynman integral is computed in the same way 
familiar from continuum perturbation theory. 

In contradistinction to continuum perturbation theory, there are, in general, 
more diagrams to be considered when calculating a vertex function in a given order 
of the coupling. Thus consider for example the diagrams contributing to the gluon 
self energy in one-loop order. They are depicted in fig. (15-1). Their contributions 
have been calculated by Kawai, Nakayama and Seo (1981). 
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Ee rn, 
MO ww abode nw 
~a’ 


Fig. 15-1 Diagrams contributing to the gluon self-energy in one-loop 


order. 


Each diagram contributes a quadratically divergent mass term. But when the 
graphs are summed these divergencies are found to cancel! There is another re- 
markable cancellation that occurs. When performing the calculation one encounters 
non-covariant terms of the type D Ogy: But after summing all the contributions, 
these terms cancel out and one is left with a transverse expression for the gluon self 
energy, reflecting the gauge invariance of the theory! 

Because of the complexity of lattice QCD Feynman rules (note that we have 
only expanded the action up to O(g%)), and the periodic structure of the integrands 
of Feynman integrals, perturbative calculations of more than one-loop contributions 
become prohibitively difficult. In this connection the power counting theorem of 
Reisz discussed in chapter 13 is of great help, for it allows one at least to take the 
naive continuum limit in those cases where Feynman integrals satisfy the conditions 
for which the theorem applies. 

In the following two sections we will apply the knowledge we have acquired so 
far to the computation of two important quantites: the ratio of two renormalization 
group invariant scales, and the ABJ anomaly of the axial vector current within the 
framework of QCD. As you shall see, the structure of this anomaly is, under very 
general conditions on the action, independent of the lattice regularization. What 
concerns the first mentioned quantity, we will not dwell on any technical details, 
but merely discuss the problem on a qualitative level. 
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15.5 Relation between A; and the A-Parameter 
of Continuum QCD 


In chapter 9 we have seen that in QCD with massless fermions, dimensioned 
physical quantities, such as a hadron mass, or the string tension, can be calculated 
in units of a lattice scale parameter Az, which determines the rate at which the 
bare coupling constant go approaches the fixed point gj = 0 with decreasing lattice 
spacing. A similar renormalization group invariant scale, Agcp, also occurs in con- 
tinuum QCD. But there, Agcp determines how the renormalized coupling constant 
g, defined, for example, as the value of the three or four-gluon vertex function at 
some momentum scale u, changes with u. The connection between g and u, which 
ensures that physics does not depend on the choice of the renormalization point p, 
can be obtained by studying the response of g to an infinitesimal change in u. This 
response is measured by the following @-function 


B(g) = nse (15.56) 


In two-loop order this -function is given by 


b =—fog® — Big? +-+, (15.57) 


where J and (, have the same values as those appearing in the two-loop expansion 
of the 6-function considered in chapter 9 (cf. eq. (9.21b)). Because 39 > 0 the 
renormalized coupling constant is driven to g — g* = 0 as u > oo. This is the 
statement of asymptotic freedom. In the one-loop approximation to the G-function, 
given by the first term on the right-hand side of (15.57), integration of (15.56) leads 
to the following relation between g and wp: 


1 i i 
Eae e 2809" , (15.58) 
H Agep 


The value of the integration constant, Agcp, depends on the definition of the renor- 
malized coupling constant. Because of the asymptotic freedom property of QCD this 
scale can be measured in deep inelastic scattering processes, where the short dis- 
tance dynamics can be described by renormalization group improved perturbation 
theory. Its value is found to be of the order of 200 MeV. On the other hand we have 
seen in chapter 9 that the connection between the bare coupling go and the lattice 
spacing a, which ensures that physical observables remain unchanged as we remove 
the lattice structure, is given in the one-loop approximation to the @-function by 
1 


1 - 
a = —e 709 | (15.59) 
Ar 
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The lattice scale Ag, determined, for example, from a Monte Carlo calculation of 
the string tension is of the order of a few MeV. To confirm that QCD involves only 
a single scale which describes the large distance physics at quark separations of the 
order of 1fm, as well as the short distance physics taking place at separations of 
0.1 fm or less, one must check whether Az, as determined from a measurement of, 
say, the string tension, corresponds to the value of Agcp as obtained from deep 
inelastic scattering data. 

The first calculation relating the two scales has been performed by Hasenfratz 
and Hasenfratz (1980) in the pure gauge theory. This calculation has been subse- 
quently extended to the case of QCD with massless quarks by Kawai, Nakayama 
and Seo (1981). The basic idea underlying these computations is the following. 

Suppose we calculate an observable O in QCD with massless fermions. In the 
lattice regulated theory the value of this observable depends on the bare coupling 
constant go and the lattice spacing a:* 


O = O(go,4,--*). (15.60) 


Now for sufficiently small lattice spacing, gg can be tuned to a in such a way that O 
remains fixed as we remove the lattice structure. In the two-loop approximation to 
the G-function this dependence is given by (9.21c,d). Hence go is a function of the 
product aAz : go = go(aAz). On the other hand, we can also eliminate the cutoff 
dependence by introducing a renormalized coupling constant g in the way familiar 
from continuum perturbation theory. This coupling constant depends on go, the 
renormalization scale jz, and the cutoff a. Since g is dimensionless, it will depend on 
u and a only through the product pa: 


g = 9(90, 1a). (15.61) 


Solving this equation for gg, one obtains the bare coupling constant as a function of 
g and pa: 


go = go(g, pa). (15.62) 


Upon inserting (15.62) into (15.60) one arrives at an expression in which the depen- 
dence on the lattice spacing has again been eliminated 


O(go(g, ua), a; +-+) = O(g, p; ++). (15.63) 


* The “dots” stand for possible dependences on kinematical variables such as 
momenta; for example, O could be a scattering matrix element. 
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Now g can also be tuned to u in such a way that the right-hand side of (15.63) 
remains fixed as we change the renormalization point u. In the one-loop approxima- 
tion to the 6-function (15.56) the dependence of g on yz is given by (15.58); hence 
g = 9(4/Aqcp). But both, the dependence of go on aA;, and of the renormalized 
coupling constant on 4/Agcp, are determined from a single equation, namely from 
(15.61), or its inverse (15.62). Thus holding go and a fixed, we determine the u de- 
pendence of g. Alternatively, holding g and u fixed we determine the a-dependence 
of go. This shows that Az and Agcp must be related. To obtain this relation one 
calculates the right-hand side of (15.61) in perturbation theory. In the one-loop 


approximation one obtains an expression of the form 


a 
9° = 95 — 28096 In (=) + O(9§), (15.64) 


where c is a constant. From here one readily verifies the one-loop expressions for 
the G-functions (9.6b) and (15.56). Now to this order Agcp/Az, as determined from 
(15.58) and (15.59) is given by 


-1 1 1 
Agcp e a 


ele ae Í 
But from (15.64) it follows that 
= z = 26)n (£) + O(g) 
We therefore conclude that 
Agop _ 
Ar 


Hence the purpose of a perturbative computation consists in calculating the con- 
stant c in (15.64). In the momentum subtraction scheme (MOM), Hasenfratz and 
Hasenfratz (1980) have calculated the ratio Amom/Az for the pure SU(3) gauge 
theory. After a lengthy calculation they found that 


= 83.5 (pure SU(3)). 


In full QCD with massless quarks this value was found to change as follows (Kawai 
et al., 1981) 


A 
MOM = 105.7 (3 flavours), 
Ay 

Amom _ 117.0 (4 flavours). 
Ar 


These ratios are consistent with those determined from non-perturbative lattice 
calculations (Az) and from the deep inelastic scattering data (Ayom). 
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15.6 Universality of the Axial Anomaly in Lattice QCD 


In this section we study the ABJ anomaly in the divergence of the colour singlet 
axial vector current in QCD, and show that not only for Wilson or Ginsparg-Wilson 
fermions the well known anomaly is reproduced in the continuum limit, but that 
the same result is obtained for any discretization of the action satisfying some very 
general conditions. In the case of a U(1) gauge theory, this has been first shown to 
be the case by Reisz and Rothe (1999). Here we discuss the case of SU(3) which has 
been studied subsequently by Frewer and Rothe (2001). From the analysis it will be 
evident that the same proof goes through for any SU(N) gauge theory. The main 
steps we will follow are the following: we first discuss the general form of the lattice 
axial vector Ward identity. As you will see, its precise structure, which depends on 
the particular discretization of the lattice action, need not be known to compute 
the anomaly. Only very general properties thereof are required. In fact, the entire 
ambiguity in the lattice Ward identity, arising from different discretizations, will 
reside in a contribution which vanishes in the naive continuum limit. Although its 
structure depends on the way one has discretized the action, we will only make use 
of quite general properties thereof to generate the anomaly. 


General Structure of the Ward Identity 


In the following all expressions will be written in terms of dimensioned variables. 
We are interested in computing the anomalous contribution to the divergence of the 
colour singlet axial vector current j,5(x) = Y(£)ys yaY (x) in an external gauge field, 
where y(x) are 3-component fields in colour space. 

Consider the fermionic contribution to the lattice action for QCD. It is of the 


form (4.61), i.e., 


Storm = >) Y(2)(Du (x,y) + Mbry)0(y), (15.65) 


where Dy(x,y) is the Dirac operator (a matrix in Dirac-spin and colour space) 
depending on the matrix valued link variables which we denote collectively by U. 
As always X`, = >>, a*, where n labels the lattice sites. SU(3) colour indices will 
be denoted in the following by small latin letters. The action is assumed to be gauge 
invariant, and to possess the discrete symmetries of the continuum theory.* The 


* The Dirac operator can always be decomposed into a chirally symmetric, and 
a chiral symmetry breaking (sb) part as follows, D(x, y) = D(x, y)sym + D(x, y)sp, 
where D(x, y)sym = $[D,75]¥s, and D(x, y)» = ${D,75} 7s. Any candidate for a 
lattice action should possess the correct continuum limit. It therefore follows that 
for a > 0, D(a, y)sym > YD,[A], where D, [A] is the covariant derivative, while 
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Dirac operator, which is a function of the link variables, can be expanded in the 
gauge potentials in the form 
1 njai a a an 
Du (x,y) = X Pa (£, y|£1 >>> Bn) Agi (T1) Ag (En). 
N Ui, Qi, £i 


(15.66) 


The next step consists in deriving a lattice Ward identity for the divergence of 
the singlet axial vector current. This is achieved by performing in the partition 
function the infinitessimal colour blind local axial transformation of the fermion 
fields analogous to (14.38). Note that, since we do not specify the Dirac operator, 
we have no other alternative to define a sensible axial transformation. Since the 
measure is invariant under this transformation one is led again to the statement 
(14.88). In the case of Wilson fermions the variation ôSferm is given by (14.81), where 
A(z) is an irrelevant operator vanishing in the continuum limit. For different lattice 
discretizations, js„(x) and A will differ from (14.41) and (14.46) by terms which 
vanish in the naive continuum limit. What concerns the axial anomaly, however, 
the precise form of the various terms in (14.81) need not be known. This is quite 
remarkable. In fact, as we shall see, any lattice discretization of the action S with 
the following properties: 


S has the correct continuum limit, 
ii) S is gauge invariant, 
the Dirac operator is local, 


absence of species doubling, 


reproduces the axial anomaly in the continuum limit. This anomaly arises from an 
“irrelevant” (A) term in the Ward identity, which, in view of what has been said 
above, will necessarily have the form 


(OjJ5u(@))u = 2m(js(x))u + (Au, (15.67) 


where j5,,(%) and js5(x) possess the correct continuum limit. Thus for Wilson 
fermions, the Ward identity is of the above form (Rothe, 1998). Any other dis- 
cretization of the action will differ only by lattice artefacts which can, in principle, 
be absorbed into the A-term. The reader may ask: is there no way of avoiding such 


a term? The answer is “no” as will be clear from our analysis. 


D(x, y)s» vanishes in the continuum limit. It therefore also follows that for a > 0 
D(x,y) > Y D[A], where D,,[A] is the covariant derivative. 


Weak Coupling Expansion (III). Lattice QCD 277 


Before proving the above assertion it is convenient to rewrite the Ward identity 
(15.67) in terms of correlators in momentum space. Let O(x) stand for any of the 
operators appearing in (15.67). Then (O(x))y has the following formal expansion in 
the gauge eee 


aw == yo DOn (lay, a2, °++ a A (ay) +++ AB (an), 
n22” ` {ai} {uit {ai} 


(15.68) 
where, because of the assumed symmetries of the action, the sum over n starts with 
n = 2. The correlation functions Eo ™ (x|£1, £2; *** , £n) are symmetric under the 
exchange of any pair of collective labels (;, ui, ai). Defining the Fourier transform 

(Ojai -an 
of Dean  (£|£1, £2, , £n) by 
Daa lage Tn) E o ant r gr a a e (alki, , kn), 
i=1 
(15.69a) 
where, by translational invariance, 
e + sk =a Yok JE Oaren (ky, Fin), (15.698) 


the Ward identity (15.67) translates as follows to momentum space, 


ki kn) = 2m e (ki, kn 
i n) Sim yn (K1 ) (15.70a) 
+ eed (k, kn), 


jg Parvan 
ipl Suara 


where 
Gu=e 2 73m E, (15.70b) 


As we shall see further below, gauge invariance implies that every term in (15.67) 
possesses a finite continuum limit. If in this limit the A-contribution is different from 
zero, we are faced with an anomaly, since the divergence of the axial vector current 
would not vanish in the chiral limit m — 0 (as it would, if the axial symmetry would 
be implemented on quantum level). We now show that under the conditions i)—iv) 
this is indeed the case, and moreover, that this limit is universal. 

Let us first study the implications of the assumptions i)—iv). Clearly the first as- 
sumption is a “must” and needs no further elaboration. Consider next assumption ii): 


(ii) Gauge Invariance 


Gauge invariance has strong implications. In fact the renormalizability of 
QED or QCD relies heavily on gauge invariance. Gauge invariance tells us that 
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if O(A, ~, W) is a gauge invariant operator, then its external field expectation value 
satisfies 


Fo[A”] = FolAl, (15.71a) 


where 


J DYDY OJA, p, p] e444 


Fo[A] z f DYDY e- S14, p] ’ 


(15.710) 


with A” the gauge transformed potential. This can be readily verified by making 
use of the gauge invariance of the fermionic measure. On the lattice the variation of 
the gauge potentials induced by an infinitessimal gauge transformation is given by 
(15.19) with ¢? = gaA?,, i.e 


5AS() = lg far Al (2) — M,21(gaA, (0) OF ]e(e), (15.72) 


where fabe are the structure constants of SU(3), OF is the dimensioned right lattice 
derivative, and the matrix M is given by (15.12b), or the expansion (15.19c). Be- 
cause of the structure of the rhs of (15.68), the I'’s are symmetric functions under 


permutations of the labels 1,--- ,n. Hence the variation can be written in the form 
dwFolA =p ` poms an EE aig T2, , Zn) An (x1) sun (Tr): 


n>2 ` {xi} {ui hda} 


Inserting for 6A”) the expression (15.72), and considering in turn the coefficients of 
O(A?) and O(A), one finds that (15.71a) implies that 


Oe tie) =o, (15.73a) 
and furthermore 
OTe" (alata as) = aa e ea Ones 
-Z goa farat, OE (x|x0, 13) + (2 4 8). 
(15.736) 


These relations can be readily translated to momentum space. Defining the Fourier 
transform by (15.69), one finds that (15.73a) takes the form 


(Ft) jon St (a Fa) = 0, (15.74) 


H1™ pipe 


* In the following we prefer to use small letters for the colour indices. 
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where *« denotes complex conjugation, and where ku is defined in an analogous way 

o (15.70b). Because of Bose symmetry a corresponding statement holds for (k1),., 
replaced by (kz)... The second identity (15.73b) reads as follows in momentum 
space, 


Cane Pe ees hs ko, k3) = = dpi Pak F ko, k3) 


E iagi eii pea T + kə, k3) 


H2` p243 


K + 3). (15.75) 


Further relations connecting higher and lower order correlation functions follow from 
the requirement of gauge invariance. We will however not require them to calculate 
the anomaly. 


(iii) Locality 

Gauge invariance alone will of course not allow us to compute the axial anomaly. 
But when combined with iii) and iv) (see p. 276) this will be possible. The point 
is that if iii) and iv) hold, then the correlation functions will be analytic in the 
momenta around vanishing momenta, and hence possess a Taylor expansion. This 


has important consequences. Thus consider (15.74). Analyticity around {k; = 0} 
tells us that 


i Ga (ka, k2) = roe (0, 0) + Cl Jaraa jo + Ce Jaraa po 4 


H1H20 H1H20 
Because of Bose symmetry under the exchange kı © ko, Wy U2, a1 + a2 we must 
have that 


(0) aıa2 (0) a21 
Cies = CO ` 


But since kı and kəz are independent variables, it then follows from (15.74) that 
M(Ojaa — 
D O 


A(O)azga, __ 
Cre "=N, 
and therefore also 
O)aga 
CO ee 0. 


Summarizing we therefore conclude that 
Tı Pe pea Ca k2) = (15.76) 


where 7} denotes the Taylor expansion around zero momenta up to first order. 
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Consider next eq. (15.75) evaluated for k2 = k = 0, and small kı. Because of 

(15.76) the rhs is of O(k?). It therefore follows that 

1 e800, 0) 0. (15.77) 
Relations (15.76) and (15.77) are weaker than those obtained from gauge invariance 
in the case of QED (Reisz. 1999), where an analogous statement to (15.76) holds 
for vertex functions involving an arbitrary number of gauge fields. 

The reason that (15.76) and (15.77) play an important role for the computation 
of the anomaly, is that we shall derive an expression for the renormalized Ward 
identity in the continuum limit using the momentum-subtraction scheme with finite 
lattice spacing. We then have to show that the continuum limit of the potentially 
anomalous contribution to the divergence of the axial vector current is universal 
and given by the well known continuum expression. For this we will need to make 
use of the power counting theorem of Reisz (see section (13.3)), which requires not 
only that the lattice degree of divergence of all Zimmermann spaces of a Feynman 
integral is negative but also that the free fermion propagator is free of doublers. 
This is just our condition iv). 


Universality of the ABJ Anomaly 


We are now ready to prove our assertion. Our attention will be focused on 
the “irrelevant” contribution of the A-term in (15.67), which should generate the 
anomaly in the continuum limit. Because the expressions considered in the following 
are lattice regularized, all operations are well defined. Furthermore, since we are 
studying the Ward identity in an external background colour field, the only Feynman 
graphs which contribute are diagrams involving an arbitrary number of external 
gauge potentials attached to a fermion loop. 

Consider the axial vector Ward identity (15.67). By power counting the ultra- 
violet lattice degree of divergence (LDD) of I’s,, and I's is given by 3—n, where n is 
the number of external gluon fields, while the LDD of !“) is 4—n. Hence the LDD 
of Feynman integrals contributing to 7“ is negative for graphs involving more than 
4 external gauge fields. Their contributions thus vanish by the Reisz theorem (see 
sec. 13.3) in the continuum limit, since A is an irrelevant a We therefore 


only need to consider the correlation functions a (ke k2), Tia eenn k2, ks), 


a,a2a3a4 


and Pee (kı, ko, k3, k4) with LDD = 2,1 and 0, respectively. Let us decompose 
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these vertex functions as follows 
Tenet? ey ke) = (1 — Ta) PS (hr, he) + TPS (ke, ka) 


ve (15.78) 
a (Ta — Tie *(k1, kə), 


pa Jarazas (ko, kə, k3) = (1 = TE Jarazas (jf ko, k3) -+ TIA Jarazas (o, kə, k3) 


H1H2H3 H1H2H3 11213 


+ (Ty — To) Aera (Ky, ko, k3), (15.79) 


H1243 
and 
Maa (hy ko, kg, ka) = (1— D E kis ko, ks, ka) 


ee (15.80) 
Tol raaa “(k1, ko, k3, ka), 


where T;, denotes the Taylor expansion around vanishing momenta up to nth or- 
der. By the Reisz theorem the first term appearing on the rhs of (15.78) to (15.80), 
vanishes in the continuum limit, since it has negative LDD and A is an irrelevant 
operator. The respective second terms in (15.78) and (15.79) vanish by gauge in- 
variance (cf. eqs. (15.76) and (15.77)). Hence we conclude that 


lim Dy ae ks, k2) = = lim (Tz — TP uu a k2), (15.81a) 
lim a eae Aa ko, k3) = = lim(T, — Tye eh ko, k3), (15.810) 
lim Piana (Ri, ka, ka, ka) = lim ToD Coe | (hi, Ko, ka, ka). (15.81¢) 


Hence the contributions (15.8la) to (15.81c) are of second, first and zeroth order 
in the gluon momenta, respectively. As we now show, the Ward identity allows us 
to calculate the limits from the corresponding Taylor terms of continuum one-loop- 
fermion diagrams involving two and one external gluon fields, with a y5 insertion. 
It then follows that the anomalous contribution is necessarily universal, i.e., it does 
not depend on the particular form of the irrelevant term in the lattice Ward identity. 

Consider first the rhs of (15.78). Applying the operation (T>—7;) to the (lattice 
regularized) axial vector Ward identity (15.70) with n = 2, and making use of 
(15.74), following from gauge invariance, we conclude that 


(Ty — TEE Ae S k2) = = —2m(Tə T pora (kı, kə). (15.82) 


5; H1 H2 
The expression appearing on the rhs has negative LDD; hence its continuum limit 


is given, according to the Reisz theorem, by applying the (T> — Tı) operation to 
the integrand of the corresponding continuum Feynman integral, i.e. the triangle 
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diagram. One then readily finds that (15.81a) is given by 


2 


: T aja g 
i e iko 0 a ania mop (Bia (Ka) p- (15.83) 
a0 An 


Consider next the rhs of (15.81b). Applying the (Tı — To) operation to the Ward 
identity (15.70) with n = 3, and making use of (15.77) (following again from gauge 
invariance) one obtains 

(Tı — Toe eee k2, k3) = —2m (Tı — Toe AT k2, k3). (15.84) 
Since the LDD of the rhs is negative, its continuum limit is given by applying 
the (Tı — To) operation to the integrand of the continuum box Feynman diagram, 


involving three vector vertices and a ys insertion. After some lengthy but straight 
forward calculation one finds that 


3 
aiaa iI 
lim T E (kı, kə, k3) = Ir mmia les (15.85) 


where q = kı + k2 + kz. Finally, consider (15.81c). Applying To to the Ward identity 
(15.70) we obtain 


lim AP kə, ks, k4) = —2m lim Tol a A kə, k3, k4). (15.86) 
Since the LDD of the vertex function on the rhs is again negative, the limit a > 0 


can be calculated by applying Tọ to the continuum pentagon graph involving a y5 
insertion. A simple calculation shows that (15.81c) is given by 


4 


lim pa Jarazasaa (k, kə, k3, k4) = 


a0 | HAH2H3 Ha 


Tr(TV4T? TT) + perm.], 
(15.87) 


=I 
Age. py po p3 ba 


where 7“ are the SU(3) generators in the fundamental representation. Notice that 
we have made constant use of the Ward Identity (15.70) which we know is true for 
arbitrary finite lattice spacing. 

The (continuum) correlation functions in coordinate space, corresponding to 
(15.83), (15.85) and (15.87), are obtained by performing the Fourier transformation 
(15.69), where the limits of integration now extend to infinity. The anomalous con- 
tribution is then given by (15.68) with © —> A, where the sum over the coordinates 
are replaced by integrals. Only the two and three gluon vertex functions actually 
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contribute to the anomaly, as can be shown by making use of the Jacobi identity. 
One then easily verifies that the anomalous contribution to the (euclidean) axial 


vector Ward identity takes the well-known form 


2 
g a a 
A(t) = -zaa Emap F pE) FNT), (15.882) 


where 
Fi (2) = 0,A7(z) — 0 An (1) — 9 fabcAy, (2) AS (x) (15.88b) 


is the non-abelian field strength tensor. 

We have seen above that the A-term in (15.67), although superficially linearly 
divergent in the continuum limit, is actually finite in this limit, and a 4’th order 
polynomial in gluon field. The other two terms in this gauge identity are also finite. 
The reason is, that the latter have LDD = 1 and 0 for n = 2 and n = 3, respectively, 
and negative LDD for n > 4. Gauge invariance and locality of the Dirac operator, as 
embodied in the statements (15.76) and (15.77), allows us to replace the n = 2 and 
n = 3 vertex functions by the corresponding Taylor subtracted forms with negative 
LDD. These possess a finite continuum limit. 

This completes our discussion of lattice perturbation theory. All analytic meth- 
ods discussed in the last five chapters have their own merits, but they cannot be 
used to calculate non-perturbative observables in continuum QCD. One is therefore 
forced to compute these observables numerically. In the following chapter we now 
introduce the reader to various numerical methods that have been proposed in the 
literature. 
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CHAPTER 16 


MONTE CARLO METHODS 


16.1 Introduction 


When one computes the expectation value of an observable in lattice QCD, 
one is faced with the problem of having to perform a tremendously large number of 
integrations. Thus suppose we want to compute the following ensemble average 


_ J DUO jeSUI 
~ f DUe SUI 


(O) (16.1) 
where S[U] is a real functional of the link variables bounded from below. Using a 104 
space-time lattice, the number of link variables is approximately 4 x 104. For the case 
of SU (3), each of these link variables is a function of 8 real parameters; hence there 
are 320000 integrations to be done. Using a mesh of only 10 points per integration, 
it follows that the multiple integral will be approximated by a sum of 10820000 terms. 
This example shows that we must use statistical methods to evaluate the ensemble 
average (16.1). In fact, since most of the link configurations will have an action which 
is very large, only a small fraction of them will make a significant contribution to 
the integral (16.1). Hence an efficient way of computing the ensemble average would 
consist in generating a sequence of link variable configurations with a probability 
distribution given by the Boltzmann factor exp(—S[U]). This is the technique of 
“importance sampling”. If the sequence generated constitutes a representative set 
of configurations, then the ensemble average (O) will be approximately given by the 


following sum 
(0) = Z XOU} (16.2) 


where {U}; (i = 1,..., N) denote the link configurations generated. 


For a few systems there is a simple method of generating field configurations 
on the lattice with the desired probability. This method is called the heat—bath 
algorithm. Let us demonstrate the basic idea of this algorithm by considering a 


one-dimensional integral 


y= | dxF(x) P(x) (16.3a) 
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where P(x) is a normalized probability distribution 


[ dxP(x) = 1. (16.3b) 


Making the change of variable 


y= | dzP(z), (16.4) 


(16.3) can be written in the form 


where 


Hence the variable (16.4) is now distributed uniformly in the interval [0,1], and we 
can generate for y a representative set of values with the help of a random number 
generator. The crux of the whole matter is, of course, that one must be able to 
evaluate analytically the integral (16.4) and to obtain z(y). 


In praxis the right-hand side of (16.3a) is replaced by a multiple integral over 
the degrees of freedom of the physical system of interest. In this case one usually ap- 
plies the above method to each variable in turn, holding all the others fixed; i.e., each 
variable is brought to equilibrium with a “heat bath reservoir”. For this reason it 
is called the “heat bath algorithm”. Unfortunately, the method can be applied only 
to a few systems of physical interest (for example, to the pure SU(2) gauge theory). 
We shall therefore not dwell on it any further, and proceed to a discussion of other 
algorithms which can be applied to general systems. But before we go into details, 
let us first explain what the general strategy will be to calculate the expectation 
value (16.1). We first need to construct an algorithm, that will generate a sequence 
of configurations which will eventually be distributed with the desired probability. 
Once the system has reached equilibrium we may use the thermalized configura- 
tions to measure our observable. In praxis the number of such configurations will 
be finite. But if the sequence generated by the algorithm constitutes a representa- 
tive set, then the ensemble average (16.1) will be given approximately by the sum 
(16.2). Furthermore, if the N measurements are statistically independent, then the 
error in the mean will be of order 1/ VN. In praxis, however, the configurations we 
generate sequentially are not all statistically independent. Hence when computing 
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the statistical error, one must make sure to select only configurations which are 
uncorrelated. 


Summarizing, the procedure for calculating the ensemble average (16.1) is the 
following: given a rule for generating a sequence of configurations, one first up- 
dates the configurations a sufficiently large number of times until thermalization 
is achieved. The number of steps required for thermalization will depend on 1) 
the algorithm used, 2) the observable one is studying, and 3) on the values of the 
bare parameters. Thus it becomes increasingly more difficult to generate a thermal- 
ized ensemble as one approaches the continuum limit, where, as we have seen in 
chapter 9, the theory must exhibit critical behaviour. Indeed, the number of steps 
required increases with a power of the correlation length. This is known as critical 
slowing down. A first check of whether the system has reached thermal equilibrium, 
consists in choosing different starting configurations for generating the sequence. 
In particular, we can start from a disordered (hot start) or an ordered (cold start) 
configuration. Once the system is thermalized, it must have lost all memory of the 
configuration we have started with, and expectation values of observables must ap- 
proach the same values independent of the starting configuration. Again for a finite 
set of configurations this will of course not be exactly true. But if the measurements 
of various observables for different runs agree within the estimated statistical er- 
rors, one has a good chance that the effects of the starting configuration have been 


eliminated. 


16.2 Construction Principles for Algorithms. Markov Chains 


In this section we will discuss some general principles for constructing algo- 
rithms which ensure that the sequence of configurations generated will constitute a 
representative ensemble which can be used to measure the observables. In particular, 
we shall be interested in the case where the above mentioned configurations are the 
elements of a Markov chain generated by a Markov process. So let us first discuss 
some elementary notions about Markov chains.* For simplicity we shall assume that 
the configurations can be labeled by a discrete index. If they are labeled by continu- 
ous variables then the summations will be replaced by integrals, with appropriately 
chosen measures, and the probability of occurrence of a given configuration must be 
replaced by a probability density. 


* For a more detailed discussion, the reader may confer the books by Hammersley 
and Handscomb (1975), Clarke and Disney (1985). 
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Markov Chains 


Let C1, C2,... denote a countable set of states of the system. For example, 
in a pure lattice gauge theory, C; (i = 1,2,...) would correspond to different link 
variable configurations on the lattice. Consider now a stochastic process in which 
a finite set of configurations is generated one after the other according to some 
transition probability P(C; — C;) = Pj; for going from configuration C; to C}. Let 
Cn, Ch... be the configurations generated sequentially in this way. Because of the 
probabilistic element built into this procedure, the state of the system at any given 
(simulation) time will be a random variable, whose distribution will depend only 
on the state preceding it, if the transition probability is independent of all states 
except for its immediate predecessor (i.e., if it does not involve any past history). 
This defines a Markov chain whose elements are the random variables mentioned 
above. Now given a set of configurations {C,,} generated by the Markov process and 
an observable O evaluated on this set of states, we can define a “time” average of 
O taken over N elements of the Markov chain by 


(Oy = | OC). (16.5) 


It is this quantity which we compute in praxis, and which we want to equal the en- 
semble average corresponding to a given Boltzmann distribution. With this in mind 
we shall therefore restrict the following discussion to so-called irreducible, aperiodic 
Markov chains whose states are positive, since there exist important theorems about 
such chains which are relevant for our problem. Let us first explain the terminology. 


i) A chain is called irreducible if, starting from an arbitrary configuration C;, 
there exists a finite probability of reaching any other configuration C} after a 
finite number of Markov steps. In other words there exists a finite N such that 


Pee Ps oP onl (16.6) 
{te} 

ii) A Markov chain is called aperiodic if pe # 0 for any N. 

iii) A state is called positive if its mean recurrence time is finite. If pe ) is the 
probability to get from C; to C; in n-steps of the Markov chain, without reaching 
this configuration at any intermediate step, then the mean recurrence time of 
C; is given by 


n=1 
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We now state some important results which hold for Markov chains satisfying 
i) to iii): 
Theorem 1 


If the chain is irreducible and the states are positive and aperiodic, then the limit 
N — o of (16.6) exists, and is unique; in particular one can show that* 


; (16.7) 
where {7,;} are numbers which satisfy the following equations: 


Sy = 1,4; > 0, (16.82) 
j 
i= > mPp (16.8) 


Let us interprete these results. First of all eq. (16.7) states that the limit N — oo 
of po is independent of the configuration used to start the Markov process. Fur- 
thermore, eq. (16.8) states that the set {7;} is left unchanged when we update these 
numbers with the transition probabilities {P,;}. But this, together with (16.8a), is 
just the condition that the system is in equilibrium, with 7; the probability of finding 
the configuration C;. 


Theorem 2 


If the chain is irreducible and its states are positive, and if 
T= Sn? py? < oO 
n=1 
then the time average (16.5) approaches the ensemble average 
(0) = X m0(Ci) (16.9) 


with a statistical uncertainty of order O( FR): 


The above theorems provide the basis for using a Markov process to calculate 
the ensemble average (16.1). We must now determine the transition probabilities 
that generate a Markov chain of configurations, which will eventually be distributed 
with a given probability. 


* See e.g., Hammersley and Handscomb (1975). 
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Since we shall be interested in the case where the configurations are labeled 
by a set of continuous variables we will drop from now on the discrete subscript on 
C; and use capital letters to denote an arbitrary configuration. Thus, for example 
(16.8b) and (16.9) will be replaced by* 


Pag(C) = S 7 Pag(C’)P(C’ > C), (16.10a) 
C! 

(0) = S Peg(C)O(C), (16.10) 
C 


where P.g(C) now denotes the probability density for finding the configuration C 
at equilibrium, and P(C — C”) is the transition probability density for going from 
C to C’. We will now show that for a Markov process to sample the distribution 
exp(—S(C)), it is sufficient to require that the transition probability (density) sat- 
isfies detailed balance: 


SOPO > C!) =e SO) P(C' + C) (16.11) 


for every pair C and C”. Notice that the transition probability P(C — C”) is not 
a function of the variables labeling the configurations C and C”, but stands for a 
rule which tells us how to select the next configuration in a Markov chain given the 
configuration immediately preceeding it. 


Consider the following probability density which we want to generate: 


eS(C) 
Making use of the normalization condition 
So P(C > C’) =1, (16.13) 
C! 


and assuming that P(C — C’) satisfies (16.11), we see that (16.10a) is also satis- 
fied. Hence if the conditions of Theorem 1 are satisfied, then (16.12) is the unique 
equilibrium distribution generated by the Markov process. In fact, it may be easily 
shown that the deviation from equilibrium decreases with each Markov step. The 
following proof is taken from Creutz (1983a). 


* Actually, the sums must also be replaced by integrals with an appropriate 
measure. But for the following discussion it is convenient to keep the summation 
sign. 
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Let Py (C) be the probability of finding the configuration C at the Nth step of 
a Markov chain. If Co is the configuration with which we start the Markov process, 
then Py(C) is given by* 


Py(C) = X P(Co > Ci) P(C, > C2)... P(Cn-1 > C), (16.14) 
{Ci} 


where each sum now runs over all possible configurations of the system. A useful 
quantity which measures the deviation of Py(C’) from equilibrium is 


on = X |Pu(C) — Pog(C)]. (16.15) 
C 


Consider the deviation oy+1. Since according to (16.14) the probability distribution 
at the (N + 1)th step of the Markov chain is given by 
Pra (C) = X Py(C)P(C’ > C) (16.16) 
Cc’ 


we find, upon substituting (16.16) into the expression for oy 41, and making use of 
the normalization condition (16.13), as well as detailed balance, eq. (16.11), that 


owes = D IJPP + C) ~ Pal) 
C G! 
=X |X (Pr (C')}P(C > C) = Poa(C)P(C > C’))| 
T (16.17a) 
= DL IPO P(C’) - Pal) P(C > O)| 
C Cc’ 
< OY lPw(C) - PalCVIP(C’ > C), 
C CC 


or 
ON+1 K ON. (16.170) 


Consider the equality sign. Then it follows from the last two lines in eq. (16.17a) 
that 


NOXO (Pw(C’) — Pog(C))P(C’  C)| = X |Py(C’) - Peg(C’)|P(C’ > C). 
C Cc C,C’ 


* For finite N,Py(C) will depend on the initial configuration Co. We have 
suppressed this dependence here. 
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But if for all C and C’ P(C > C") ¥ 0 (i.e., the Markov chain is aperiodic), 
then this equation can only be satisfied if Py(C) = P.,(C) for all C, since both 
Py(C) and P.g(C) are normalized distributions. We therefore conclude that the 
deviation oy decreases with each Markov step until we reach the desired equilibrium 
distribution (16.12). This does not mean, however, that for every configuration C, 
Py+i(C) is closer to P.g(C) than it was Py(C), as is evident from the definition 
(16.15). 


The requirement of detailed balance does not determine the transition proba- 
bility uniquely, and one can use this freedom to invent “efficient” algorithms adapted 
to the problem one is studying. In the following section we will give an example of 
an algorithm which is quite effective for studying systems whose action is a local 
function of the configuration space variables. 


16.3 The Metropolis Method 


This method was originally proposed by Metropolis et al. (1953) and is in 
principle applicable to any system. Let us first state the rule for generating the 
configurations in a sequence, and then prove that it satisfies detailed balance. 


The rule: Let C be any configuration which is to be updated. We then suggest 
a new configuration C” with a transition probability P(C — C”) which only satisfies 


the following microreversibility requirement: 


As an example consider the pure U(1) gauge theory. A particular configuration Č is 
then specified by the values of the link variables U,,(n) = exp(76,,(n)) for w= 1,...,4 
and for all lattice sites n. We can then suggest a new configuration by just choosing 
one of these link variables, and multiplying it by exp(zv), where x is a random num- 
ber between —r and 7.* Then (16.18) is clearly satisfied. Having suggested a config- 
uration C’, we now must decide whether it should be accepted. Clearly the answer 
must depend on the actions S(C) and S(C’), if the transition probability P(C — C”) 
is to satisfy (16.11). The decision is made as follows: If exp(—S(C’)) > exp(—S(C)), 
i.e., if the action has been lowered, then the configuration C” is accepted. On the 
other hand, if the action has increased, one accepts the trial configuration only 


* Of course we can also suggest a new configuration which differs from the previous 
one in several link variables. But the usual procedure consists in updating only one 
variable at a time, sweeping through the lattice systematically, or choosing the 
variables in a more or less random way. 
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with probability exp(—$(C"))/exp(—S(C)). To this effect one generates a random 
number R in the interval [0,1] and takes C” as the new configuration if 


e- SC") 


Otherwise C’ is rejected, and we keep the old configuration. Notice that it is this 
conditional acceptance which allows the system to increase its action. Thus while 
the classical configurations correspond to minima of the action, the quantum system 
is allowed to move away from the classical configuration. In this way the algorithm 
builds in the quantum fluctuations. 


We now show that this algorithm satisfies detailed balance. Making use of the 
fact that the probability for the transition C — C” is the product of the proba- 
bility P(C — C") for suggesting C’ as the new configuration and the probability 
of accepting it, we see that the Metropolis algorithm for P(C — C’) implies the 
following statements: 


If exp(—S(C’)) > exp(—S(C)), then 
P(C > C’) = R(C > C”), 


and 
eS) 


Since P(C > C) = Po(C — C'), we see that (16.11) is satisfied. On the other 
hand: 

If exp(—S(C’)) < exp(—S(C)), then 
e790") 


P(C => C) = R(C => C’) EO 


and 
P(C => C) = R(C > C), 


and detailed balance holds again. 


As we have already mentioned, this algorithm is used in general to update a 
single variable at a time. The reader may ask, why not change all lattice variables 
at once? The reason is that such an updating procedure would involve in general 
large changes in the action. Hence the acceptance rate for those configurations where 
the action has increased, will be very small, and the system will move only slowly 
through configuration space. But the algorithm also becomes very slow for single 
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variable updating, if the action depends non-locally on the coordinates, since in this 
case the ratio exp(—S(C"))/ exp(—S(C)) will no longer be determined by the nearest 
neighbour interactions. This is the problem we shall be confronted with when taking 
fermions into account. Hence we shall need more efficient algorithms to handle such 
situations, and which allow one to update the entire lattice at once. In the following 
sections we will discuss some of the new algorithms which have been proposed in the 
literature. They are arranged in chronological order, so that the reader can see how 
these algorithms have improved in the past years, leading up to the so-called hybrid 
Monte Carlo algorithm which is free of systematic errors, and suited for handling 
systems described by a non-local action. 


16.4 The Langevin Algorithm 


The Langevin algorithm has been originally introduced by Parisi and Wu 
(1981), and was proposed as an updating method in numerical simulations in full 
QCD by Fukugita and Ukawa (1985) and Batrouni et al. (1985). In the following we 
discuss this algorithm for a bosonic system consisting of a finite number of degrees 
of freedom. Our presentation is based on the lectures of Toussaint (1988) and Negele 
(1988). 

Let qi (i = 1,..., N) denote the coordinates of a system with action S|q]. In 
a pure gauge theory these are the link variables on the space-time lattice. We want 
to obtain a rule for updating these coordinates in a numerical simulation which 
satisfies the requirements of ergodicity and detailed balance. So let us think of these 
coordinates as depending on a new time variable r which, when discretized, labels 
the elements of a Markov chain. Consider the following difference equation relating 
the variables at “time” T,41 = (n + 1)ez to those at Tn = nez:* 


aTa) = arn) + er (= ga + Ct). (16.19) 


Here {7;(7)} is a set of independent Gaussian distributed random variables which 
probability distribution given by 


P({ni(Tn)} -II żal xp|- (Tn) j . (16.20) 


In the limit €z — 0, eq. (16.19) becomes the Langevin equation: 


dqi = oS lq] 
dT Ogi 


+ ni (T). (16.21) 


* €z is called the Langevin time step for reasons that will become clear below. 
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Since the width of the distribution (16.20) is of order 1/,/ez, the Gaussian noise 
term in (16.19) is actually of order \/er. We can make this explicit by introducing 
the new random variable 7);(™) = (,/€z/2)ni(™). Then (16.19) take the form 


tlt) = alm) = Cee) 5 te + VIET), (16.22) 


where {7;(7,)} are now random variables distributed according to 


P(@(t»)) = (I 7) ani (16.23) 


with variance 


(7i(Tn) ij (Tm)) = 0:;Onm- 


This form of the difference equation will be useful when discussing the hybrid molec- 
ular dynamics algorithm later on. 


Consider eq. (16.22).* It states that the probability for making the transition 
from q; at “time” T, to q; at “time” 7,4, is the probability for 7; (i = 1,2,...) to 
equal y2ez4 a +(q;—4:)/V/2e,. Hence we conclude that the transition probability 
P(q > q') is given by 


Pia») = soe} 40 a svare] i (16.24) 


where No is a normalization constant. We now claim that in the limit ez — 0 this 
transition probability satisfies detailed balance, i.e., that 
e*@P(q r= a (16.25) 
Indeed, since q’ — q is of O(vVe,), it follows from (16.24) that 
PQ). -d\lal-0i)8/00 
P(g > q) «70 
—»+ e S@)-S@)] 
eL >00 
We therefore conclude that in the limit ez — 0 the transition amplitude (16.24) sat- 
isfies (16.25). For finite Langevin time steps, however, this algorithm leads to system- 
atic errors which need to be controled. In praxis this means that the data obtained 


* The following argument is based on the lectures by Negele (1988). 
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using this algorithm must be extrapolated to ez — 0. Hence one is forced to generate 
configurations for different Langevin time steps. This is very time-consuming. On 
the other hand it is a simple algorithm which can be used to update all variables at 
once without having to worry about acceptance rates, since it does not involve any 
Metropolis acceptance test. The Langevin algorithm is therefore useful for treating 
systems with a non-local action, like QCD with dynamical fermions. 


This concludes our discussion of the Langevin algorithm which, like the Metro- 
polis method, is applicable to arbitrary systems. Its main drawback is the systematic 
error which is introduced by the finite Langevin-time step, €z, which in praxis one 
would like to choose as large as possible to ensure that the system covers much of the 
configuration space in a reasonable number of updating steps. A lot of effort has been 
invested in the past few years to invent new algorithms which are more effective and 
less subject to systematic errors. Most of these algorithms are modifications of the 
so-called molecular dynamics (or microcanonical) method of Callaway and Rahman 
(1982 and 1983). So let us first discuss this method.* 


16.5 The Molecular Dynamics Method 


The basic idea of the molecular dynamics method is that the euclidean path 
integral associated with a quantum theory can be written in the form of a parti- 
tion function for a classical statistical mechanical system in four spatial dimensions 
with a canonical Hamiltonian that governs the dynamics in a new “time” vari- 
able (the simulation time). Invoking ergodicity, and making use of the fact that 
in the thermodynamic limit the canonical ensemble average can be obtained from 
the microcanonical ensemble average, computed at an energy determined by the 
parameters of the system,** one can calculate the expectation values of observables 
as time averages over “classical” trajectories. Hence, in the molecular dynamics ap- 
proach, configurations are generated in a deterministic way, and the complexity of 
the motion in four space dimensions gives rise to the quantum fluctuations in the 
original theory of interest. 

We now give the details. To keep the discussion as elementary as possible, we 
will consider a scalar field theory, with an action S|¢; 3] depending on the scalar field 
@ and on some parameter 8 (e.g., a coupling constant).*** Consider the expectation 


* The microcanonical ensemble approach was also proposed by Creutz (1983b). 
** In conventional statistical mechanics this energy would be fixed by the tem- 


perature of the system. 
** See Callaway and Rahman (1982) and (1983). 
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value of an observable 
= z | psow, (16.26a) 
where 
= i Doe A, (16.260) 


We assume that we have introduced a space-time lattice to define the integral 
(16.26). Hence the degrees of freedom of the system will be labeled by the coordi- 
nates of the lattice sites which we denote collectively by “i”. Although the integral 
(16.26) resembles that encountered in statistical mechanics, Z is not the partition 
function of a classical Hamiltonian system. But one can cast it into such a form by 
introducing a set of canonically conjugate momenta 7;. Thus (16.26) can also be 


written in the form 


1 
O)=% | D¢DrO|gle 24, (16.274) 
where 
H(¢,7; 6] = a “7? + Sfo (16.27b) 
Z= j DeDre FO, (16.27¢) 


and the integration measure is defined as usual: 


DoDr = | | déidn;. 


Clearly (16.27) coincides with the expression (16.26), since O does not depend on 
the momenta. Hence, as advertised above, the quantum theory in four-dimensional 
euclidean space-time resembles to a classical canonical ensemble in four spatial di- 
mensions in contact with a heat reservoir. Notice that (16.27) is not to be confused 
with the usual phase space representation of the path integral (16.26), whose struc- 
ture is completely different, and involves the Hamiltonian of the system in three 


space dimensions. 


Having formulated our problem in terms of a classical statistical mechanical 
system, we can now make use of known results to calculate the expectation value 
(16.26a). In particular it is well known in statistical mechanics that in the thermody- 
namic limit (where the number of degrees of freedom become infinite), the canonical 
ensemble average can be replaced by the microcanonical ensemble average evaluated 
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on an “energy” surface, which is determined by the parameters of the system. We 
have put “energy” into quotation marks to emphasize that, in the present case, it 
is the energy of a statistical mechanical system in four spatial dimensions. Hence, 
according to (16.27b), the action of the quantum mechanical system is allowed to 
fluctuate! This is the way how quantum fluctuations are taken into account. Let us 
recall how one arrives at this result. At the same time, this will give us the con- 
nection between the parameter @ and the “energy” at which the microcanonical 
ensemble average is to be calculated. 


Consider the expectation value (16.27). It can be written in the form 
f DoDrO[d] f dE5(A[d, x; 6] — Si 
J DeDn f dEô(H[¢$, r; 6] - Eje” ’ 


where we have introduced the subscript “can” to emphasize that we are calculating 


(O)can(8) = (16.28) 


a canonical ensemble average. This quantity depends on 8. 


On the other hand, the microcanonical ensemble average (O) mic, evaluated for 
a given 3 on the energy surface H = E, is given by 


(O)mie(E, B) = J DéDnO(9|5(H[6, 7; 6] — E), (16.292) 


ZED 


where 
Zmic( E 6) = | Dens H|¢,7; 6] — E) (16.29b) 


is the phase space volume at energy E. We now want to establish a connection be- 
tween the two ensemble averages in the thermodynamic limit. Define the “entropy” 


of the system by 

s(E, 8) = InZnic(E, 8). (16.30) 
Introducing the definitions (16.29) and (16.30) into (16.28), one finds that this ex- 
pression can be written in the form 


J dE(O\ mic(E, Be E780) 


(O)can(8) = J dEe~@-EH) (16.31) 


Now comes the standard argument: when the number of degrees of freedom of the 
system becomes very large, the exponentials appearing in the integrands of (16.31) 
are strongly peaked about an energy E given implicitly by the equation 


(Se) ee 1. (16.32) 
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Hence in the thermodynamic limit we are led to the connection 


(O) canl b) = [(O) mic] 2-26) (16.33) 


where 8 and E are related by (16.32). This relation is, however, not a useful one 
for doing numerical calculations. A more adequate expression can be obtained by 
making use of the equipartition theorem, which tells that the following equation 


OE: ase. 
“On; /,, 08/0E 


Inserting for H the expression (16.27b) and making use of (16.32), one finds that 


N 


[ (Tin) mic] p28) = 9? (16.34) 


holds for each momentum 77: 


where Tkn = >_,77/2 is the kinetic energy, and N is the number of degrees of 
freedom of the system. We have hence succeeded in rewriting (16.32) in terms of a 
microcanonical ensemble average. But we are still left with the problem that given 
G, E is only implicitly determined by (16.34). Fortunately this does not turn out to 
be a major stumbling block; E can be adjusted to any prescribed value of 3 by the 
heating/cooling procedure described by Callaway and Rhaman (1983). 


A more familiar form of eq. (16.34) is obtained when the dependence of the 
action on the parameter 8 is multiplicative, i.e., if* 


Sio, 6] = BV [ġ]. 
In this case the expectation value (16.26) can be written as follows 
(0) == | DeDnofoler*or, 
where 


Hjo, 7] = D +V[¢, 


and 


Z= f DoDre f”, 


* This is the case in gauge theories within the pure gauge field sector, where the 
action is of the form S = 8V |U]. 
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By following the arguments presented above, one arrives at the following connection 


between the canonical and microcanonical ensemble averages 


(O) can(B) = (O) mic(E), 


where 1 


(OPmie(E) = ZT f DéDxO[¢|5(H[¢,7] — E), 


Znie(E) = | DoDr6(H(d, 7] — E), 


and £8 is related to E by 
5 T (Tan)miel E). 
This is the familiar form of the equipartition theorem with 8 playing the role of the 
inverse temperature. 
With these remarks let us return to expression (16.33), and rewrite the right- 
hand side in a convenient form for numerical calculations. Assuming that the motion 


generated by the Hamiltonian (16.27b) is ergodic, we can use the Hamilton equations 


of motion 
Qi = EA, (16.352) 
On; 
__ _OH|¢,7] 
Ti = Spp (16.350) 


to generate a representative ensemble of phase-space configurations with constant 
energy. Since the observables, whose expectation value we want to calculate, only 
depend on the coordinates, the microcanonical ensemble average can then be re- 
placed by a time average over ¢(7). We are therefore led to the following chain of 
equations valid for ergodic systems in the thermodynamic limit, 


scald We 
(ean) yxy, UOmiel ees) cot Him ze ff Oda, 
(16.36) 
where the trajectory {¢;(7)} is a solution to 
doi ast) 
a (16.37) 


subject to the initial conditions that it carries energy E.* 


* Because the motion is assumed to be ergodic, one can use any starting configu- 
ration with this energy to integrate (16.37). 
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Notice the difference in the structure of (16.37) and the Langevin equation 
(16.21). While (16.37) is a deterministic set of coupled second order differential 
equations, the Langevin equation is of first order an involves a stochastic variable. 
It is instructive to compare the two equations when the times are discretized.* 
In the Langevin scheme the corresponding difference equations are given by (16.22). 
Consider the naive discretization of (16.37). Using the symmetric version for the 
discretized second derivative, $;(Tm) = [¢i(Tr41) + ¢i(Tr-1) — 26:(Tn)|/(AT)?, we find 
that 


21 stg) 


bi(Tn4+1) = Gi(Tn) — € 2 O0i(Tn) 


+ €T;(Tn), (16.382) 
where € = AT = Tn41 — Tp is the microcanonical time step, and 


1 
TilTn) = ze Tna) — QilTn-1))- (16.38b) 
Notice the striking similiarity between (16.38a) and (16.22)! The discretized version 
of the Langevin equation is obtained from (16.38a) by promoting the momenta 7; 
to random variables distributed according to (16.23), and identifying ez with e?/2.** 


In practical calculations, one integrates the Hamilton equations of motion 
(16.35) using the so called “leapfrog” method (see section 6). Let us compare the 
“distances” travelled in configuration space for the above-mentioned algorithms for 
€ = €*/2. In the molecular dynamics case the distance covered after n steps is of 
O(ne), while in the Langevin approach it is only O(,/ne), because of its stochastic 
nature. Hence the classical algorithm moves the system faster through configuration 
space. But for this algorithm to be valid, a number of conditions had to be satisfied. 
For one thing, eq. (16.33) only holds for systems with an infinite number of degrees 
of freedom. This is clearly not the case in practical calculations where one is dealing 
with rather small lattices. Furthermore, the last step in the chain (16.36) requires 
the motion to be ergodic. But, in contrast to the Langevin approach, ergodicity 
is not explicitly built into the molecular dynamics algorithm. This suggests that 
one should look for a new algorithm which combines the good features of the two 
methods. 


* See e.g., Toussaint (1988). 
** The fact that the Langevin time step is the square of the microcanonical time 


step is not surprising, since the Langevin equation is of first order, while (16.37) 
involves the second time derivative. 
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16.6 The Hybrid Algorithm 


A possible way of combining the stochastic Langevin approach and the micro- 
canonical simulation into a new algorithm which takes into account ergodicity was 
proposed by Duane (1985). This so-called hybrid algorithm is suggested by consid- 
ering the molecular dynamics algorithm in the form (16.38a), which — as we have 
pointed out before — becomes the discretized Langevin equation with time step 
€r = €? /2, if the momenta {r;} are replaced by random variables with probability 
density 


2 


P({x;}) = (11 zn] eT Liat (16.39) 


Notice that this is precisely the distribution of the momenta appearing in (16.27a)! 
In fact, if the motion generated by the Hamiltonian (16.27b) is ergodic, then the 
momenta would be eventually distributed according to (16.39). 


This suggests that instead of integrating the Hamilton equations of motion 
(16.35) along a single trajectory with given energy Æ, we interrupt this integra- 
tion process once in a while and choose a new set of momenta with a probability 
density given by (16.39). This corresponds to performing a Langevin step, which if 
repeated many times builds in the ergodicity we want. At the same time one takes 
advantage of the fact that because of the molecular dynamics steps the system will 
move faster through configuration space than in the Langevin approach. Hence the 
hybrid algorithm contains a new parameter: the frequency with which momenta 
are refreshed. This parameter can be tuned to give the best results. In fact Duane 
and Kogut (1986) have suggested that at each step of the updating procedure a 
random choice is made between a molecular dynamics update with probability a 
(which corresponds to relating the momenta in (16.38a) to ¢@ according to (16.38b)) 
and a Langevin update with probability 1 — a (which corresponds to replacing {7;} 
by Gaussian distributed random numbers). If œ is close to one, then the system 
will move almost as fast through configuration space as in the molecular dynamics 
case, but ergodicity may not be fully realized. On the other hand if a is close to 
zero, ergodicity is ensured, but the system will move slower through configuration 
space. The optimal choice for a will lie between these two extremes, and has to be 


determined numerically. 


After these qualitative remarks, we now demonstrate how this algorithm is 
implemented in praxis. For simplicity we shall again study the case of a scalar field 
theory. 
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Consider the equations of motion in their Hamiltonian form (16.35). We want 
to discretize them in the time with time step e. To this effect let us expand ¢;(7 +€) 
and 7;(7 + €) in a Taylor series up to order €?: 


bi(t + €) = O(7) + €di(7) 5 di(T) + Ole), (16.40) 
Tilt +€) = T;(T) + ex; (7) 5 ñil) + O(€). 


But from the Hamilton equations of motion we have that ¢; = 7;(r), and ¢;(r) = 


TilT) = —0S/0¢,(T), so that 


m,(T). (16.41) 


In leading order the -~ side of (16.41) is given by 


1 Os Os 
DOTO] SG BO (ae Sa) PEGI 


Introducing the above expressions into (16.40) we find after some rearrangements 
that 


bilr +6) = or) e(a) - EE) + 00), 


€e OSs € OS OS 3 
(=e R se) L Go 7 sano) Se N 
(16.42) 


But the quantities appearing within brackets are the momenta evaluated at the 
midpoint of the time intervals; hence up to O(e?), eqs. (16.42) are equivalent to the 
following pair 


PilT + €) = bi(7) + em (7 + €/2), (16.434) 


3 € Os 
Ti (- + se) = (7 =) — ENG a) (16.430) 


which, when iterated, amounts to integrating the Hamilton equations of motion 


(16.35) according to the so-called leapfrog scheme: while the coordinates are evalu- 
ated at times Tn = ne, momenta (i.e., derivatives of ġ;) are calculated at the midpoint 
of the time intervals. 


In the hybrid algorithm the momenta are refreshed at the beginning of every 
molecular dynamics chain. Suppose we want to start the leapfrog integration at 
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time 7. Let {¢;(7)} be the coordinates at this time; then the momenta {7;(7)} are 
chosen from a Gaussian ensemble as described before. But to begin the iteration pro- 
cess (16.43), we need to know 7;(7 + €/2). We calculate this quantity by performing 
a half-time step as follows 


_ € OS[o] 
2 0¢;(T) 


which means that we are making an error of O(e?). But this error is made only once 


TilT + €/2) = 1;(7) + O(e’), (16.44) 


for each molecular dynamics trajectory generated, whose accumulated error after 
1/e steps is also of order €?. Hence measurements of the observables will be correct 
up to this order. 


Before we summarize the steps required for updating the configurations {¢;} 
according to the hybrid algorithm, let us rewrite eqs. (16.43) and (16.44) in a way 
appropriate for numerical calculations. Denoting by {¢;(n)} and {7;(n)} the mo- 
menta at time step ne, and by {7;(n)} the momenta at time (n+ 1/2)e, eqs. (16.43) 
and (16.44) take the following form: 


di(n + 1) = O(n) + em; (n), (16.454) 
aCe A wan s T (16.456) 

where 
iln) = m(n) — 5 E = 2 (16.45€) 


In a lattice formulation, all quantities appearing in (16.45) will be dimensionless. 
The hybrid algorithm is then implemented by the following steps: 


i) Choose the coordinate {¢;} in some arbitrary way. 


ii) Choose a set of momenta {7;} from the Gaussian ensemble (16.39). 


iii) Perform the half step (16.45c) to start the integration process. 


1V 


Sy a NS I 


Iterate eqs. (16.45a,b) for several time steps, and store the configurations gen- 
erated in this way. 
v) Go back to ii) and repeat the steps ii) to iv). 


As has been shown by Duane and Kogut (1986), this algorithm generates 
a sequence of configurations {¢;} which are eventually distributed according to 
exp(—S|@)). 

Suppose now that instead of refreshing the momenta only once in a while we 
refresh them at each time step. In this case eq. (16.45b) plays no longer any role in 
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generating the coordinates {¢;}, which are now updated according to 


_ 2 asi) 
2 0¢;(n) 


bi(n + 1) = di(n) + eni(n), 


where {7;(n)}are independent Gaussian distributed random numbers. But this is 
nothing but the Langevin equation with time step €?/2. Hence the hybrid method 
differs only from the Langevin approach if the number of molecular dynamics steps 
is larger than one. 


This concludes our general discussion of the hybrid algorithm. For more details 
the reader may confer to the lectures by Toussaint (1988). 


16.7 The Hybrid Monte Carlo Algorithm 


Although the hybrid algorithm is certainly an improvement over the previous 
two we have discussed, there remains the problem of having to control the systematic 
error introduced by the finite time step. In fact, of all the algorithms discussed so far, 
only the Metropolis method was free of systematic errors. But as we have already 
mentioned, this algorithm becomes very slow when updating configurations with an 
action depending non-locally on the fields. On the other hand, the hybrid algorithm 
allows one to update all variables at once, and hence is better suited for studying 
systems with a non-local action (as is the case for QCD when fermions are included). 
This suggests that one should try to eliminate the systematic error in the hybrid 
algorithm by combining it with a Metropolis acceptance test. 


Originally, this idea was proposed by Scalettar, Scalapino, and Sugar (1986) in 
connection with the Langevin approach, and later applied to full QCD by Gottlieb 
et al. (1987a). Subsequently Duane, Kennedy, Pendleton, and Roweth (1987) sug- 
gested a similar modification of the hybrid algorithm. This modification consists 
in introducing a Metropolis acceptance test between step iv) and v) of the hybrid 
method discussed in the previous section. In other words, the phase space config- 
urations generated at the end of each molecular dynamics chain, are used as trial 
configurations in a Metropolis test with the Hamiltonian (16.27b), which plays the 
role of the action in our discussion in section 16.3. For this reason this algorithm 
is called the hybrid Monte Carlo algorithm. We now state the rules for updating 
the configurations {¢@;} and then show that they generate a Markov chain satisfying 
detailed balance: 


i) Choose the coordinates {¢;} in some arbitrary way. 
ii) Choose the momenta {7;} from the Gaussian ensemble (16.39). 
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iii) Calculate 7 according to (16.45c). 


£ / 


iv) Iterate eqs. (16.45a,b) for some number of time steps. Let {¢/, 7} be the last 
configuration generated in the molecular dynamics chain, where r; is obtained 
from 7; according to (16.45c). 


v) Accept {$/, 7/} as the new configuration with probability 


p = min{1, e797 je“ Hb} 


where H is the Hamiltonian (16.27b).* 


vi) If the configuration {¢;, m;} is not accepted, keep the old configuration {¢;, mi}, 
and repeat the steps starting from (ii). Otherwise use the coordinates {¢/} to 


generate a new configuration beginning with the second step. 


Notice that if the Hamiltonian equations of motion could be integrated exactly, 
then H would be constant along a molecular dynamics trajectory and the config- 
uration would always be accepted by the Metropolis test. But for finite €, 6H 4 0 
and the Metropolis test eliminates the systematic error introduced by the finite 
time step. Indeed, as has been shown by Duane et al. (1987), this algorithm leads 
to a transition probability P(@ — ¢’) which satisfies the detailed balance equation 
(16.11) for an arbitrary time step €. Since the proof is rather simple, we will present 
it here. 


Let {¢;} be the coordinates at the beginning of a molecular dynamics chain. 
Consider in turn the various steps required for updating this configuration according 
to the hybrid algorithm. 


Step 1 


Choose a set of momenta {7;} from a Gaussian ensemble with mean zero and 
unit variance. The corresponding probability density is given by 


Po(m) = Me =™, (16.46) 


where No is a normalization constant. 


Step 2 


Let the phase space configuration** (¢,7) evolve deterministically for N time 
steps according to (16.45), including the half-time steps at the beginning and the 


* We have suppressed here the dependence of H on the paramter /. 
** For simplicity we suppress the subscript “i” on ġ; and 7;. 
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end of the molecular dynamics chain. Denote the configuration generated in this way 
by (6%), 7). Here 6) and +? are functions of the starting configuration (¢, 7). 
But because (16.37) involves the second time derivative, the motion from ¢ => ¢®? 
can be reversed by changing the sign of all momenta in the initial and final phase- 
space configurations. Hence the probability for the transition (¢,7) — (¢', 2’) is the 
same as that for going from (¢’, —1’) to (¢, =r): i.e., 


Pu((,) > (9, T)) = Pulle, =r) > (6, -7)). (16.47) 


The subscript “M” stands for “molecular dynamics”. Actually, since the system 
evolves deterministically, the state (¢’,7’) generated by the molecular dynamics 
chain will occur with unit probability. Hence, Pm is a 6-function, ensuring that 
(¢', T’) evolved from (¢, 7). 


Step 3 
Accept the configuration (¢’, n’) with probability 
Pallo, 7) > (¢',7')) = min(1, eo 2) fe“ Fle), (16.48) 


By taking the product of the probability densities for these three steps, and inte- 
grating over the momenta, we obtain the transition probability density P(¢ > ¢’): 


P(@>¢)= ji Dr Dr'Pe(m)Pau((, T) > (6,0) PACo, 7) > (9, T). 
(16.49) 


Consider next the product e~*'%) P(@ — ¢') corresponding to the left-hand side 
of eq. (16.11). Introducing the expression (16.46) into (16.49), this product can be 


written in the form 
e*OP(6 > 4’) = i Dr Dr'e "En Puy((b, r) > ("0") Pa((b,7) > (HT). 
(16.50) 
But from the definition (16.48) it follows that 
HA PACo, n) > (Ø, 1) = HPA") > (Gm), (16.51) 


which is the statement of detailed balance in phase space for the Metropolis accep- 
tance test. Inserting this expression into (16.50), and making use of (16.47) and of 
the fact that H[ġ, n] = H|¢, —7], one finds that 


e 5) P(e > g) =e SH) | Pade Pala!) Pulen’) = (¢,7)) 


x Pa((d', T) > (6,77))] = OPE > 9). 
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This is the relation we wanted to prove. The hybrid MC algorithm therefore 
generates a Markov chain of configurations {¢@;} distributed eventually according 


to exp(—S|d}). 


Since according to this algorithm entire field configurations are updated at once, 
one may wonder whether one is not running into the same “acceptance” problems 
mentioned in section 4. This could indeed be the case if € is not chosen sufficiently 
small and/or the number of molecular dynamics steps is too large. Then the ac- 
ceptance probability (16.48) will in general be small, and the algorithm will move 
the system only slowly through configuration space. Fortunately, numerical “experi- 
ments” show that even for small €, of the order of the time step needed in the hybrid 
algorithm for extrapolating the data to €e > 0, the system moves at least as fast 
through configuration space as with the hybrid algorithm. But the great advantage 
of the hybrid Monte Carlo method is that it is free of systematic errors arising from 
the finite time step. Hence no extrapolation of the data is required, which for one 
thing would be time-consuming, and furthermore a source of errors. 


16.8 The Pseudofermion Method 


The algorithms we have discussed in the previous sections can only be used to 
calculate ensemble averages of functionals depending on c-number variables. They 
can therefore not be applied directly to systems involving Grassmann fields. For 
this reason, one must first integrate out the fermionic degrees of freedom before 
performing a Monte Carlo calculation in QED or QCD. As we have pointed out 
in chapter 12, this can always be done for any correlation function involving the 
product of an arbitrary number of fermion fields, since the action is quadratic in the 
Grassmann variables. In the following we will restrict our discussion to the case of 
Wilson fermions. Then the ensemble average of O[U, Y, 7] is given by 

_ J DUO) 5,675 


(0) = T DUe Sa” (16.52a) 


where 


_ J DEDYOU, p, Vesr UY" 
7 f DỌ Dye sk U4 


(O) sp (16.526) 


can be expressed in terms of Green functions calculated in a background field 
U = {U,,(n)}, and where 


See(U] = Sc[U] — 1n det K [U]. (16.53) 
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Here Sç is the action of the pure gauge theory, and K [U] is the matrix appearing 
in the fermionic contribution to the action. For the case of QCD with Ny flavours 
of mass-degenerate quarks, the matrix elements of K[{U] are given by 


Kasap mo U) = KnoampolU|5 47 5 (16.54a) 
where Knaa,mgolU] is defined implicitly by (6.25c), i.e 
Kraampo[U] = a + 4r)bnmdap5ab 
-3 5 ll — Y)op(Up(7))abon+a,m (16.546) 


eee ™))abOn—pim|- 


The index f(f’) in (16.54a) labels the flavour degrees of freedom, and n, a, a (m, 33, b) 
stand for the lattice site, and Dirac and colour degrees of freedom, respectively. 
Let us denote the latter triple by a single collective index i. Then the fermionic 
contribution to the action reads 


ee [U]6 ppb", 


where K;;[U] is flavour-independent. It therefore follows that 
det.K[U] = (det K[U])**. (16.55) 


An important property of the matrix K|U] is that its determinant is real, i.e., 
det K[U] = det K'[U], and that det K[U] > 0 for values of the hopping parameter 
k = 1/(8r + 2Mo) less than 1/8 (Seiler, 1982). We can therefore also write det K in 
the form 


det K[U] = ydet Q(U], (16.56a) 
where 
Q[U] = K'U]K[U] (16.56b) 


is now a positive, hermitean matrix. This will be important for the following 
discussion. It follows from (16.55) and (16.56a) that (16.52a) is given by the en- 
semble average of (O)s,., defined in (16.52b), calculated with the Boltzmann factor 
exp(— Sef), where 


SlU] = Sg[U] — as In det Q[U]. (16.57) 


* In chapter 6 we only considered the case of a single flavour. 
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Suppose now that we use the Metropolis algorithm to update the link-variable 
configurations. Then the Metropolis acceptance/rejection test requires us to cal- 
culate the difference Sog[U’] — Seg|U], where U denotes the original configuration 
to be updated, and U’ is the new suggested configuration. Hence we must calculate 
the ratio 


/ 

DOME \ = aot (16.58) 
Although Q[U] is a sparse (but large) matrix, since it is constructed from KA [U] 
which only couples nearest neighbours, the exact computation of p(U,U’) is too 
slow to be useful for updating link configurations on large lattices, and one must 
look for a faster method for computing (16.58). Clever suggestions in this direction 
were made in 1981 by Fucito, Marinary, Parisi and Rebbi (1981) and by Petcher 
and Weingarten (1981). 


The proposal of Fucito et al. was the following. Let dU denote the differ- 
ence between the suggested link-variable configuration and the old configuration, 
ie., ÔU = {6U,(n)}, where dU, = U/(n) — U,(n). The corresponding change in 
the matrix Q[U] we denote by 6Q: 6Q = Q[U'] — Q[U]. Then 

_ det(Q + 6Q) 


p(U,U') = E det(1 + Q-16Q). (16.59) 


For small matrices Q~'6Q, this expression can be linearized in Q: 
p(U, U) ~% 1+TrQ8Q. (16.60) 


This is a reasonable approximation if the link-variables are updated one by one, 
and if only small changes ôU are allowed. Now the computation of the trace is easy. 
But Q7! must be evaluated at each updating step. This is very time consuming. 
The usual procedure is therefore to use the same matrix Q7'[U] for an entire sweep 
through the lattice. This is consistent with the linearized approximation (16.60), but 
may lead to large systematic errors, since the errors introduced at each updating step 
can accumulate during a sweep. Even with this approximation the exact evaluation 
of Qt on the link-variable configurations generated after each sweep through the 
lattice is not feasable. But one may determine Q`! approximately by noting that 
its matrix elements are given by the following ensemble average 


1 P f De*Dé hiže- Diy Riej 
ij OO, = f DDoe DEO 


(16.61) 
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Here ¢ and ¢* are the so-called pseudofermionic (bosonic!) variables.* Because Q is 
a positive hermitean matrix, the exponential appearing in (16.61) can be interpreted 
as a Boltzmann factor. This is the reason why we have expressed det K[U] in the 
form (16.56a). 


According to (16.61), one can calculate the inverse matrix Q~' by a) generating 
a complex set of pseudofermionic variables with probability density exp(—¢*Q¢), 
b) measuring the products i$} on each configuration generated, and c) taking the 
ensemble average. Hence the main work consists in generating the configurations. 


At the same time when Fucito et al. made their proposal, Petcher and 
Weingarten (1981) made an alternative suggestion based on similar ideas. These 
authors made use of the fact that the determinant of Q is given by the following 
path integral expression over pseudofermionic variables 


det Q = a De Dem Eis g t, 


de <O- det Q-! 
As seen from (16.57), this is the relevant determinant for the case of two quark 
flavours. The corresponding partition function can therefore be written in the 


form 


Z= [ov det Q[U]e7 3e] (16.62) 


= / DU D¢* Doe 86 - Eis GG Wes 


This shows that to compute ensemble averages, one must generate configurations 
with a non-local action. Hence the effectiveness of this method depends on the 
efficiency of the algorithm for calculating the inverse of Q[U]. 


Following the work of Fucito et al., Scalapino and Sugar (1981) pointed out 
that in a local updating procedure, the computation of (16.58) is reduced to the 
evaluation of the determinant of a small matrix. This can be easily seen. Consider 
the logarithm of the ratio det K'/ det K = det K[U'|/ det K[U]: 


det K’ 


l 
2 det K 


= Trin(1 + Kt8K) 


Vas 


= ` = Tr(K-'6K)* 


N=1 


* To every fermion degree of freedom there corresponds a pair of complex (bosonic) 
variables. 
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Now 
Tr 6K)" = Tr{K IKK 76K... de t6K }. 


If only a single link-variable is changed in the updating procedure, then 6K has only 
non-vanishing matrix elements between two fixed nearest neighbour sites. Because 
of the trace we only need to know K~! in the subspace defined by ôK # 0. Let us 
denote this matrix by K-t. Then 
det(K + 6K) | 5 (=) 
det K = 

= TrIn(1 + K-'dK) 

= det(1 + K—15K). 
If the suggested configuration U + ôU is accepted by the Metropolis test, then the 
next updating step requires the knowledge of [K(U + 6U)|~' = (K +6K)7 in the 
appropriate new subspace. The inverse of the matrix K + ôK can be calculated as 


follows: 
1 
K+K; t= —_—__ kK"! 
oS ) 1+ K6K 
=) (-1)*(K7'6K)* kK"! 
N=0 
=K1~K"6KK'4+K'6KK IKK '+..., 
or 


(K +8K) t = K — KJK —6KK"5K +.. ]K. 


The matrix appearing within square brackets has only non-vanishing support in the 
subspace mentioned before. Define 


ÔM = 8K — SKK EK + KK IKK ISK +... 


Then 


(K +8K) t = K — KSMK, (16.63) 
and 
6M =6K(1—K-16K + K16KK—16K +...) 
= 5K(1+ KSK). 


Hence one never has to calculate directly determinants or inverses of large matrices. 
However, because after every change in a link variable the whole large inverse 
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matrix must be updated according to (16.63), this algorithm is too slow to be 
useful in Monte Carlo calculations, except when studying field theories in two 
space-time dimensions, or four-dimensional field theories on very small lattices. 
But it can serve to check the efficiency of other approximate algorithms, such as 
those mentioned above, and for checking the results obtained by other approximate 
methods. 


Finally, we want to mention an interesting modification of the algorithm of 
Fucito et al., proposed by Bhanot, Heller and Stamatescu (1983), which is not bur- 
dened with the systematic errors arising from the neglect of higher order corrections 
in dU. These authors suggested that one should compute the ratio (16.58) directly 


using the pseudofermionic method. Since 
1 x 
— = | DDoe Vis ® Qi U5 
det QUU] [ PeDe 


this ratio is given by the following expression 


Dd* Dohe- ®t 
E E E 
f Do* Doe? 5Q¢e-$¢'Q¢ 


where Q = Q' — Q, with Q’ = Q[U'|, Q = Q[U]. To simplify the expression we 
have used matrix notation. According to (16.64), p is given by the inverse of the 


(16.64) 


ensemble average of exp(—¢*dQ¢@), calculated with the Boltzmann factor exp(—Sg), 
where Sg = $'Q¢ is a local expression of the link variables: 


1 
P = (exp(—415Q4)) aq 


Alternatively, p is also given by 


p = (exp($45Q¢)) soy, (16.650) 


where Sg is the pseudofermion action for the suggested link-variable configuration 


(16.65a) 


U”. How does one recover the result of Fucito et al.? Consider the expression (16.65b). 


For small arguments of the exponential we can replace p by 


p ~ 1+ S°(6%b5)s95Qiy, 


tj 
or making use of (16.61) 
p21+TrQ‘6Q. 


This coincides with the approximation (16.60). 
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The advantages of the method of Bhanot et al. are that i) one is not limited 
to small changes in the link-variables; ii) the only errors introduced are statistical 
and iii) the accuracy of the method can be estimated by computing the ratio of the 
determinants either from (16.65a) or (16.65b). 


This is all we want to say about the pseudofermion method. For details of 
how this method is implemented in praxis the reader should confer the published 
literature. 


16.9 Application of the Hybrid Monte Carlo Algorithm 
to Systems with Fermions 


We conclude this chapter by giving an example of how the hybrid Monte Carlo 
(HMC) algorithm of Duane et al. (1987) is implemented in gauge theories with 
fermions. To keep the discussion simple, we will restrict ourselves to lattice QED 
with two flavours of mass-degenerate Wilson fermions. 


Before the HMC algorithm can applied to calculate a correlation function one 
must first write the path integral expressions in the form of an ensemble average over 
bosonic variables. This is done by proceeding in the way described in the previous 
section. The relevant partition function is given by (16.62), where Q is the positive 
hermitean matrix defined in (16.56b). 


The next step consists in rewriting the partition function as a path integral in 
phase space. To this effect one introduces the momenta 73,7; and P canonically 
conjugate to @;,¢; and A;, where A; is the angular variable parametrizing a link 
labeled by the collective index l.* The corresponding link variable we denote by Uj. 
Defining the “Hamiltonian” 


1 . 


where Sfp is the pseudofermionic action 


Spr = > HQ Ud;, (16.67) 


i,j 


* Į stands for the coordinates of the lattice site n and the direction yz labeling a 
particular link variable, and Up and A, are related by Up = exp(i Ae). 
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and Sg is the action of the pure U(1) gauge theory defined in (5.21), the partition 
function (16.62) can be written in phase space as follows 


Z= | DUDọD& DPDrDr*e =. 


Recall that the Hamilton equation of motion derived from (16.66) describe the dy- 
namics of a system in a new time 7, which is identified with the simulation time in 


a Monte Carlo calculation. These equations are given by 


oi(t) = T:(T), (16.682) 
ilr) = — 3 Qi Ull), (16.686) 

Aj(r) = P(r), (16.68¢) 
ð 

P(r) = a c PA en |, (r). (16.68d) 


Expressed in terms of the link variables, (16.68c) becomes 
U(r) = iPi(r)U(7). 


The derivative of Q7! appearing in (16-68d) can be written in a more convenient 
form by making use of the fact that Q is given by the product (16.56b), and that 
O(K-'K)/0A,; = 0((K™1K")/0A; = 0. One readily verifies that 

aQ 1 2g L 
OA, z =Q 5A,” 
Introducing this expression into (16.68d), we see that the equations (16.68) are 


equivalent to the following set: 


= Lil U]d;, (16.69a) 

bi = Mi, (16.690) 

= —hi, (16.69c) 

Ù, = iP,U, (16.69d) 
Sa „3Qü 


_OSe _ 16.69 
ðA 4 "Ba, tu 16-696) 


In principle these equations are to be used in the molecular dynamics part of the 
HMC algorithm (see section 7). But this is not what one does in practice, for there 
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exists a faster way of generating a set of configurations in the pseudofermionic and 
link variables. Thus consider the pseudofermionic action (16.67). The inverse of the 
matrix Q is given by the product K~1(A‘)~+. Hence this action can be written 
in the form Spr = >_>, €*&, where the vector € = (&1,&,...) is constructed from 
o = (1, ¢2,...) as follows 


€ = (KUT E 


Now one can easily generate configurations in these new variables which are dis- 
tributed according to exp(é'€). By calculating ¢ = KÝ[U]£, one then obtains, for 
fixed U = {U;}, an ensemble of configurations in the pseudofermionic variables dis- 
tributed according to exp(—¢'Q-!¢). Each of these configurations can be used as 
an background field in a molecular dynamics chain for the link variables. This is 
what one does in practice. Hence the implementation of the HMC algorithm goes 
as follows: 

i) Choose a starting link variable configuration. 
ii) Choose A, from a Gaussian ensemble with Boltzmann factor exp(—4 5; P?). 
iii) Choose £ to be a field of Gaussian noise. 

iv) Calculate 


$= KUNE. 


v) Allow the link variables and the canonical momenta P, to evolve deterministi- 
cally according to (16.69d,e), where n = Q~'[U]¢, with ¢ held fixed. 
vi) Accept the new configuation (A’, P’) generated by the molecular dynamics 


e- HIAGP | 
p= min 1, e-HIAP] 5 


where H is the Hamiltonian governing the dynamics of the link variables in 


chain with probability 


the presence of a background field ¢: 
HA, P] = z LPP + Sel + 1G, 
tJ 


vii) Store the new configuration generated, or the old configuration, as dictated by 
the Metropolis test. 
viii) Return to ii). 
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The step v) is realized using the leapfrog method, described in section 6. Thus 
(16.69e) is written in the form 


3 
COREE 
where the first half step is calculated as described in section 6. On the other hand 


the naive discretization of (16.69d) reads: 


U(r + €) = U(r) + ieP; (7 + =) U(r). 


Se wi at a | 
Tare DE Aae grt. 


Link variables updated in this way would, however, not be elements of the U(1) 
group. For this reason one discretizes (16.69d) as follows: 


U(r te) = PCD, (T), 
which for infinitesimal time steps is equivalent to the naive discretization. 


The Hybrid Monte Carlo algorithm is the best algorithm available at present 
for simulating dynamical fermions. It allows one to choose large time steps without 
introducing any systematic errors. This is guaranteed by the Metropolis test. Since 
in step v) the system is allowed to evolve according to the Hamilton equations of 
motion, the only change in H will be due to the finite time-step approximation. 
Hence most of the configurations generated will be accepted by the Metropolis test, 
if the time step is not too large. This means that the system is moving fast through 
configuration space. The algorithm is however rather slow, since it requires the 
computation of the vector 7 = Q~'[U]¢ in step v). Furthermore, it is not clear how 
to implement it for an odd number of quark flavours. 
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CHAPTER 17 


SOME RESULTS OF MONTE CARLO CALCULATIONS 


We begin this chapter with an apology. As the reader can imagine, there has 
been an enormous amount of activity within the computational sector of lattice 
gauge theories since their invention in 1974. Most of the pioneering work has been 
performed on small lattices. Since then many calculations have been improved by 
working on larger and finer lattices, and by developing new computational tech- 
niques. Clearly we cannot possibly do justice to all the different groups of physicists 
who have made important contributions to this field. What we intend to do, is to 
acquaint the reader with some of the questions that physicists have tried to get 
an answer to, and to present some lattice calculations which illustrate the results 
one has obtained, placing special emphasis on pioneering work. Thus any comments 
should always be seen in the light of the Monte Carlo data obtained at that time. 
For a critical analysis of the data we present the reader should consult the original 
articles we cite. References to other contributions can be found in the proceedings 
to the numerous lattice conferences. 


17.1 The String Tension and the qq Potential in the SU(3) 
Gauge Theory 


The string tension was defined in chapter 8 as the coefficient o of the linearly 
rising part of the potential for large separations of a quark—antiquark pair. It is the 
force between a static quark and antiquark at infinite separation in the absence of 
pair production processes. In a numerical calculation this force can only be measured 
for relatively small qq-separations (in lattice units). Hence if the scale on which this 
force is seen in nature is determined by the size of hadronic matter then one must 
choose the lattice to be sufficiently coarse (i.e., the coupling go sufficiently large) 
for the hadron, represented by the qq system, to fit on it. But if the lattice is made 
too coarse, one cannot expect to extract continuum physics, and the dimensionless 
string tension oa? will not exhibit the behaviour predicted by the renormalization 
group. Thus one is faced in practice with a precarious situation: if one chooses too 
small a lattice spacing (or coupling constant), then one cannot expect to see the 
asymptotic form of the force on a lattice of small extent. On the other hand, if the 


lattice spacing is too large, then one cannot expect to see continuum physics. Thus 
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at best one can hope to measure the physical string tension in a narrow range of 
the coupling constant. This is the so-called “scaling window”. 


Let us now see how things look in practice. To this effect recall first of all that 
the static gqg-potential in lattice units can in principle be determined by calculating 
the following limit: 


where W(R, Î ) is the expectation value of the Wilson loop with spatial and temporal 
extension R and Î, respectively. Since this expectation value is determined in general 
from a MC calculation where neither R nor T are very large, V(R) is not expected 
to be of the form (8.17a). In fact, already the self-energy contributions to ln W(R, T) 
will be proportional to the perimeter R + Î, and will compete with the area term 
oRT, for finite T and R. Effects arising from terms proportional to the perimeter 
can, however, be easily eliminated. Assuming that W(R, T ) has the form 


W(R, T) = e FRE -a+ + (17.1) 


we can isolate the string tension ô by studying the Creutz ratios 


(RP) = —In (me D EEE ») 


If the Wilson loop depends on R and T in the way given by (17.1), then x(R,T) 
will be independent of these variables, and will coincide with the string tension. 
In Fig. (17-1) we show the first MC data for the SU(2) string tension (black dots) 
obtained by Creutz (1980) together with the results of the strong coupling expansion 
carried out by Münster (1981) up to twelvth order in 3 = 4/9. For comparison the 
lowest order result for ô in strong coupling has also been included. Notice that in the 
narrow “window” 2.2 < @ < 2.5 the MC data follow an exponential curve predicted 
by the renormalization group; indeed, for the case of SU(2), the relation between 
the lattice spacing a and the coupling go analogous to (9.20) is found to read as 
follows: 


where 


Rgo) enO. 
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and* 


B= 4/96. 


2 
exp(- m (B-2)) 


Fig. 17-1 The SU(2) string tension in lattice units as a function of 
4/g2. The dots are MC results of Creutz (1980). The solid curve is the 


result of the cluster expansion carried out by Miinster (1981). 


Since the physical string tension ø has the dimension of (mass)”, ¢(go) must 
behave as follows in the scaling region 


a’a = ê (go)  C,[R(g0)]?. (17.2) 


This gives \/o in units of the (dimensioned) lattice parameter Az: 


EA (17.3) 


The constant v Ĉ, can be determined from the weak coupling fit to the Monte Carlo 
data. 


*Recall that for SU(N), 8 was defined as 3 = 2N/g@. A; is of course not to be 
identified with the corresponding lattice parameter in the SU(3) gauge theory. 
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We want to point out that a lattice calculation can only determine a physical 
observable in units of the lattice parameter Az; hence one can only calculate dimen- 
sionless ratios of physical quantities. Alternatively one may use the experimentally 
measured value for an observable (such as a hadron mass, string tension, etc.) to 
determine the scale A; or the lattice spacing. For example solving Eq. (17.2) for a 
we get 


A 


= || Ro). (17.4) 


Since Ĉ, can be determined from a lattice calculation, (17.4) determines a in physical 
units, once g is known. Alternatively one can also use the mass of a hadron to 
determine a as a function of go. Let My be some physical hadron mass (proton, 
pion, etc.); then from dimensional arguments alone we know that in the scaling 


region 
My = Mya = Cy R(90), 


where C7 can again be determined from a lattice calculation; solving for a we get 


SUG) 6 
Ag= (6+1) x 10° VK 


100.0 2.0 4.0 6.0 8.0 10.0 12.0 14.0 
B 


Fig. 17-2 Creutz ratios as a function of 3 = 6/g for the SU(3) gauge 
theory. The figure is taken from Creutz and Moriarty (1982). The solid 


curve is the string tension in the leading strong coupling approximation. 
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Once the lattice spacing has been determined, one knows the physical extension 
of the lattice used in a MC calculation performed at a fixed value of the coupling. 
This gives us a handle of accessing the relevance of the lattice employed in studying 


a particular phenomenon. 


Similar calculations to the one just described have been performed subsequently 
by Creutz and other authors for the case of SU(3). In Fig. (17-2) we show the 
MC results of Creutz and Moriarty (1982) for the Creutz ratios constructed from 
different Wilson loops at various values of 3, together with the strong coupling result 
in leading order. This calculation was carried out on a 6* lattice. From the figure it 
appears that asymptotic scaling sets in for values of 8 slightly below 6.0. Subsequent 
studies performed on larger lattices, however, indicated that scaling probably sets 
in for 8 > 6.2. 


So far we have only considered the string tension, i.e. the linearly rising piece of 
the potential. For a proper determination of the string tension one should, however, 
also include in the fit the behaviour of the potential at short distances. For small 
separations of the qgq-pair, the potential is expected to exhibit a Coulomb type 
behaviour with a “running” coupling constant a depending logarithmically on the 
distance scale. This is predicted by asymptotic freedom. 


< 


0.0 


Fig. 17-3 MC data of Stack (1984) for the static gq-potential at various 
qq separations. V and R are measured essentially in units of /o and 1/,/o. 
The solid curve is a fit to the data based on the ansatz (17.5). 


In Fig. (17-3) we show the results of a MC calculation performed by Stack 
(1984) for the case of SU(3) on a 8’ x 12 lattice, with 8 values (8 = 6/96) lying within 
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the observed scaling window (6.0 < @ < 7.0). The potential and the separation of 
the q@ pair are measured essentially in units of yo and 1/,/o. The solid line is a fit 
to the data based on a linear combination of a Coulomb and linear potential of the 
form 

Vien = a +oR. (17.5) 
A large scale simulation was carried out later on by de Forcrand (1986) on a 24° x 38 
lattice at G = 6.3. Fig. (17-4) shows the results of the MC calculation, together with 
a fit based on the form (17.5) for the potential. Similar results have been obtained 
by the same author at 3 = 6.0 on a 174 lattice. 
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Fig. 17-4 MC data for the g¢potential in the pure SU(3) gauge theory 
obtained by de Forcrand (1986). 


What is noteworthy is that a violation of asymptotic scaling was observed, and 
that the string tension measured in units of Az (cf. Eq. (17.3)) was much lower than 
that obtained in previous calculations (.,/o/A; % 92 at 8 = 6.0, and /a/Ay, © 79 at 
B = 6.3). In fact, since the original determination of o by Creutz and Moriarty, the 
string tension measured in units of the lattice parameter Az, has kept decreasing. 
The original value for /o/Az was \/o/Az, = 167. At the Berkeley conference (see 
Hasenfratz, 1986) the value had decreased to about 90. This value was extracted 
from measurements performed at rather small gq-separations (up to 8 lattice sites). 
In a more recent calculation of the static gq-potential performed with high statistics 
(Ding, Baillie and Fox, 1990) and for large separations of the quark and antiquark 
(up to R = 12a) an even lower value was obtained: /o/Ar % 77. Also the value 
of the coupling a in Eq. (17.5) was found to be quite different from that obtained 
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in previous simulations (a = 0.58 as compared to a ~ 0.3). As Ding et al. point 
out, their values compare favourably with those of Eichten et al. (1980) obtained 
by fitting the (heavy quark) charmonium data with a Coulomb plus linear potential 
ansatz. Since charmonium is built from heavy quarks, it is reasonable to describe this 
system with a potential model. The values for the string tension yo and coupling a 
estimated by Eichten et al. were 420 MeV and 0.52, respectively. In a further paper 
Ding (1990) also finds that the dimensionless ratio V/\/o, which according to to 
(17.5) should be a function of yo R = VõR, is independent of the couplings used 
(8 = 6.0,6.1 and 6.2), as must be the case if one is in the scaling region. This is 
shown in Fig. (17-5). 
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Fig. 17-5 MC data of Ding et al. for the qq-potential obtained at 
various couplings 3 = 6/g2. All the points are seen to lie on a single 
curve, indicating that one is in the scaling region. The figure is taken 


from Ding (1990). 


A potential which rises linearly with the separation of the quarks is what is 
expected from a flux-tube picture of confinement. As we have mentioned in the 
introduction of chapter 7, it is generally believed that the non-abelian nature of 
the SU(3) gauge theory causes the flux, linking the quark and antiquark, to be 
squeezed into a narrow tube. It is therefore of great interest to study the spatial 
distribution of the energy density between two static sources, immersed into a pure 
gluonic medium, in a Monte Carlo “experiment”. Early work in this direction has 
been carried out by Fukugita and Niuya (1983) and by Flower and Otto (1985). 
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More complete studies of this problem have been carried out by Sommer (1987 and 
1988) for qg-separations up to four lattice units. For the case of the SU(2) gauge 
theory, detailed Monte Carlo studies of the flux distribution for a quark-antiquark 
pair have been reported by Haymaker et al. (1987-1992) and Bali et al. (1995). The 
authors find that the energy and action density are indeed confined to a very narrow 
region around the qq-axis. For more details the reader may consult section 17.7. 


17.2 The qq-Potential in Full QCD 


So far we have neglected the effects arising from pair production. These effects 
arise from the fermionic determinant which must be included when updating the link 
variable configurations. In the presence of dynamical quarks, quark-pair creation can 
take place, which causes the flux tube connecting the static quark and antiquark to 
break when the sources are pulled far enough apart. This is expected to occur when 
the energy stored in the string becomes larger than 2M, where M is the constituent 
quark mass. Thus the potential should flatten for large separations of the quark- 
antiquark pair. But to observe this flattening, one needs to study large Wilson loops, 
which is very difficult. Since simulations in full QCD are extremely time-consuming, 
one is restricted to relatively small lattices, which do not allow one to study the 
potential for very large separations of the quark and antiquark (this is especially 
true for Wilson fermions since they involve a larger number of degrees of freedom 
than Kogut—Susskind fermions). Hence to calculate the potential at large distances, 
the lattice spacing must be chosen sufficiently large. 

To identify screening effects due to quark-pair production processes, the full 
QCD data should, however, not be compared with the quenched data at the same 
value of the coupling. The reason is that part of the effects seen in numerical cal- 
culations can be interpreted in terms of a shift in the gauge coupling. Such a shift 
is expected, since when quarks are coupled to the gauge potential, vacuum polar- 
ization effects will lower the effective coupling. The amount by which the coupling 
is decreased will depend on the number of quark flavours. Also the relation be- 
tween gauge coupling and lattice spacing is changed when dynamical fermions are 
included. To compare the full QCD results with the quenched data one should there- 
fore first get an estimate of how the coupling is renormalized by vacuum polarization 
effects. The way that this is usually done in praxis is to determine the coupling in 
the quenched theory for which the expectation value of a Wilson loop or a pla- 
quette variable agrees with that obtained in the full theory for a fixed choice of 


coupling. 
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The first calculation of the interquark potential with Wilson fermions which 
showed an impressive flattening of the potential for larger separations of the quark- 
antiquark pair was carried out by de Forcrand and Stamatescu (1986). 
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Fig. 17-6 MC data of Born et al. (1989) for the gq-potential in full 
QCD with Kogut—Susskind fermions. The data has been fitted with the 
screened potential (17.6). The neighbouring dotted lines show the shift in 
the potential if the lattice spacing is changed by 10%. 


The lattice used was however very small, and it could not be ruled out that 
part of the screening observed was due to finite size (or temperature) effects. Kogut- 
Susskind fermions allow one to use larger lattices. Fig. (17-6) shows the potential 
in physical units obtained by Born et al. (1989) using Kogut—Susskind fermions. 
The calculation was performed on a 12? x 24 lattice for two couplings, 6/g = 
5.35 and 5.20. The lattice spacing was determined by measuring the p mass in the 
same simulation. Hence a = M,/M,, where M, is the p mass in lattice units and 
M, = 770 MeV is the physical p mass. These authors have parametrized the data 
according to 


V(R) = (-= ! oR) : — (17.6) 


where the string tension was fixed to be /o = 400 MeV. The coupling and the 
screening mass u were then determined from the fit to be a = 0.21 + 0.01 and 
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pw! = 0.9 + 0.2 fermi. Although the data appears to indicate that the gg potential 
has been screened, this need not be the case. The conclusion is very sensitive to 
the lattice spacing. Thus by chosing a different lattice spacing, the data could also 
be fitted with an unscreened potential. The authors point out, however, that the 
change in lattice spacing required would be inconsistent with that determined from 
the measurement of the p-mass in the same simulation. But since the measurement 
of the p mass requires an extrapolation, no conclusive statement can be made. 

We have mentioned two simulations which suggest that the potential is screened 
at “large” distances due to the creation of qq-pairs from the vacuum. Not all the 
simulations that have been carried out, however, confirm this screening picture (see 
e.g. Gupta, 1989). Clearly to get an unambiguous signal for string-breaking at large 
distances, one must be sure that the screening seen is not a short distance or finite 
volume effect. For this the simulations have to be carried out on much larger lattices, 
and at a smaller lattice spacing. In this case the observation of a flat potential 
for large separations of the quark-antiquark pair would provide us with conclusive 


evidence for string breaking. 


17.3 Chiral Symmetry Breaking 


A symmetry of the action is said to be spontaneously broken if it is not re- 
spected by the ground state. If the transformations leaving the action invariant 
form a continuous group, then this spontaneous breakdown is accompanied by the 
appearance of massless particles, the so-called Goldstone bosons, which can propa- 
gate over large distances, giving rise to long-range correlations. The number of such 
Goldstone bosons equals the number of generators associated with the broken part 
of the symmetry group.* 

In the limit of vanishing quark masses the pions observed in nature are believed 
to be the Goldstone bosons associated with a spontaneous breakdown of chiral 
symmetry. Let us illustrate what we mean by chiral symmetry for the case of an 
abelian U(1) gauge theory. The continuum action for vanishing fermion mass has 
the form 


1 2 
= Fi ean + f tain, +ieA 4. 


*In the case of a gauge theory, there exist important cases where these Goldstone 
bosons do not appear, but are absorbed into the longitudinal degrees of freedom of 
the gauge field (Higgs mechanism). 
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Now the field Y can always be decomposed into “left”- and “right”-handed parts as 


follows: 
Y = Yr + YL, 
where 
Yr = Py, Yr = Py, 
ha Za +y); P= P 
With 


pr = P_, Pr = WP, 
the fermionic part of the action becomes 


ee f T E T 


+ | Hover, + igA,)r. 
This action is invariant under the following transformations 


dr ed, pr — er, 


p 17.7 
Yr — epr, Yr — e Yp, ey 


where a and X are arbitrary parameters. These transformations are elements of a 
Up(1) x U_(1) group: the chiral group. Consider now the ground state expectation 
value of Wrawz, i.e., (WRL). Wry transforms as follows under (17.7), 
Prd, — dri, , 

where A = a — X. If the transformations (17.7) are implemented by a unitary 
operator, and if the ground state is left invariant under the action of this operator, 
then (qpwWz,) must vanish. The same is true for (W,wW,g). This need however not be 
the case in a quantum theory involving an infinite number of degrees of freedom, 
where the ground state may not be chirally invariant. Hence (YrYz) may in fact be 
different from zero, implying that chiral symmetry has been broken spontaneously. 

As we have just demonstrated, a good quantity for testing the spontaneous 
breakdown of chiral symmetry is (qpwz,). Alternatively, (Ww) = (Wave) + (Wve) 
will also do the job, and is the quantity usually studied in the literature. Since ww 
has the dimension of (length)~°, its expectation value in lattice units must have the 


following dependence on the bare coupling constant in the scaling region 


A 


(bd) = CyylR(go)]°, (17.8) 
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where R(go) is given by Eq. (9.21d). The constant Cop can be determined from a 
MC calculation. In physical units (17.8) then reads 


(bb) = CygAt 


where Az is the lattice scale appearing in (9.21c). 
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Fig. 17-7 MC data of Barkai, Moriarty and Rebbi (1985) for the chiral 
condensate (py) measured in lattice units, for various values of the dimen- 
sionless bare quark mass. The solid curve is a fit to the data, and has been 
extrapolated to the zero quark mass. The dashed line is a fit obtained by 
leaving out the point denoted by a cross which is rather sensitive to finite 


volume effects. 


In Fig. (17-7) we show the quenched data for (jw) in lattice units as a func- 
tion of the bare quark mass fuq, obtained by Barkai, Moriarty and Rebbi (1985) 
on a 16° x 32 lattice at G = 6.0. The non-vanishing extrapolated value of (yw) at 
g = 0 is a sign of spontaneous symmetry breaking. If in the limit of vanishing 
quark mass the pion becomes the Goldstone boson associated with the breakdown 
of chiral symmetry, then its mass should vanish linearly with \/m,. In Fig. (17- 
8) we show the MC data of the above mentioned authors for M, as a function 
of V The linear fit extrapolates indeed to M, = 0 for vanishing quark mass. 
The calculation was performed using staggered fermions. Staggered fermions have 
been used also in most of the other computations of (Yy) in the literature. The 
reason is that, as we have seen in chapter 4, the action for Wilson fermions, (6.25c), 
breaks chiral symmetry explicitly also for Mọ — 0. Hence we cannot identify Mo 


Lattice Gauge Theories 329 


with a bare quark mass. A possible definition of the quark mass is however sug- 
gested by the above made observation that M, should vanish for mọ — 0. This 
will occur for some critical value «e of the hopping parameter, corresponding to 
some My = Me: 


1 
ke = ————.. 
8r +2Me 


This suggests the definition mg = Mo — Me, or equivalently 


1/1 1 
a EE p 17. 
Mg G =| (17.9) 


ma 


Fig. 17-8 MC data of Barkai, Moriarty and Rebbi (1985) for the pion 
mass as a function of the square root of the bare quark mass. Both masses 


are measured in lattice units. 


Hence in a formulation using Wilson fermions, one must first determine the 
critical value of the hopping parameter where the pion mass vanishes, and then 
study the “chiral condensate” (py) in the limit k + «e. In Fig. (17-9) we show 
a somewhat later calculation of the pion mass (in lattice units) as a function of 
Vq, performed by Bowler et al. (1988) on a 16 x 24 lattice, at G = 6.15. For 
a quark mass of less than 0.01 the data deviate from the linear behaviour. The 
above mentioned authors argue that this is probably due to finite-time effects which 


becomes increasingly important as the quark mass is lowered. 
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Fig. 17-9 Monte Carlo data of Bowler et al. (1988) for the pion mass 


in lattice units as a function of the square root of the quark mass frq. 


17.4 Glueballs 


As we have pointed out in chapter 6, QCD in the pure gauge sector is a very non 
trivial theory. We therefore expect that it posesses its own spectrum of bound states 
built from the gluon fields. These bound states are called glueballs. If the theory 
confines colour, then the glueballs must be colour singlets. Of course a realisitic 
calculation, which can be confronted with experiment, should include the effects 
arising from quarks. But one may hope that by studying the pure gauge sector one 
obtains a first approximation to the true glueball bound state spectrum. If glueballs 
are indeed predicted by QCD, then they must found experimentally, or QCD is ruled 
out as the theory of strong interactions. It is therefore very important to calculate 
the mass spectrum of the glueball states. The lattice formulation of QCD provides 
us with this possibility. 

The basic idea that goes into the computation of the glueball mass spectrum 
is very simple. One first constructs a gauge invariant functional of the link variables 
located on a fixed time slice of the four-dimensional lattice, carrying the quantum 
numbers of the state one wishes to investigate. This functional is build from the 
trace of the product of link matrices along closed loops on the lattice. From these 
functionals one constructs zero momentum operators by summing the contributions 
obtained by translating the loops over the entire spatial lattice. Furthermore, since 
on the lattice we have only a cubic symmetry, but no rotational symmetry, the 


zero momentum operator should transform under an irreducible representation of 
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the cubic group. These representations couple only to certain angular momenta in 
the continuum limit.* The lowest glueball state is expected to be that carrying the 
quantum numbers of the vacuum (JPC = 0*+), where P and C stands for parity 
and charge conjugation. An example of a zero momentum operator coupling to the 


spin zero state in the continuum limit is given by 


Oma 5 Ch 


hid 
,orient. 


where the square denotes an elementary plaquette variable with base at (7,7), and 
where the sum is carried out over all the positions and space orientations of the 
plaquette located in a fixed time slice. This is the simplest operator one can use to 
study a zero angular momentum glueball. In most calculations, however, other more 
complicated loops have been considered as well. Let us assume that we have chosen 
an operator O(T) to study a particular glueball state. The lowest mass of a glueball 
carrying the quantum numbers of O can then, in principle, be determined from the 
behaviour of the correlation function (O(7)O(0)) for large euclidean times. Indeed, 
recalling that O(7) = exp(H7)O(0) exp(—Hr), where H is the Hamiltonian, one 
has that 


C@= > | nlo le"; (17.10) 


where |O) denotes the state created by the operator O = O(0) from the vacuum, 
and En is the energy of the n’th eigenstate of H (measured relative to the vacuum.) 
In the large euclidean time limit, C(7) is dominated by the lowest energy state 
carrying the quantum numbers of O. If these quantum numbers happen to coincide 
with that of the vacuum, then one is interested in the next higher energy state. 
Hence one must first subtract the vacuum contribution in (17.10) before taking the 
large euclidean time limit. This is accomplished by replacing O(r) by O(r) — (O(r)), 
or equivalently, subtracting (O(7))(O) from the correlation function. This yields the 
connected correlation function. Then 


C(T)conn. — |({G|O)|?e-*9, (17.11) 


*For a detailed discussion of this problem the reader may confer the lectures of 
Berg (Cargese 1983). 
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where |G) denotes the lowest glueball state above the vacuum with the quantum 
numbers of O. By studying the exponential decay of the correlation function for 
large euclidean times, one then extracts the glueball mass of interest. This sounds 
very simple indeed. But in praxis one is confronted with a number of serious prob- 
lems. In fact, measuring the glueball masses is one of the most difficult tasks in 
numerical simulations of the SU(3) gauge theory. The ideal situation would be that 
the measured values of C(7) would fall on a simple exponential curve, and that the 
lattice is fine enough for the gluon mass to exhibit the scaling behaviour predicted 
by the renormalization group. In particular, close to the continuum limit, the ratios 
of different glueball masses should become independent of the coupling. To see a 
single exponential would however require that we either are able to measure the 
correlation function for very large times, or that |O) has only a projection on the 
particular state of interest. This is certainly not the case in praxis. In the early days 
of glueball computations the operator O was built from simple plaquettes or from a 
linear combination of more complicated loops of different shapes and orientations.* 
The difficulty one encountered was that the signal was drowned within the statisti- 
cal noise for times beyond two lattice spacings, even for the lightest glueball. One 
of the problems was that the overlap of the glueball states with |O) was too small. 
This overlap gets worse and worse as the lattice spacing is reduced. This is intu- 
itively obvious since the physical extension of the glueball remains fixed, while the 
local operator O, constructed from small loops, probes an ever smaller region of the 
glue ball wave function as one decreases the lattice spacing. For this reason it is 
only possible to obtain a reasonable signal on coarse lattices, where the state |O) 
has a reasonable overlap with the glueball wave function. But even if the overlap is 
enhanced for larger lattice spacings, the glueball mass measured in lattice units is 
also increased, and hence the exponential in (17.11) leads to a stronger supression of 
the correlation function. Clearly what one needs are operators which have a strong 
overlap with the glueball state of interest for small lattice spacings. This would solve 
both problems mentioned above, and at the same time allow one to probe the scal- 
ing region. How important this is, is made evident by the observation that for local 
operators the overlap decreases with the fifth power of the lattice spacing.** This 
is clearly a disaster and makes it very hard to study continuum physics with local 


*For a review of early work see Berg (1983). For the earliest glueball calculations 


see Berg (1980); Bhanot and Rebbi (1981); Engels et al. (1981a). 
**See the talk by Schierholz at Lattice 87 (Schierholz,1988), and the review talk 


by van Baal and Kronfeld at Lattice 88 (1989). 
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operators. After 1986 there have been several proposals for constructing non local 
operators for which C(r)/C(0) ~ a (Berg and Billoire, 1986; Teper, 1986a; Albanese 
et al., 1987; Kronfeld, Moriarty and Schierholz, 1988). The use of such (non-local, 
smeared, or fuzzy) operators improves the signal to noise ratio dramatically, and al- 
lows one to measure the correlation function of the 0** and 2*+ states for temporal 
separations much larger than than in previous calculations. As an example we show 
in Fig. (17-10) the 0** and 2** correlation functions obtained by Brandstaeter et al. 
(Schierholz, 1989) at 6/g = 6.0 on a 164 lattice. A clear signal is obtained up to 
t = 6 for the 0** state, and up to t = 5 for the 2'* state.* 
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Fig. 17-10 MC data of Brandstaeter et al. for the (a) 0F* and (b) 27+ 


correlation function. The figure is taken from Schierholz (1989). 


A particularily efficient prescription for constructing non local operators is that 
proposed by Teper (1986a). Since this prescription is very simple and intuitive, we 
describe it here. Teper constructs by an iterative method very complex non local 
operators O consisting of an enormous number of elementary paths. The iterative 


*For details regarding the operator used, see Schierholz (1988). 
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scheme involves only the link variables located in a fixed time slice, and goes as 
follows. First one constructs so called fuzzy link variables associated with a path of 
length 2 along an arbitrary u direction and with base at an arbitrary point n, by 
adding the contributions of the direct path and the spatial ’staples” (as Teper calls 
them), as shown below: 


* u 
, = a> | L, (17.12) 
i ty,v#4 


VEU 


At this level the contributions appearing on the right hand side are calculated from 
the matrix products of the usual link variables. The result is the fuzzy “path” shown 
on the left hand side. Let us denote (with Teper) the usual links variables by U, m (n) 
and the new fuzzy variable by U” (n); then 


+UO(MnUO (n + HUO (n + 0 + AUO (n + 2). (17.13) 


In the next step of the iteration processes one replaces the link variables appearing 
on the right hand side of (17.12) by the fuzzy links obtained in the first step. The 
new fuzzy links UP (n) are now associated with a path joining the lattice site n 
with n + 4fi . At each step of the iteration process the length of the link increases 
by a factor of 2. The N-th step of the iteration process is depicted in the following 
figure, taken from Teper (1986): 


+ 
(N-1) A 
U% (n+2L._ MH) 
(N-1) ^ A 
UL (n+Ly t +L, V) 
(N-1) A 
Un (n+Ly_,V) 


usa) 


Here Iy = 2%. Having generated at the N-th step the fuzzy “links” us) (n), one 
can e.g. construct from these superplaquettes in a manner completely analogous to 
the usual elementary plaquette: 


G = US (0) =U (aU! (n + DUE (n + UL (n) 
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Hence loops of fuzzy links are now complicated objects when expressed in terms of 
elementary paths. Note that the matrizes UW (n) are not group elements. Only in 
the case of SU(2) these are proportional to a unitary matrix, with the proportionality 
constant given by the determinant. But this is not of relevance here, since the aim is 
to merely construct sufficiently complex operators, to ensure that they create states 
having a large overlap with the glueball candidate of interest. 

Because of the simplicity of the iterative scheme, one is now in the position 
to increase the number of iteration steps with decreasing coupling in such a way, 
that the size of the superplaquettes (or more complicated versions thereof) can 
be adjusted to the increasing volume (in lattice units) occupied by the glueball 
on the lattice. In this way one can achieve a large overlap of the operator with the 
glueball wave function even for small lattice spacing. Michael and Teper (1989) have 
applied the fuzzying prescription to the SU(3) gauge theory, and have calculated 
the glueball masses for all the JPC states, using couplings 6/gg ranging between 5.9 
and 6.2, and spatial lattices with volumes in the range from 10° to 20°. They find, 
for example, that their fuzzy 0*+ glueball operators have about 90% overlap with 
the corresponding glueball ground state, and this at a coupling 6/gé as large as 6.2. 


Fig. 17-11  Glueball masses in units of the square root of the string 
tension calculated by Michael and Teper (1989). The masses in physical 
units are given on the right hand scale and have been obtained using the 


value of 440 MeV for the string tension. 


Fig. (17-11) shows the mass spectrum obtained by these authors. The masses 
in physical units are shown on the right hand scale. They have been obtained by 
using the value y/o = 440 MeV for the string tension. 
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The 0+* and 2t* glueball masses have so far been measured with greatest con- 
fidence. They can be extracted by studying the correlation function of the following 
operators: (see e.g., Ishikawa et al., 1983) 


go" (r) = Re Tr §°(Ui2(Z, 7) + Uz3(2, 7) + Usi(#,7)), 


= 


x 


e (r) =Re Tr) (Onlé, T) — U43(#,7)). 


x 


Here the “plaquette” variables U;; can be ordinary plaquette variables or fuzzy 
superplaquette variables. Monte Carlo calculations performed with large lattice vol- 
umes by several groups (see the review of Michael, 1990) agree that the mass ratio 
m(2**)/m(0**) is about 1.5, while early calculations based on the study of correla- 
tion functions of local operators, and 6/9 < 6.0, suggested that this ratio is of the 
order of one or less. The physical values of the glueball masses can be expressed in 
terms of the string tension. Assuming a value of 420 MeV for the square root of the 
string tension, taken from potential models for heavy quark bound states (Eichten 
et al., 1980) the 0**+ and 27+ masses reported by van Baal and Kronfeld at Lattice 
88 (van Baal, 1989) were 


m(0*+*) = 1370 + 90 MeV, 


m(2**) = 2115 + 125 MeV. 


The original value obtained by Berg and Billoire (1982) for the 0** mass was 920 + 
310 MeV. This calculation had been carried out on a 4? x 8 lattice. 

This concludes our discussion of the glueball mass spectrum. We now turn to 
the discussion of the Monte Carlo simulations of the hadron mass spectrum. 


17.5 Hadron Mass Spectrum 


The lattice formulation of QCD gives us the possibility of answering one of the 
most fundamental questions in elementary particle physics: what is the origin of the 
masses of the strongly interacting particles observed in nature? QCD should be able 
to predict the bound state spectrum of hadrons build from quarks and gluons, which 
are permanently confined within the hadrons. The determination of the masses of the 
lowest bound states with a given set of quantum numbers is based on the same ideas 
as discussed in the previous section; i.e., the masses are extracted from the large 


(euclidean) time behaviour of correlation functions for zero momentum operators 
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carrying the appropriate quantum numbers to create the hadron of interest. For 
local operators constructed from Wilson fermions the generic form is given by 


Om(t) = 5-1 URda(z,7)va(@,7) (mesons), 


Os(t) = X SGhowalE, Tb (E, 7)vc(@,7) (baryons), 


x 


where we have used a continuum notation for convenience, and a summation over 


the collective indices (Dirac, colour and flavour) is understood. The coefficients re 


and Gn are chosen in such a way that the operators are colour neutral* ro O0gb 
for mesons, and ee X €abe for baryons), and carry the quantum numbers (spin, 
parity, etc.) of the hadron of interest. Thus, for example, operators that can be used 


for studying the r”, p*, and proton are given by 
oe 3 d’ysuă; Op = L$ d*yu";  (Op)a = ` eye [ui(Cy5) 3545] 


where u and d are the “up” and “down” quark fields, C is the charge conjuga- 
tion matrix. The construction of the corresponding operators for Kogut—Susskind 
fermions is more complicated and we will not consider them here.** 

For example, meson masses can be extracted by studying the behaviour of the 


correlation functions 
Par =(OL, (7) Om(0)) 


for large euclidean times. This correlation function can be written as a sum of ex- 
pectation values of products of two external field quark propagators calculated with 
a Boltzmann distribution exp(—Se¢[U]), where Se¢[U] has been defined in (12.14b). 
In particular the pion correlation function for degenerate quark masses, describing 
the propagation of a quark-antiquark from g to y, is given by 


Cr(T) = So Pre Reo g a) Se (17.14) 
zg 


where K+ is the quark propagator, i.e., the inverse of the matrix (12.2c). For 
baryons the correlation function analogous to (17.14) will involve the product of 
three quark propagators. 


*Here a,b,c are the colour indices of the Dirac fields. 
“See e.g., Morel and Rodrigues (1984); Golterman and Smit (1985); Golterman 


(1986b). 
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The procedure for calculating a correlation function is the following. Let us 
assume that one has decided on a set of values for the parameters appearing in the 
action, i.e., gauge coupling and quark masses in lattice units. The lattice size should 
in principle be chosen large enough to easily accommodate the hadron whose mass 
one wants to calculate. In particular, the extension of the lattice in the euclidean 
time direction must be large enough to allow one to study correlation functions for 
large euclidean times. This is important, since one does not want the measurements 
to be contaminated by contributions coming from higher excited states carrying the 
same quantum numbers of the hadron of interest. A priori, we do not know how 
large the lattice must (at least) be chosen, since we do not know the lattice spacing. 
In principle, this lattice spacing, which is controled by the gauge coupling, should be 
small enough to allow one to extract continuum physics. The values for the coupling 
constant and quark masses, and the linear extensions of the lattice used in numer- 
ical simulations, will be limited by the available computer facilities. Having fixed 
all these quantities, the next step consists in generating a set of link configurations 
which, in the quenched approximation, are distributed according to exp(—Sc¢|U]), 
and in full QCD are generated with the probability density det K(U) exp(—S¢[U]). 
For each configuration one then computes the propagator K~'(U). It is this step 
which makes the computations of fermionic correlation functions — already in the 
quenched approximation — time-consuming. The algorithm most widely used to 
calculate K~'(U) is the conjugate gradient method. Once one has calculated the 
external field quark propagators, one constructs from these the hadron propagators, 
and averages the expression over the ensemble of field configurations. For mesons 
the ensemble average is carried out over products of two quark propagators, while 
for baryons the average is taken over products of three quark propagators. Only un- 
correlated field configurations should be used for calculating the ensemble averages 
and the statistical errors. Thus for example in a local updating procedure, successive 
configurations generated by a Markov chain will be highly correlated, since one is 
changing only one, or a few links, at each updating step. Hence one must generate 
many more configurations than are actually used to calculate the ensemble average. 
In practice, only configurations separated by a fair number of sweeps through the 
lattice are used for measuring the observable. Finally the lowest hadron mass is 
extracted by studying the behaviour of the correlation function for large euclidean 
times. This yields the mass in lattice units. If one is working close to the continuum 
limit, then the ratios of different particle masses measured in lattice units should be 
independent of the coupling (or equivalently the lattice spacing) and can be identi- 
fied with the corresponding ratios of the masses measured in physical units. In an 
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actual Monte Carlo simulation these ratios will in general differ substantially from 
the experimentally measured values. The reason is that most calculations are per- 
formed at unrealistically high quark masses, of the order of the strange quark mass. 
Statistical fluctuations in the hadron propagators, which increase with decreasing 
quark masses, do not allow one to simulate such hadrons as the 7, p and nucleon, 
for realistic dynamical bare (up and down) quark masses of the order of a few MeV. 
Most earlier Monte Carlo simulations have been performed with degenerate 
quark masses. Hence the output of the calculation depends on the values used for 
the bare coupling constant, and on a single dimensionless quark mass. The quark 
mass in physical units at which the MC calculation has been performed can then be 
determined as follows. One calculates the masses of some hadrons such as the pion 
and the p for several values of the bare quark mass m. One then fits the data for 
M, and M p using the following ansatz which is motivated from current algebra: 


A 


M? = d,m, (17.152) 
M, = pin + Bo. (17.15)) 


Fig. 17-12 Example of a fit to the MC data for the pion and rho mass 
with the ansatz (17.15). The figure is taken from Born et al. (1989). 


In the case of Wilson fermions f is related to the hopping parameter by (17.9). 
Fig. (17-12), taken from Born et al. (1989), gives an example of a fit to the MC data 
based on (17.15). From the fit one determines the coefficients \,, A, and (,. The 
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lattice spacing can then be determined by recalling that M, = Mza, and M, = M,a. 
Thus by inserting for M, and M, their physical values, 140 MeV and 770 MeV, one 
calculates from (17.15) the lattice spacing and the quark mass. This information can 
be used to extract other hadron masses from Monte Carlo calculations. Assuming 
that the lattice spacing is only a function of the bare coupling (which was held fixed 
in the simulations performed at different quark masses) one then also knows the 
quark masses in physical units at which the MC calculations have been performed. 
The above way of proceeding involves an uncertainty in the extrapolation procedure. 
Furthermore it is only justified in simulations of full QCD, and not in the quenched 
approximation, since one does not know what the pion—rho mass ratio should be 
when the effects of dynamical fermions are ignored. Although the coefficients Ar, Àp 
and (3, in (17.15) are dependent on the value of the bare coupling constant used, the 
ratio of hadrons masses should be independent of the coupling if one is working in 
the scaling region. In order to be able to compare directly the results obtained by 
various groups for Wilson and Kogut—Susskind fermions, and for different couplings 
and quark masses, the Edinburgh group (Bowler et al. (1985)) have suggested that 
one should exhibit, for example, the nucleon, pion, rho mass data as a plot of the 
nucleon-rho mass ratio versus the pion—-rho mass ratio. In the scaling region all the 
data should then fall on a universal curve. This is the so-called Edinburgh plot. In 
this way one can study the general trend of the nucleon-rho mass ratio as M,/M, 
approaches the physical value. 


The Quenched Approximation 


The quenched approximation is not the real world, but it is important to obtain 
reliable results, since only then can one determine how dynamical quarks influence 
the mass spectrum. It may turn out that the effects of pair creation (and annihi- 
lation) do not influence the hadron spectrum significantly. In fact, the success of 
potential models in describing the spectrum of heavy quark bound states suggest 
that at least for such bound states the effects arising from dynamical quarks can be 
absorbed into a renormalization of the coupling constant. Unfortunately, only a cal- 
culation in full QCD can provide us with an answer of how the quenched spectrum 
is modified by the dynamical quarks. 

The earliest MC calculation of the quenched hadron spectrum in the SU(3) 
gauge theory date back to 1981 (Hamber and Parisi, 1981). Since then many groups 
have performed such calculations on larger lattices and with smaller lattice spac- 
ings using Wilson and Kogut—Susskind fermions. Up to 1988 the most ambitious 
calculation with Wilson fermions had been carried out by de Forcrand et al. (1988) 
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on a 24° x 48 lattice. These authors used special blocking techniques in order to 
reduce the large number of degrees of freedom. Recall that for Wilson fermions ev- 
ery lattice site can accommodate all internal degrees of freedom. This makes these 
computations more demanding than those with staggered fermions. Fig. (17-13) 
taken from the above mentioned reference, illustrates the general form of meson 
correlation functions extracted from a Monte Carlo calculation performed on a pe- 
riodic lattice in the time direction. The propagators displayed in Fig. (17-13) have 
been fitted in the interval 15 < t < 24 with single mass exponentials symmetrized 
about t = 24. 


K = 0.1362 


Fig. 17-13 MC data for the pion and rho propagators, obtained by 
Forcrand et al. (1988). The data has been symmetrized about t = 24. 


The use of staggered fermions for computing the hadron mass spectrum poses 
a problem, since for finite lattice spacing the staggered fermion action brakes flavour 
symmetry (while Wilson fermions do not; see chapter 4). Already for this reason one 
does not expect that results obtained with Wilson and Kogut—Susskind fermions will 
agree, unless one is close to the continuum limit. And in fact, they did not agree for 
a long time. This situation has improved substantially and the calculations using 
Wilson and staggered fermions have given comparable results for 6/g2 > 6.0.* 


*See the plenary talk by Gupta at lattice 89 (Gupta, 1990). 
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Fig. (17-14), taken from Yoshie, Iwasaki and Sakai (1990), shows the quenched 
results for the nucleon-rho mass ratio versus M,/M, reported prior to, or at the 
Capri lattice conference in 1989. The solid (open) points correspond to calculations 
performed with Wilson (Kogut—Susskind) fermions. The solid curve is obtained from 
a phenomenological mass formula (Ono, 1978). The open point at the left lower end 
of the curve corresponds to the experimental mass ratios. These data are from Barkai 
et al. (1985), Gupta et al. (1987), Hahn et al. (1987), Bowler et al. (1988), Bacilieri 
et al. (1988) and Iwasaki et al. (1989). The quark mass in all these calculations is, 
however, unrealistically large. 

As seen from the figure there is a general tendency for the nucleon-rho mass 
ratio to drop as M,/M, decreases. The data of Iwasaki et al. agrees extremely 
well with the phenomenological curve down to M,/M, ~ 0.7. This calculation was 
performed with Wilson fermions on a 16° x 48 lattice at 6/g@ = 5.85. At lattice 
89, Yoshie, Iwasaki and Sakai (1990) presented new data with increased statistics, 
including a calculation on a 24° x 60 lattice. They are shown in Fig. (17-15). 


O Barkai 
AGupta KS 
O Bowler 


m Iwasaki 
e Gupta 
+ Haan 


x Ape 


0.2 0.4 0.6 0.8 1.0 
m,/Mp 


Fig. 17-14 Plot of My /M, versus M,/M, in quenched QCD. The solid 
(open) points correspond to calculations performed with Wilson (Kogut— 
Susskind) fermions. The figure, taken from Yoshie, Iwasaki and Sakai (1990), 


summarizes the results reported prior to, or at the Capri lattice conference. 


The data are seen to be consistent with the phenomenological curve down to 
M,/M, = 0.52. One does however not expect that the quenched data (once it has 
settled down) follows this curve all the way down to the physical mass ratios. At 
some point the effects of light dynamical quarks must start to show up. 
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Fig. 17-15 MC data of Yoshie, Iwasaki and Sakai (1990) for My /M, 
versus M,,/M,. 


We have only briefly discussed a few earlier measurements in quenched hadron 
spectroscopy. As we have pointed out, the calculation of the hadron spectrum is a 
difficult task, even in the quenched approximation. But even with precise numerical 
data available, one has no way of comparing it with experimental values, since we 
don’t know what the result of a quenched calculation should be. Only when the 
effects of dynamical fermion are included, will we be able to answer the question 
whether QCD has survived this important test for being the correct theory of strong 
interactions. So let us take a look at some data that has been obtained including 
dynamical quarks. We will again restrict ourselves to earlier pioneering work, and 
leave it to the reader to confer the numerous proceedings for more recent data. 


Hadrons in Full QCD 


The quenched calculation of the hadron spectrum is already very time consum- 
ing since one needs to evaluate the quark propagators on the ensemble of link con- 
figurations distributed according to exp(—S¢[U]). In full QCD, however, one must 
generate these configurations with the probability density det K[U] exp(—S¢[U]). 
Because of the appearance of the fermionic determinant, the times required for nu- 
merical simulations of the hadron spectrum in full QCD are very (!) much larger than 
in the quenched theory. For this reason the lattice volumes used are much smaller 
than in the quenched case. To avoid strong finite size effects one is therefore forced 
to work with lattice spacings which are much larger than those used in quenched 
simulations. By 1990 one was still far away from being able to compute numbers 
which can be confronted with experiment. Most of the calculations performed have 
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served to test the various algorithms for handling dynamical fermions and to get a 


qualitative idea of the effects arising from the presence of quark loops. 


10° 


10+ 


107!2 


(b)p 


Fig. 17-16 (a) The pion and (b) the p correlation functions obtained 
by Fukugita et al. (1988) in full QCD with Wilson fermions, for various 


values of the hopping parameter. 


Calculations of the hadron mass spectrum in full QCD have been performed 
with Wilson and Kogut Susskind fermions. The most widely used algorithms for 
generating the link configurations have been the pseudofermion, Langevin, hybrid 
molecular dynamics and hybrid Monte Carlo (see chapter 16). Of these algorithms 
only the hybrid Monte Carlo is free of any systematic step size errors. As we have 
seen in chapter 16, this is achieved by subjecting a suggested configuration generated 
in a microcanonical step to a Metropolis acceptance/rejection test which eliminates 
the systematic errors introduced by the finite time step. There are many technical 
details that need to be discussed when simulating full QCD. We shall not discuss 
them here, and refer the reader to the proceedings of lattice conferences, and the 
literature cited there. Fig. (17-16), taken from Fukugita et al. (1988), gives a nice 
example of the form of the correlation functions extracted in a numerical simula- 
tion with Wilson fermions. The correlation functions were computed on a 9? x 36 
lattice using the Langevin algorithm and show a clear exponential decay at larger 
euclidean times. What concerns the Edinburgh plot, Fig. (17-17), taken from Laer- 
mann et al. (1990), exhibits the results obtained in some recent calculations. The 
dark points are those of Learmann et al. The triangles, squares and inverted trian- 
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gles are the results of Gottlieb et al. (1988), Hamber (1989), and Gupta et al. (1989), 
respectively. 


Fig. 17-17 Edinburgh plot showing the data of Gottlieb et al. (1988) 
(triangles), Hamber (1989) (squares), Gupta et al. (1989) (inverted trian- 
gles), and of Learmann et al. (1990) (dark points). The figure has been 


taken from Learmann et al. (1990). 


Notice that this plot includes several measurements of the hadron ratios which 
are much closer to the experimental values (denoted by the cross) than in the 
quenched case. Clearly the data is still much too inacurate to allow one to esti- 
mate the effects of the dynamical quarks. So far there had been no definite signs 
that quark loops modify the quenched results in a significant way (see also Bitar 
et al., 1990; Campostrini et al., 1990). Even today the problem of determining 
the hadron mass spectrum from lattice calculations in full QCD remains a very 
challenging problem. Nevertheless, there has been substantial progress made, espe- 
cially because of the available computer power. The effects of dynamical fermions 
appear to be small. But the quark masses used in the simulations are still too 
large. 


17.6 Instantons 


There is a general consensus among physicists that QCD accounts for quark 
confinement. Although there exists no analytic proof of this assertion, lattice simu- 
lations have demonstrated in a quite convincing manner that QCD confines quarks, 
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and that the relevant degrees are to be identified within the pure Yang-Mills sector. 
The role played by dynamical quarks seems to be mainly that of allowing for string 
breaking, once the creation of a quark—antiquark pair is energetically favored at 
some large enough separation of the quarks, where hadronization sets in. What 
concerns the mechanism for quark confinement, however, this is a problem which 
is still under intensive study. It is generally believed that the mechanism is to be 
found in special Yang-Mills field configurations populating the QCD vacuum. Can- 
didates for non-trivial field configurations which have been studied intensively in 
the past years are instantons, and finite temperature versions thereof, the calorons, 
as well as abelian magnetic monopoles and center vortices. Although the relevance 
(if any) of instantons for quark confinement is quite unclear, there is no doubt that 
they play an important role in determining the structure of the QCD vacuum. Fur- 
thermore instantons provide a natural expanation for the observed chiral symmetry 
breaking associated with confinement, and also provide a solution of the so called 
U(1)-problem.* Because of this it appears plausible that they may, in one way or 
another, play some role in the dynamics of quark confinement. 

The instanton is a non-perturbative solution to the classical euclidean SU (2) 
Yang-Mills equations of motion, carrying one unit of topological charge, and thus 
corresponds to a special field configuration associated with a subgroup of SU(3). In 
fact this subgroup plays a distinguished role, as emphasized e.g. by Shifman (1999). 
The instanton solution was constructed by Belavin, Polyakov, Schwarz and Tyupkin 
(Belavin 1975), and is refered to in the literature as the BPST instanton. Consider 
the SU(2) euclidean Yang-Mills action,** 


1 a a 
Se=: f dix Fe (x) F4, (2) 
1 
= i f ts Pik 0, (17.16) 


where F),, is the matrix valued SU(2) field strength tensor defined as in (6.13). 
Consider further the following integral, 


I 


1 a ma a ma 
=5 jes (BPE pee), (17.17) 


*For more detailed discussions of instantons we refer the reader to Coleman (1985), 


Polyakov (1987) and Shifman (1999). 
** Sums over repeated indices are always understood. For SU(2) the “color” indices 


a run from 1 to 3. 
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where F nv 18 the dual field strength tensor, F wi SE waply uy. Clearly 


Te 20: (17.18) 


Since Fe Fe, = F° F°, it follows that 


vV% uv v% uv’ 


g 2 
oe =e + Is, (17.192) 
where 
g’ 4 ie g? 4 = 
0-33 T da FE iy = igg J dtr Tr Fi Fav). (17.196) 
Since J, > 0 and Sz > 0, we have that 
Sr? 
Sz 2 ~r lQ]: (17.20) 


What makes this inequality interesting is that Q is a topologial invariant taking 
integer values 0, +1, +2,- -- for all gauge fields with finite action. Finiteness of 
(17.16) requires that the integrand vanishes faster than 1/||* for |x| — co, or that 
the leading contribution to A„(x) is pure gauge (cf. (6.20)), 


Axle) — -Gleða la) (17.21) 


In the case of SU (2), the unitary unimodular group elements G(x) have the form 
G(x) = a(x) + ia(x)-6; af + @ =1, (17.22) 


where cg; are the Pauli matrices. Field configurations satisfying (17.21) can be classi- 
fied by a topological invariant taking positive and negative integer values, as we will 
comment in more detail below. Configurations characterized by different values of 
Q are not homotopic to each other, i.e. they cannot be continuously deformed into 
each other without violating the finiteness of the action. In each sector characterized 
by a given integer Q = n, the action satisfies 


81? 


As follows from (17.18) the lower bound in (17.23) corresponds to self-dual, or anti- 
self-dual field configurations, 


Folz) = Fi(x),  (selfdual), (17.24a) 
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Fi, (x) = —Fi, (x). (anti-selfdual). (17.24) 


Since the action (17.16) is non-negative, it follows from (17.19a) that for self-dual 
solutions (i.e. J. = 0) Q is positive. For Q = 1 the solution is referred to in the 
literature as an instanton. On the other hand for J, = 0, Q must be negative. The 
corresponding Q = —1 solution is referred to as an anti-instanton. 

Before constructing the so called BPST instanton let us first demonstrate why 
(17.19b) is an integer. There are different ways of showing this. The way we shall 
proceed, will at the same time shed light on the relevance of instanton configurations 
for the vacuum structure of the Yang—Mills theory. 

Consider Q defined in (17.19b). One first shows that the integrand can be 


written as a divergence:* 
Tr(FiwFw) = 0,K,(2), (17.254) 
where 


2 
Key = Qe, Aaa, j iZ A AA, (17.255) 


From here it follows that, if A, is regular within the domain of integration, then 


2 


Q= 2 A do n,K (2), (17.26) 


167? 


where do is the 3-dimensional surface element of a sphere in four dimensions with 
radius R — oo and normal n,(x). Now (17.25a) is gauge invariant. A particularily 
useful gauge for discussing the vacuum structure of the Yang-Mills theory is the 
“temporal” gauge A%(x) = 0. The reason is, that in this gauge the Yang-Mills 
Hamiltonian takes a form quite similar to that familiar from Quantum Mechanics: 


H = fèr Padt i (17.27) 


*This can be shown by introducing the definition of F,» given in (6.13) into 
(17.19b), and making use of the antisymmetry of the e-tensor, and of the invariance 
of the trace under cyclic permutations. Making further use of 


Ewrp lt|(O, AL) AA] = Epa Tr[AL(OuAa) Ap] = ewapTr[ArAy(O,Ap)| 


1 
= 3 ow ru Tt (Ay Ax Ap) 


one then arrives at (17.25a). 
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where the canonical momenta m(x) = Fẹ(x) are subject to the Gauss law con- 


straint, 
Da =; (17.28) 
Here D is the covariant derivative for SU (2), 
(Di )ab = 5ab0i + 19€abe A}. (17.29) 


Zero energy configurations (i.e., vacuum configurations) correspond to time inde- 
pendent gauge transformations of the trivial vacuum configuration Ab = 0, or in 


matrix form 


(3 


Aa) = -TGC TE), (17.30) 


In the temporal gauge these are the type of configurations which are approached for 
infinite times, ensuring the finiteness of the energy. 

Consider now once more the topological charge (17.26), where 93, is now re- 
placed by the three dimensional surface of a box in four dimensions. In the “tempo- 
ral” gauge A‘ = 0, the integrals over the surfaces with normal along the spacial di- 
rections will not contribute because of the e-tensor in (17.25b) and the time indepen- 
dence of the asymptotic (vacuum) fields. Only the surface integrals with positive and 
negative oriented normals along the euclidean time direction will contribute, so that 


2 
Q = q+- q- = Te Mies dgx K(x) — E: dx K(x) (17.31) 


For field configurations approaching vacuuum configurations (17.30) for x4 — +00 


one has that 


g? 
q+ f doK4(2) 


~ 1672 Be 
2 1 
2472 


This can be readily shown. Thus consider, more generally, (17.25b) evaluated on a 


| EEr EE E E E 


vacuum configuration (17.21): 


PK (=e ag Tr [(ca.eya(ca,e™) 


GJE CIE Gaa (17.33) 


wl N 


+ 


Now 


8:(G8,G"") =(8,6)(0,6-) #Gd\3,0". 


350 Some Results of Monte Carlo Calculations 
Because of the e-tensor in (17.33) the second term does not contribute. Writing 
(0,G)(0,G") = (0.G)G"“'G(0,G"") 
and making use of the identity 
0 = ð (GG!) = (AG)G* + G(QG™") 
one obtains 
es =< wagTt[(G9,G)(GAxG!)(G8,O-) (17.34) 


Setting u = 4 we thus arrive at (17.32). If the group elements G(Z) are identified 
at spacial infinity, then (17.32) is an integer (the so called winding number’). The 
reason is that in this case, the three dimensional space becomes topologically equiv- 
alent to the three dimensional surface of a sphere, i.e. to S°. On the other hand, 
the group elements G(Z) are parametrized by (17.22). Hence G(Z) defines a map 
S8 — S2. Homotopy theory tells us that such maps can be classified by a topological 
invariant taking on integer values n = 0,+1,+2,..., where |n| gives the number of 
times S° in group space is covered as we sweep over S° in coordinate space. The cor- 
responding expression is given by (17.32).* A Q = 1 instanton will therefore connect 
two vacuum configurations at x, = +00 carrying different winding numbers, which 
cannot be deformed continuously into each another. For this reason the instanton is 
interpreted as describing tunneling between classical inequivalent vacua. In a semi- 
classical approximation, the ground state of the quantum theory is then expected to 
be a linear combination of the infinite number of possible vacua carrying arbitrary 
winding numbers.** 

Let us now briefly discuss the construction of the BPST instanton.*** The 
temporal gauge is not the most convenient one for constructing the self dual solution. 
Thus it is easier not to fix the gauge and to return to the expression (17.26) for the 
topological charge, which is written as a surface integral over S°. Inserting the 
asymptotic behaviour for the potentials (17.21), and making use of (17.34), Q takes 
the form 

1 
Q= 247? 


f Pome riCa Cna Nae (17.35) 
S3 


*We refer the reader to the literature quoted earlier for more details. 

**For a discussion of the connection between instantons and tunneling in 
Minkowsky space the reader may confer the work of Bitar and Chang (Bitar 1978). 

“*For further details see Belavin et al. (1975), Shifman (1999), Actor (1979). 
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As we have just learned this quantity is an integer. The BPST instanton corresponds 
to a group element G(x) which maps compactified R, to the group element (17.22) 
in a one-to-one way: 


tatit- o 


G(x) = (17.36) 


|z| 


where |x| = ,/ZpZu. Thus a, in (17.22) is identified with x,,. From (17.21) and the 
definition A, = >, A’ % one then finds that for || — co 


E 2 Ty 
A (£x) Taw 2? (17.37) 
where the 7a, are the so called ’t Hooft symbols, 
Eav; fy, VU = 1,2,3 
—Ow; H=4 
apy — 17.38 
a Onis v=4 ( ) 
0; p=ve= 4, 


Having constructed the asymptotic form for the gauge potentials, we now make the 
following Ansatz for the Q = 1 instanton: 


Ty 


Aj(z) = -f (2° Naw (17.39) 


with the condition that f(x?) —> 1 for |z| > oo, and f(x?) ~ x? for |x| + 0. The 
latter condition insures that the field is non-singular at the origen. The self dual 
(BPST) solution is found to be 


2 (x — zo) 
A (T) == Naw ' 17.40 
ala) g H (x — Xo)? + p? ( ) 
The corresponding field strength reads 
4 P 
F? = ——Nay ; 17.41 
whe) =~ gee rn + OP STS 
and the topological density is given by 
6 4 
Q(z) = (17.42) 


BG HP +P 


Note that the solution (17.40) couples space-time and SU(2) colour indizes. To 
actually see that the instanton solution connects different vacuum configurations 
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of the Hamiltonian (17.27) carrying different winding numbers, one must of course 
make a gauge transformation to the temporal gauge. Antiinstantons are obtained 
from (17.40) by replacing hauv by Mayy = (1) t Anav. 

Multi-instanton configurations in the AZ = 0 gauge with topological number 
larger than one connect vacua at x4 — +00 whose winding number differ by more 
than one unit. These vacuum configurations can be easily constructed (see e.g. Cole- 
man, 1985). Approximate solutions corresponding to widely separated instantons 
(antiinstantons), as well as instanton—antiinstanton configurations, can of course be 
written down immediately as a linear superposition. 

The above BPS instantons are regular fields falling off like+ at spatial infin- 
ity where they pick up their topological charge. An alternative expression has been 
given by ’t Hooft (t Hooft, 1977) by performing a singular gauge transformation on 
the fields, which leaves the action density integrable. In the singular gauge the topo- 
logical charge is generated from a singularity located at the center of the instanton. 
The corresponding potentials are given by the simple expressions 


A a(ins 1 —a 
Aal 3 (x) = ~ lw In (zx), 


and 


A a(anti-ins 1 a 
Ame Mu In g(x), 


where 


p 


aia 
oe) (x — Xo)? 
Performing the differentiations the singularity can be made more explicit, 


2 p(x — Xo)v 
(£ — x0)? ((x — t0)? + P) 


Starting from the ansatz 
a 1 >a W 
Ai (2) = Mie In (x) 


’t Hooft constructed self-dual solutions to the Yang-Mills equation carrying topo- 
logical charge k as the following superposition* 
k 2 


W(x) =14 ee 


n=1 


*This form of the multi-instanton solution will be relevant later when we discuss 
calorons. 
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The topological charge density is then given by 


OS +i nW, 


which is integrable expression (Jackiw, 1976). 

The above multi-instanton solution with a fixed color orientation is however not 
the most general solution to the self-dual Yang-Mills equations. The most general 
solution for configurations with arbitrary topological charge for SU(N) and other 
compact gauge groups, has been constructed by Atiyah, Hitchin, Drinfeld and Manin 
(Athiyah, 1978) in an impressive mathematical work. 


This completes our brief summary of the main concepts related to instantons 
in the continuum formulation. One obvious question now arises: can we “see” these 
instanton configurations on the lattice, and if so: what is their size distribution, and 
their possible relevance for confinement. To see the instantons is not so easy, since in 
a Monte Carlo simulation their structure will be blurred by quantum fluctuations. 
Having generated a set of link-variable configurations we must therefore strip off 
these fluctuations to see the underlying classical structure. This is called Cooling 
(Berg, 1981; Teper, 1986a; Ingelfritz, 1986). The idea is the following: with a given 
configuration {U,,(a)} generated by a MC algorithm there is an associated euclidean 
action. In the continuum this field configuration would belong to a given topological 
sector, i.e, it would be characterized by a given integer, e.g. Q = 1. It would however 
not in general correspond to a minimum of the action, but rather be a field configu- 
ration which is a deformation of an underlying instanton configuration. To actually 
see this underlying instanton one must smoothen the short range quantum fluctua- 
tions, while keeping the long range physics unchanged. A way to proceed is to lower 
the action of a configuration in a systematic way until it takes the value a, Once 
the action is minimized in the Q = 1 sector we are left in principle with a stable pure 
instanton configuration. In praxis this is of course not true, since we have discretized 
the action, and the above continuum arguments do not really apply. Because of lat- 
tice artefacts, lattice instantons will never be true instantons. In particular lattice 
instantons break in general scale invariance, i.e., the action depends on the size p 
of the instanton (see Eq. (17.41)). The lattice manifests itself in that by cooling the 
configurations too long, the system will eventually end up in the trivial vacuum, 
i.e., the instanton has disappeared. One therefore needs to cool the system the right 
amount to see the instanton. The situation can be improved by working with so 
called “improved actions” where lattice artefacts have been eliminated up to higher 
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orders in the lattice spacing. An important criterium for the identification of a Q = 1 
instanton is that the topological charge of the cooled configuration should be unity 
up to lattice artefacts, and that the charge density and action density should be pro- 
portional with a proportionality factor given by £.. Well separated multi-instanton 
configurations should be describable by a superposition of instantons. 

How is the cooling performed in praxis? Suppose we have generated a particular 
configuration {U,,(x)}. Let Sg[U] be the corresponding euclidean action. Consider 
the variation of a single link 6U,(a) such that the action is lowered. In SU(2) a 
link variable U is parametrized as in (17.22). The action Sg is given by a sum over 
plaquettes. A particular link variable U appears in all plaquettes having this link in 
comon. Hence the action (6.18a) is of the form 


Se= <6 THUW) ees, (17.432) 
where 8 = a for SU(N), 
Fedri a (17.43b) 


and where the “dots” stand for contributions not containing U. W is a 2 x 2 matrix 
consisting of a sum of unitary matrices (staples). Hence W is not unitary. For SU (2) 
we can however define a unitary matrix W by 


1 


W = — W 17.44 
y det W ( ) 

Then the action takes the form 
Se = -6V det W Tr(UW) +---. (17.45) 


Keeping all link variables other than U fixed, and hence also W, we can minimize 
the action by choosing 


U=wt. (17.46) 


since UW is an element of SU(2), whose trace is bounded from above by the trace 
of the unit matrix. One now repeats the procedure by starting from this new con- 
figuration and changes the value of another link variable such as to lower the action 
even further. Sweeping in this way through the lattice one thus generates a new 
configuration. The system can be further cooled by sweeping the lattice a number 
of times. Each sweep correspond to a complete cooling step. 

An expression for the topological charge density can be obtained e.g. by trans- 
fering the expression Tr(Fpy Fun) = S€wpr1t(FuvFyv), in (17.19b), to the lattice. A 
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very natural definition was given by Peskin (1978). The most naive expression which 
reproduces (17.19b) in the continuum limit is given by 


With this definition, however, the charge density does not possess a definite parity. 
This deficiency can be easily corrected for, by symmetrizing the above expression 
with respect to u > —u, v > —v, etc. (Di Vecchia, 1981) 


1 +4 
Q=— array 2o ewer Teul Uola). 01747) 


n {pvop}=+ 


Fig. 17-18 Wilson loop involving two orthogonal planes, as introduced 
by Peskin (1978). 


Fig. (17-18) shows the corresponding Wilson loop in Peskins definition of the 
topological charge. In praxis one takes for both, the action density and topological 
charge density, improved expressions whose lattice artefacts start only in O(a®). 
This can be accomplished by constructing the lattice F y operator from linear com- 
binations of (gauge invariant!) 1 x 1, 1 x 2 and higher Wilson loop operators (de 
Forcrand, 1997; Garcia Perez, 1999). In Fig. (17-19) we show an example of a Q = 1 
configuration as generated by a Monte Carlo algorithm with an improved action, 
and the corresponding cooled configuation. For an instanton the action density, after 
rescaling, should equal the topological charge density. The particular shape of the 
cooled configuration is a consequence of the periodic structure.* 


* Actually there exists no self-dual configurations on a hypertorus. To allow for a 
stable Q = 1 configuration one must impose twisted boundary condtions (’t Hooft, 
1981a). The reason that the Q = 1 instanton configuration nevertheless appears, is 
that its size is fairly small compared to the extension of the lattice, and hence is not 
very sensitive to the choice of boundary conditions. 
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a) (b) 


Fig. 17-19 Two-dimensional slice of the action density (top) and topo- 
logical charge density (bottom) on a 244 lattice for a Q = 1 (a) uncooled 
and (b) cooled configuration after 500 improved cooling steps. The figure is 


taken from Wantz (2003). 


In Fig. (17-20) we show the MC data for the profile of the action density 
(circles) and topological charge density (squares) of an instanton configuration as a 
function of euclidean time, obtained by summing the action and charge density over 
the spacial lattice sites, 


S(7) z o T), (17.484) 


MS a (17.48b) 


Notice that the action density (17.48a), after rescaling, coincides with the topological 
charge density (17.48b), as expected. The solid curve in Fig. (a) is the (periodic) 
action and charge density for a Q = 1 instanton in the continuum.* 

A similar plot for a two Instanton configuration is shown in Fig. (17-21a). The 
plot (b) in the same figure exhibits the integrated topological charge density, and 
rescaled action as a function of the number of cooling steps. Special problems are 


*We are very grateful to I.O. Stamatescu for providing us with this and also the 
following unpublished plots, extracted from the MC data of de Forcrand, Garcia- 
Perez and Stamatescu (de Forcrand 1997). 
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Fig. 17-20 MC data for the (periodic) action density (circles) and topo- 
logical charge density (squares) for a Q = 1 instanton, summed over the 
spacial lattice sites, as a function of euclidean time. The solid curve is the 
corresponding continuum expression for an instanton width of p = 4, based 
on a periodic version of (17.42). The dashed curve is obtained directly from 
(17.42). 


ps (t), 100 l 

q(t), cool. 
400 F s(t); 100 cool. 
350 q(t), 300 cool. 


s(t), 300 cool. 

300 non-per. ansatz 
per. ansatz 

250 F (Q=1, rho=4.1, 


200 Q=1, rho=2.2) 


0 50 100 150 200 250 300 
(b) 


Fig. 17-21 (a) Similar plot as in Fig. 17-20 but for a two instanton 
configuration. Fig. (b) gives the action and topological charge as a function 
of the number of cooling steps. Action and charge are seen to agree after 


150 steps. The figure was provided to us by I.O. Stamatescu. 


encountered when studying instanton—antiinstanton configurations on the lattice. 
Performing the same number of cooling steps as in the one instanton case destroys 
these configurations. This is not surprising since they carry the topological charge of 
the trivial vacuum configuration, whose action is lower than that corresponding to 
a superposition of an instanton and antiinstanton. The latter is a metastable state 
which upon cooling the system too long will decay into the trivial vacuum. This is 
exhibited beautifully in Fig. (17-22). The plots have been extracted from the data 
of Garcia-Perez et al. (1999). 
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Fig. 17-22 Euclidean time profile of the topological charge density (17.48b) of an instanton- 
antiinstanton configuration for different number of cooling steps. The dashed and solid lines are 
fits with a periodic Ansatz consisting of a superposition of an instanton and antiinstanton. After 


300 cooling steps the instanton-antiinstanton pair has dissappeared (boxes). 


While the r-profile of the charge density is fully consistent with an instanton- 
antiinstanton configuration up to 100 cooling steps, the topological charge density 
Q(T) is seen to vanish for 300 cooling steps, indicating that one is left with a trivial 
vacuum configuration. To keep the configuration alive for a larger number of cooling 
steps, Garcia-Perez et al. (1999) have introduced a physical criterion which essen- 
tially defines a cut off for the number of cooling steps, depending on the scale of 
fluctuations to be smoothened by cooling. 

As we have already emphasized, instantons are an important ingredient for the 
structure of the Yang-Mills vacuum, and are believed to be the driving mechnism for 
chiral symmetry breaking.* But do instantons have anything to do with confinement? 
The instanton (17.40) is a field configuration at zero temperature where confinement 
holds. In fact, as well see in chapter 20, Monte Carlo simulations show that quarks 
are actually confined up to very high temperatures of the order of 101? degrees! 

Field configurations which carry a non-vanishing topological charge and are 
self-dual, or anti-self-dual, solutions to the euclidean Yang—Mills equations, can be 
constructed also at finite temperature. These are the so called calorons. We will 


*See e.g. the review by Schafer and Shuryak (Schafer, 1998). 
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ellaborate on them in some detail in the last section of this chapter, after having 
disscussed some possible confinement scenarios, such as the condensation of magnetic 
monopoles, the dual superconductor picture of confinement and vortices. 


17.7 Flux Tubes in gq and gqq-Systems 


In section 17.1 we have seen that Monte Carlo simulations of the pure SU(2) 
and SU(3) gauge theories confirm the long standing expectation that the qq 
potential rises linearly with the separation of the quarks for large separations. For 
small separations, asymptotic freedom predicts that the colour electric and mag- 
netic fields should spread out in space in a similar way as for a dipole field in 
QED, leading to a Coulomb-like potential with a logarithmic dependence of the 
coupling constant on the qq separation (see chapter 9). The absence of free quarks, 
and the fact that meson resonances lie approximately on Regge trajectories, i.e., 
that there exists a linear relation between the angular momentum and the mass- 
squared, can be explained if one assumes that a quark-antiquark pair is connnected 
by a string (Goddard, 1973), with a constant string tension o that is related to 
the slope of the Regge trajectory a’ by 1/a’ = 270. This suggests that the non- 
perturbative dynamics at large distances squeezes the chromoelectric and magnetic 
fields into narrow flux tubes connecting the quark-antiquark pair. Whether this is 
indeed the case can in principle be checked by studying the distribution of the field 
energy in a Monte Carlo simulation. Some early analytical work on the flux tube 
behaviour has been carried out by Liischer, Miinster and Weisz (Liischer, 1981), and 
Adler (1983). 

On the lattice the flux tube problem has been first studied by Fukugita and 
Niuya (1983), followed by Flower and Otto (1985), Sommer (1987) and by Wosiek 
and Haymaker (1987). Since then the numerical data has improved substantially 
and there are now good indications that a flux tube is indeed formed for large 
separations of the quark-antiquark pair. To study the evolution of the flux tube as 
the qq separation is increased is a major challenge, since it requires large lattices, 
and special techniques for reducing fluctuations, and enhancing the projection onto 
the ground state. Because of limited computer power the earlier calculations have 
been restricted to rather small lattices. The energy (and action) density profiles for 
SU(2) that were obtained e.g. by Haymaker et al. (1991, 1992) are consistent with 
those obtained more recently by Bali et al. (1995), who have studied, in particular, 
the distribution of the action density for quark-antiquark separations up to about 
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1.9 fm. The electric and magnetic contributions to the action and energy densities are 
determined by studying correlators of electric (space-time) plaquettes, and magnetic 
(space-space) plaquettes with a Wilson loop. The correlators have the generic form 
(10.24b). All authors find that the action density along the axis connecting the 
quark—antiquark pair is much larger than the energy density, and that they fall off 
fairly rapidly in the transverse direction. Fig. (17-23) shows this fall-off in a plane 
perpendicular to the axis of the qg-pair at the midpoint, as measured by Haymaker 
et al. (1992).* 


Fig. 17-23 (a) Energy density and (b) action density distribution in a 
plane midway between the qg-pair (Haymaker et al., 1992). 


In Fig. (17-24) we show, as an example, the distribution of the energy and 
action density between a qq-pair, obtained respectively by Haymaker et al. (1992) 
and Bali et al. (1995). The peaks are the self energy contributions of the quark and 
antiquark. 

In contrast to the gq-potential, there have been only a few investigations of the 
three quark potential before 1999 (Sommer, 1984; Flower, 1986; Thacker, 1888). Pos- 
sible flux-tube configurations that have been envisaged for the three quark system 
are the A and Y-type flux tube configurations. The Y-tube configuration is illus- 
trated in diagram (b) of Fig. (7-1). Within the string picture the classical ground 
state of the three quarks is envisaged to be given by three strings emanating from the 
quarks and meeting at a point whose position corresponds to the minmimal length 
of the three strings. Thus one may expect to “see” a Y-type flux tube configuration 


in a Monte Carlo simulation. 


*See also Haymaker et al. (1996). 
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Fig. 17-24 (a) Energy density distribution between a qq pair, obtained 
by Haymaker et al. (1992); (b) Action density distribution, measured in 
units of the string tension, for a qq pair separated by about 1.35fm, at 
B = 2.5 (Bali et al. (1995)). 
As in the case of the gq-potential, the 3q-potential can be extracted by studying 


the propagation in euclidean time of the corresponding gauge invariant 3-quark state 
a a a 1)/ > 2y = Sho 
jaga) = Carazas UR URR Ups gh (Zi, 0) a5, (Ea, 0)a5,’ (Bs, 0)|0), (17-49) 


where the unitary matrices Up, are the path ordered product of link variables along 
the paths Ty, £ = 1, 2,3 shown in Fig. (17-25), connecting the quarks to the “center” 
€ of the triangle with corners 71, 2 and #3, for which the sum of the respective 


distances is a minimum. 


Fig. 17-25 The 3-quark state at 7 = 0. The heavy dots denote the 
quarks, and the lines stand for the ordered product of link variables which 


are tied together at the “center” by the e-tensor. 
Specifically, one considers the following correlator* 
G(x1, £2, T3; Y1, Y2, Y3) 
= €ayazas€bsbabs (Olgi, (UE (w)R (Ys) UE” (sn, Y) 
x Use” (yo, YUR (ys, Y Ups (X, ws) Up2(X, wa) 
x Up (X, v1)q? (ws)q? (a2)qh? (a1)|0) . (17.50) 


c3 


*This the lattice analog of the continuum Green function studied by Brambilla 
et al. (1995). 
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Here the 4-vectors x; (i = 1,2,3) and X have vanishing euclidean time components. 
Furthermore, y; = X; with the time components of y; and Y all equal T. I% are the 
paths obtained by a translation of the paths Tọ in the euclidean time direction by 
T. By proceeding in a similar way as in the case of the QQ-potential, one is then 
led to the following expression for the three quark potential 


> > > : 1 
V3q(#1, £2, T3) = ~ Jim z In(Wsq) , (17.51a) 
where the gauge invariant 3-quark Wilson loop operator is given by 
1 , 
W3q = 3] = EabcEa'b' c UPS ve ue (17.51a) 


Here Up,, Ur, and Up, are the path ordered product of the link variables along the 
paths shown in Fig. (17-26). 


Fig. 17-26 The 3Q Wilson loop operator. A 3Q state created at time 


T = 0 propagates to T = T, where it is annihilated. 


The extraction of the potential via (17.5la) requires the evaluation of (W3q) 
for large euclidean times T. This poses of course the usual problems. Since the signal 
is suppressed exponentially with 7’, it is important to enhance the projection onto 
the ground state using a smearing technique, as described in sec. 17.4. Although the 
question whether the flux tube structure is of the A or Y-type is not yet settled, 
newer data obtained by Takahashi et al. (2001-2003), and by Ichie et al. (2003) 
support the Y-type flux tube picture. 

In Fig. (17-27) we show the action density in the presence of three quarks, 
obtained by Takahashi et al. in a MC simulation performed at 8 = 6.0 in quenched 
QCD. The potential was fitted to the following conjectured Y-ansatz with a deviation 
of only 1%: 


V3Q(T1, T: T2, T3) —Á3Q `S = ie C30 Lmin + Ca, (17.52) 


i<j 
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Fig. 17-27 Action density in the presence of 3 quarks, measured in a 
MC simulation on a 16° x 32 lattice at 8 = 6.0 for SU(3). The figure is 
taken from Takahashi et al. (2004). 


where Lmin is the minimum length of the 3 strings. The authors also find that 
ozo © 0, where o is the two-body string tension, and that Asọ ~ 5AQ6- A recent 
computation of the three quark potential in full QCD has been performed by Ichie 
et al. (2003) in the “maximal abelian gauge” (see next section), and a similar flux 
tube profile was obtained. 


17.8 The Dual Superconductor Picture of Confinement 


Having obtained good indications that a flux tube is formed as the qq-separation 
is increased, the next question one would like to have an answer to, concerns the 
dynamics responsible for the formation of the flux tube. It has been suggested a 
long time ago by Nielsen and Olesen (1973), and by Kogut and Susskind (1974) 
that confinement could be explained in a natural way if the QCD vacuum re- 
acted to the application of a colour electric field, due to a quark—antiquark pair, 
in much the same way as a superconductor reacts to the application of a magnetic 
field. This could be achieved by adding to the gauge field an elementary charged 
scalar (Higgs) field, which has however not been detected so far.* The dual super- 
conductor mechanism of ’t Hooft (1976) and Mandelstam (1976) does not require 
the introduction of such a field, but assumes that dynamically generated topolog- 
ical excitations provide the persistent screening currents. Consider first a type I 
superconductor. Its ground state corresponds to a condensation of Bose particles 
(Cooper pairs). When an external magnetic field is applied, these Cooper pairs or- 
ganize themselves to form persistent currents that expell the magnetic field, which 
is only allowed to penetrate the superconducting material a distance given by the 


*The Higgs theory is the four-dimensional generalization of the Ginzburg-Landau 
theory. 
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London penetration depth (—> Meissner—Ochsenfeld effect). This is the case if the 
applied magnetic field does not exceed a critical value. Beyond this critical value 
superconductivity breaks down. In the superconducting state the currents only exist 
in a thin surface layer determined by the London penetration depth. A quantita- 
tive description of the relation between the surface currents and magnetic field is 
given by the London equations,* which in a stationary state, can be summarized in 
the Coulomb gauge by the following relation between the vector potential and the 
current density, 


AST, (17.53) 


where À = m*/n*e**, with m*, n* and e* the mass, density and charge of the 
Cooper pairs. By taking the curl of (17.53), assuming A to be constant, one 
obtains** 

Vx J+ 5B =0. (17.54) 
Combining this equation with Ampere’s law, V x B = JJe leads to the equation 
V?B = iB , which implies that the magnetic field decays in the interior of the super- 
conductor with a skin depth A (London penetration depth). Since the Cooper-pair 
density is a function of the temperature, the same applies to À. As one approaches 
the critical temperature increases strongly, and the magnetic field begins to pen- 
etrate more and more the superconductor. Clearly a superconductor of type I can 
have no analog in the ground state of a Yang-Mills theory with the colour electric 
field of a quark—antiquark pair squeezed into a narrow tube. In fact, such property 


of the ground state (if true) suggests that it might actually be the dual analog of a 


*The London equations relating the electric, magnetic fields and the current in a 
type I superconductor have the form 


A2 


n E Ves, 
C 
DES a 


*“*Our presentation is only qualitative. For a comprehensive discussion see e.g. the 
book by Tinkham (1975). 
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superconductor of type II. A type II superconductor also exhibits a Meissner phase 
below a critical field strength B.,. The superconductivity is however not destroyed 
as the applied field is increased beyond this critical value. Instead a new phase 
appears (Shubnikov phase), in which the material is divided into normal and su- 
perconducting regions. Magnetic flux can now penetrate the material (mixed state), 
but only in narrow flux tubes (— Abrikosov flux tubes) whose separation decreases 
with increasing external field. The condition for this to happen (which implies that 
the new state is favored energetically) is determined by the ratio of the London 
penetration length À to a new scale, the coherence length €. The coherence length 
is a measure of how strongly the Cooper-pair density varies in space, and has been 
introduced as a new parameter by Ginburg and Landau, whose theory is an exten- 
sion of the London theory. Abrikosov (1957) found a solution to these equations in 
which the flux tubes are arranged in a regular array, with each tube carrying one 
unit of flux o = hc/e*. The energetically most favorable configuration turns out to 
be a triangular array. The relevant quantity which characterizes a superconductor of 
type I or II is 


A 
k=. 
£ 
We have the following simple criterion: 
% : (Type I) 
k < — e I), 
V2 yp 
1 
k> — (Type Il). 


V2 


For « close to 1/v2 the system is in a mixed state consisting of the Meissner and 
Shubnikov phase. In the Shubnikov phase, the flux tubes are trapped by circulating 
persistent currents. This phase persists up to a critical magnetic field Bea > Be. 
Away from the superconducting-normal boundary, between the flux tubes, equation 
(17.54) again holds. This equation can be modified to take into account the pres- 
ence of the core (Tinkham, 1975). If C is a closed curve encycling the flux tube, 
then 


2 
f dg. (z PAg i) sier (17.55) 
S 


Note the appearance of Planck’s constant. Indeed, the magnetic flux within the 
vortices, i.e., ® = $ d3- A must be a multiple of o in order that the wave function of 
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the Cooper pairs be single valued. For an extreme type II superconductor the region 
of normal material consists of very thin filaments. The solution of the Ginzburg- 
Landau equations found be Abrikosov corresponds to one unit of flux concentrated 
in each of the vortices. Hence in the limit where the radius of the flux tube (taken 
along the z-direction) goes to zero one has that 


2 
Ee Dd (Hp) ez. (17.56) 


B+— 
c 
By analogy, if the QCD vacuum behaved like the dual version of a type II supercon- 
ductor, one expects that the ground state consists of colour magnetic charges which 
in the presence of a quark-antiquark pair would organize themselves into persisting 
circulating magnetic currents which confine the colour-electric flux into narrow (dual 
Abrikosov)-flux tubes. ’t Hooft (1981) has conjectured that the relevant degrees of 
freedom responsible for the confinement are actually U(1) degrees of freedom defined 
in the so called “maximal abelian gauge”, and that the condensate in non-abelian 
gauge theories consists of U(1) Dirac monopoles. Since the U(1) lattice gauge theory 
is also known to confine charges for strong coupling, it is of interest to first check 
the above picture for the confinement mechanism in this theory. If the dual super- 
conductor picture is correct, then for strong coupling the ground state should be 
strongly populated by Dirac magnetic monopoles. As the coupling is reduced this 
theory is known to undergo a transition to the Coulomb phase. In this phase the 
ground state should no longer show a condensation of magnetic charges. This has 
indeed been confirmed in numerical simulations by DeGrand and Toussaint (1980). 
These authors showed that on the lattice there are objects that can be naturally 
identified with Dirac monopoles. If a monopole is located inside an elementary spa- 
tial cube on the lattice, then the enclosed magnetic charge can be determined by 
measuring the total magnetic flux through the surface of this cube. The magnetic 
flux through the surface of a plaquette lying in the ij-plane is directly related to the 
phase of the plaquette variable 
Up, (n) = eted Fij (n) = etui), 

where Fj; is the component of the magnetic field in the direction perpendicular to 
the 7j-plane. The measurement of this flux however involves a subtle point, resulting 
from the fact that Up (n) is a periodic function of @;(n). As we have seen in 
chapter 5 the plaquette variable is given in the U(1) gauge theory by the product 
of the oriented link variables around the boundary of the plaquette. A link variable 
associated with a link pointing in the p-direction, with base located at the lattice 
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site n, is given by U,,(n) = e'®\, where =m < ¢,(n) < m. Hence the product of 
such variables around the boundary of a plaquette lying in the uv-plane is 


Up a=, (17.57a) 
where 
—At < uu < 4T. (17.57b) 


For small angles ¢,,, we can identify the space-space components of this quantity 
with ex (the magnetic flux through the surface of the plaquette). On the other hand, 
for large angles, the physical flux should be identified with ¢,,, (mod 2n7), since the 
plaquette value remains unchanged by shifting „v by a multiple of 27. The electric 
flux in the i-th direction through an elementary plaquette can be determined in a 
similar way from the phase of the plaquette variable Up,,. 

Let us denote in the following the angle associated with a given plaquette P 
simply by p. We then decompose this angle as follows (DeGrand, 1980) 


bp = bp + 2rnp, (17.58a) 
where 
-r < op <7, (17.58b) 


and np are integers. Because of (17.57b), we then have that np = 0,+1,+2. Now 
it is clear that if we add up the plaquette angles ¢p of the six plaquettes bounding 
an elementary cube we will get a vanishing result, since each link is common to 
two plaquettes, and gives rise to the sum of two phases, equal in magnitude, but 
of opposite sign. It therefore follows that the magnetic flux +>, p through the 


closed surface S bounding the elementary cube is given by 


i 2 
M=S~-¢p=-= Yo np, (17.59) 
e e 
PEs Pes 


where M is the magnetic charge enclosed by the surface. This charge is therefore a 
multiple of an If a magnetic monopole is located in an elementary volume, then 
at least one of the plaquette angles must be larger in magnitude than 7, so that 
there is a Dirac string crossing the corresponding surface. By making a “large” gauge 
transformation (e.g., a particular link variable is mapped out of the principle domain 
[—a,7]) a Dirac string can be moved around. But the net number of such strings 


*We set h = c = 1, as is appropriate to the lattice formulation. 
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leaving the elementary volume will not be affected by the gauge transformation. 
Furthermore, it is clear, that the number of monopoles contained in a volume V is 
given by the sum of the monopole numbers of the elementary boxes making up the 
volume. The lattice simulations of DeGrand and Toussaint (DeGrand, 1980) have 
shown that the majority of the configurations in the confined phase of the U(1) 
theory correspond to pairs of monopoles and antimonopoles located in adjacent 
boxes. Such a pair corresponds to the situation where only the plaquette angle 
associated with the common face exceeds 7 (in absolute value). 

The observation that monopoles are abundant in the confined phase of the U(1) 
lattice gauge theory, and scarce in the deconfined phase, fulfills the first prerequisite 
for a test of the dual type II superconductor picture of confinement.* But if this 
picture is correct then one would also expect to “see” that when an oppositely 
charged pair is introduced into the vacuum these monopoles organize themselves 
to form persistent currents which squeeze the electric field into a narrow Abrikosov 
flux tube connecting the pair. Let the two charges be located on the z-axis. Then 
the magnetic supercurrents are expected to satisfy the dual version of the London 
equation for an Abrikosov vortex (we have set A = c= 1), 


E, — X? (V x jm)z = no (Tr) (17.60) 


where ®ọ is obtained from ®ọ by replacing the electric charge of the Cooper pair 
by the monopole charge qm = an The fluxoid density given by the left-hand side 
vanishes everywhere except at the vortex. Consider a surface perpendicular to the 
z-axis on which the two charges are located. If this axis passes through the surface, 
then the electric flux through this surface is related to the circulation of the magnetic 
current around the boundary of the surface by 


fas: E- x | dl- Jm = n®p. (17.61) 
S Os 


If the surface is an elementary plaquette, then the line integral is roughly given by 
the z-component of the curl of the magnetic current multiplied by the area of the 
surface. 

For the U(1) lattice gauge theory this equation has been first studied in detail 
by Singh, Haymaker and Browne (Singh, 1993a), where \ has been considered to be a 


*Di Giacomo et al. (2000) proposed a monopole creation operator, which serves 
as an order parameter for studying the deconfinement phase transition. 
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free parameter. These authors have chosen to define the 7th component of the electric 
field by a? E; = tImU P» Which takes account of the fact that the physical flux is 
determined from the phase of the plaquette variable, modulo 2nz. To check (17.61) 
one also needs a lattice expression for the components of the magnetic current. They 
are defined (DeGrand, 1980) in terms of the dual field tensor Bis = evapo rp by 


ge) = Ou Fri. 


Consider for example the first component of the current. It can be written in the 


form 
FPS Ms, (17.62) 


where M, = (Fiz, Fos, F32), and V = (05, 03, 04). Integrating jones) over the volume 
of an elementary cube with edges along the 2, 3 and 4 directions, is equivalent to 
computing the flux of Mı through the surface of this cube. Hence to compute the 
three components of Jọ one needs to calculate the flux through the surfaces of 3 
cubes, having one edge directed along the time-axis. This computation is carried out 
in a completely analogous way as described before for the magnetic flux. Hence by 
construction the three components of the current, when measured in lattice units, 
will be multiples of 2, To obtain V x 7(™8) one performs the discrete line integral 
around the elementary square shown by the dotted lines in Fig. (17-28), where the 
time direction of the 3-volumes determining the components of the currents has 
been suppressed. 


Fig. 17-28 The four elementary plaquettes shown in solid lines repre- 
sent the four 3-volumes from which the components of the magnetic current 
are determined. The-time direction has been suppressed. The discrete line 
integral is performed along the dashed lines bounding the elementary square 


shown by the dotted lines. The fig. is taken from Singh et al. (1993b). 


Singh et al. (1993a) have measured the z-component of the electric field, and 
of the curl of the magnetic current, in the presence of a qq pair, by correlating these 
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quantities with a Wilson loop located in the z — r plane. The measurements were 


carried out in a plane perpendicular to the z-axis located at the midpoint between 
the two charges. 
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Fig. 17-29 Dependence of (a) the electric flux, (b) the curl of the 
monopoler current, and (c) of the fluxoid in the U(1) gauge theory at 
6 = 0.95 as a function of the perpendicular distance from the axis of the qq 
pair. The dashed line is the expected electrical flux obtained from the contin- 
uum equation (17.28) and the dual version of Ampere’s law: cV x E = —ju. 


The fig. is taken from Singh et al. (1993a). 


Fig. (17-29) shows the dependence of these quantities on the distance from the 
axis. From their analysis the authors conclude that (17.60) is indeed satisfied with a 
London penetration depth, given for G = 4 = 0.95, by \ = 0.482 + 0.008 (in lattice 
units), and one unit of electric flux. 

The above result is encouraging. But what one really wants to study is the 
corresponding problem for the case of a non-abelian gauge theory. In the non-abelian 
case the situation is far less clear. As we have already mentioned at the beginning 
of this section, it is believed that the relevant degrees of freedom are actually U(1) 
degrees of freedom. It has been suggested by ’t Hooft (1981) that these U(1) degrees 
of freedom can be isolated by going to the so-called Maximal Abelian Gauge (MAG). 
On the lattice the MAG has been first discussed by Kronfeld et al. (1987). Consider 
for example the SU(2) gauge theory. An SU(2) link variable can be written in 
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the form 
U,(n) = 2 i | (17.63) 
=n, (njet. 1 pa n? (n)eW tur) 


with na(n) > 0. Let {U,,(n)} be some given link-variable configuration. 


We want to make a gauge transformation such that for all link variables 
the matrix is as diagonal as possible in the mean. Let us denote the trans- 
formed parameters with a “tilde”. The transformed variables are given by Ü, (n) = 
G(n)U,,(n)G~'(n + ft). These variables will of course again be of the form (17.63). 
Then the above condition is equivalent to maximizing the quantity 


R= X Trlo3U,,(n)o3U} (n)]. (17.64) 


NM 


The gauge transformation which maximizes this expression is not unique, since no 
statement is made about the phases. Thus the value of (17.64) is left unchanged by 
gauge transformations generated by the group elements 


A etn) 0 
TH i Eni (17.65) 


We can therefore restrict ourselves to gauge transformations of the type 
U„(n) > G(n)U,(n)G-"(n + À), 


where 


—r(n)e 1 —K?(n), 


G(n) = ( 1—K2(n) — K(n)e®™ l 


which is of the form G(n) = go(n)1+igi(n)o1 +ig2(n)oz, with o; the Pauli matrices. 
In the maximal abelian gauge the link variables take again the form (17.63), or 
equivalently 


S 1— |€,(n)/? E(N) u(n) 0 ) 
U (n) = i 
u(r) í —et(n) a 0 ln) 


where u(n) = expli (n)]. Under the residual gauge transformations, induced by 
(17.65), & (n) and u,(n) transform as follows 


Eln) > enmg (n), (17.66a) 


u,(n) > Au, (ne ICA, (17.66b) 
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Notice that the variables u„(n) transform like U(1) link variables under this gauge 
transformations, while the transformation of €,(m) is local. Having obtained the 
new link-variables from a given configuration in the maximal abelian gauge, the 
relevant U(1) gauge degrees of freedom are identified with u,,(n), which, as we have 
just seen, transform in the desired way under the remaining U(1) gauge group. 
Monopoles are now identified by calculating the magnetic flux through the surface 
of a 3-volume bounded by plaquette variables constructed from these variables. A 
similar statement holds for the components of the magnetic current. These quantities 
are then correlated with a Wilson loop constructed from the abelian link variables. 
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Fig. 17-30 Profile of (a) the electric flux, (b) the curl of the monopole 
current as a function of the perpendicular distance from the axis of the qq 


pair at 6 = 2.4. The fig. is taken from Singh et al. (1993b). 


Singh, Haymaker and Browne (Singh, 1993b) have measured the monopole 
current and the electric field midway between an “quark—antiquark” pair and have 
shown that the results are consistent with the dual Ginzburg-Landau model, which 
is a generalization of the London theory that allows the magnitude of the condensate 
density to vary in space. The results for the flux and curl of the current are shown 
in Fig. (17-30). These results have been confirmed by Matsubara et al. (1994) with 
better statistics. These authors have also studied the same problem in the SU(3) 
gauge theory. 

If monopoles defined in the MAG are the relevant degrees of freedom for con- 
finement, then they must also account for the string tension in the full non-abelian 
theory. For SU(2) this question has been first studied by Suzuki et al. (1990, 1994).* 


*A more detailed analysis of isolating the monopole content in the light of the De 
Grand—Toussaint prescription, discussed earlier, has been carried out by Shiba and 
Suzuki (1994), and by Stack et al. (1994). 
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A high precision MC measurement of the projected abelian string tension in SU (2) 
was carried out by Bali et al. (1996). The authors find that the abelian monopoles 
reproduce the full string tension within 5%. This is referred to in the literature as 
abelian dominance. 


17.9 Center Vortices and Confinement 


As we have just seen, Monte Carlo simulations suggest that the mechanism of 
confinement is the condensation of U(1) magnetic monopoles defined in the Maximal 
Abelian Gauge. The abelian degrees of freedom in the MAG seem to contain almost 
all the information regarding the long distance properties of the Yang-Mills theory 
relevant to confinement. It seems, however, that the relevant degrees of freedom for 
confinement can be reduced even further. When studying the deconfinement phase 
transition at high temperatures (see chapter 20) one finds that this transition goes 
along with a breakdown of the center symmetry.* Not only that: chiral symmetry 
(see sec. 17.3) is restored at a critical temperature which in Monte Carlo simulations 
is found to coincide with the deconfinement transition. Hence the relevant degrees of 
freedom may be just be the center elements of the group. In the perturbative regime 
the link variables are close to the unit element. The relevant group is therefore 
SU(3)/Z(3). On the other hand the center elements correspond to large fluctuations 
of the gauge fields of the order of 1/ga. 

A possible mechanism of confinement, which has been conjectured already a 
long time ago (t Hooft, 1979; Mack, 1979; Ambjorn, 1980), and which has been 
discussed intensively in the past years, is the condensation of center vortices.** An 
example of a vortex in three spacial dimensions is a closed thin tube of magnetic 
flux. Such a vortex can be thought of as the magnetic field generated by a toroidal 
solenoid, in the limit of vanishing cross section. What is characteristic of such an 
arrangement, is that the vector potential is pure gauge outside the torus and has 
the form 


> 


A(z) = Z JAC: a), (17.67) 


*The action is invariant under local SU (3) transformations, and also under the 
multiplication of the link variables on a fixed time slice by a center element of SU (3). 
As we will see in chapter 20 this center symmetry is broken in the confined phase. 
For SU(2) and SU(3) the center elements are given by (1, —1) and (exp(—277/3)1, 1, 


exp(277/3)1), respectively, where 1 is the unit matrix. 
“For a recent review see e.g. Greensite, 2003. 
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where F is the magnetic flux in the torus, and 2(C; 2) is the solid angle subtended 
by the contour C of the infinitely thin torus at the observation point ¥. This solid 
angle is a multivalued function, which changes by 47 along a closed contour piercing 
the surface © bounded by C. Thus the vortex (17.67) is introduced by making an 
a-periodic gauge transformation on the trivial vacuum configuration A(T) =; 


Alz) = ida Va Na, (17.682) 
where 
Gla) = er, (17.68) 
with 
zaet, (17.68c) 


If a loop C”, parametrized by z(s) (0 < s < 1), winds through the hole of the torus, 
then 


GIA (#(1)) = zG"l(z(0)). (17.69) 


In the above discussion 2 is a multivalued function of 7. Alternatively one can 
define a function 2(#) which is regular and single valued everywhere except on a 
surface X} whose boundary is the loop C. As g crosses ©, Q jumps by +47. This 
function is given by 


Poe) (17.70) 
where df’ is the differential surface element, and 7i(Z’) is the unit normal to the 
surface © at the point z’. When 7(z’) and 7 — 7' form an acute angle, this is 
nothing but the standard integral representation of the solid angle subtended by C 
at x. This integral is discontinuous across the surface X, where it jumps by +47.* 
Now comes a subtle point. If one computes the rhs of (17.67) replacing Q by Q, 
this will not yield a gauge potential whose curl is the toroidal magnetic field. In 


*As a simple example the reader can consider the case of a circular loop in the 
x-y plane, and an observation point lying on the z-axis. Writing the integrand of 
(17.70) in cylindrical coordinates one readily finds the following dependence of the 

27z 


solid angle on z: Q(z) = mF 2re(z), where e(z) = 1 for z > 0, and e(z) = —1 
for z < 0. 
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fact, in this case, the corresponding expression is gauge equivalent to the trivial 
configuration A = 0. Indeed, the discontinuity of Q(T) can be smoothened across 
the surface X. In this case the rhs of (17.67) with Q — Q is a bonafide pure gauge 
configuration, corresponding to a vanishing magnetic field everywhere. In order to 
obtain the toroidal magnetic field the gradient in (17.67) or (17.68a) should not 
operate on the discontinuity at the surface X. The following discussion is based 
on work of Engelhardt and Reinhardt (1999), who considered vortices within the 
continuum formulation of QCD. 

The main goal is to isolate the contribution to vo arising from the above 
mentioned discontinuity. Consider 


3N = — [ df'n 3, ———_ (17.71) 


Meee ai 


where 7’ = 7i(z’), and, as always, sums over repeated indices are undertood. Making 
the decomposition 


0,0; = fiV? — (iV? — 005), 
and use of the identity 
ĝi V? T 0,0; = Eikm€jlmOKOe, 


as well as of 


z7 4n6(# — T) 
one finds that 
aN = an | anaE- #)+ f d'n! - (V' x F) (17.72a) 
where 
=s >, cima (17.72b) 
Application of Stokes theorem leads to* 
Zag E E E (17.73a) 
where 
Ail; z) = J anaE- z’) (17.73b) 


*This is the 3-dimensional analog of the decomposition carried out by Engelhardt 
and Reinhard (1999) for the case of SU(N) gauge theories. 
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and 
KOLT i dah, 6100, D(@ 8), (17.730) 
with 
D-7) We z (17.734) 
satisfying 
VDE De) S08 OF). (17.73e) 


Note that A;(#) has only a support on X. It is the contribution arising from the 
discontinuity mentioned above. Accordingly, ignoring this contribution to (17.73a), 
the relevant vortex vector potential is given by 

Avortex(£) = —FG(O%, 2), (17.74) 
which is now determined from the boundary of %, i.e. the location of the vortex. It 
is referred to in the literature at the thin vortex. Let us compute the line integral of 
the vortex field along a closed path C” piercing the surface © bounded by Č n-times. 
A simple calculation yields 


I dz - ÅAsortex(?) = -F L(C, C’), (17.75a) 
where 
1 1 Tk — Yk 
TEC =T e = 17.75b 
C= f, f aE ene 


is the Gaussian linking number. This is, of course, the expected result for a toroidal 
field configuration. As one can also verify, the magnetic field computed from the 
curl of (17.74) is localized on C. 

The configuration (17.74) is actually gauge equivalent to the so called ideal 
vortex field (17.73b), which only has non-vanishing support on the surface of discon- 
tinuity (Engelhardt, 1999). This can be seen as follows. Consider a gauge transfor- 
mation generated by the inverse of the group element (17.68) with a single valued, 
but discontinuous, angular variable Q(z). As already mentioned, one can imagine 
the discontinuity across X to be smeared out over an small interval, so that Q is 
single valued and differentiable everywhere. After having performed the differenti- 
ation (17.68a) this interval is taken to vanish. A (bonafide!) gauge transformation 
on (17.74) carried out with this group element transforms the vortex field into the 


> > 
1 


gauge equivalent potential A = —F A(X, Z), which now only has support on the 


vortex 
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surface of discontinuity. In this way one has eliminated the potential everywhere in 
space, except at points located on this surface. 

Let us now leave the continuum and turn to the lattice. As we have already 
pointed out, it has been speculated for some time, that the relevant degrees of 
freedom for confinement in QCD may be Z(3) degrees of freedom, and that confine- 
ment is intimately connected with the condensation of 7(3) vortices. To expose the 
relevant Z(3) content on the lattice one needs to carry out a “center projection”. 
The idea is the same as for the abelian projection. One fixes a gauge, called the 
maximal center gauge, or MCG, where the link variables take a form as close as 
possible to Z(3) elements, and then replaces these variables by the respective center 
elements. This is called “direct maximal center projection” or DMCP (Del Debbio, 
1998). In terms of a concrete prescription this two step process reads as follows for 
SU(2), where the link variables can be parametrized in the form (17.22). One first 
makes a gauge transformation on a given link variable configuration U — U9 which 


maximizes the quantity 


FU] c X (TrU, (n)? =2 X a(n, It), 


Nb 


where |a4(n, p)| < 1; i.e., one computes 


maxyg} S TO a (17.76) 


N, 


where U%(n) is the gauge transform of U,,(n). This leaves one with configurations 
which (on the average) are as close as possible to center elements. So far physics 
(which resides in gauge invariant quantities) has not been changed. The approxima- 
tion comes with the second step: the gauge fixed link configurations {U u} are now 
projected to Z(2) elements according to 


U,(n) > 2,(n) = sen[TrU,,(n)]. (17.77) 


Del Debbio et al. (1997) have also proposed another way of performing the 
center projection, where the maximal center gauge itself is reached in a two step 
process. The first step consist in going into the maximal abelian gauge (MAG), and 
performing the abelian projection. The remaining U(1) gauge symmetry is then fur- 
ther reduced by performing an additional gauge transformation which brings the link 
variables as close as possible to center elements. Center projection is then carried 
out by replacing the link variables by the respective center elements. For SU(2), for 
example, the U(1) matrix valued link variables, after abelian projection in the MAG, 


378 Some Results of Monte Carlo Calculations 


take the diagonal form diag(e*"),e~(")). Under the residual gauge transforma- 
tion (17.66b) we have that 6,,(n) > 0 (n) + a(n). By a gauge transformation, the 
configurations are now brought as close as possible to center elements by maximizing 
the lattice average of 7, „cos? 4,,(n). This yields a set of U(1)-link variables U,,(n) 
parametrized by {0 „(n)}. Finally one carries out the center projection by making 
the replacement 


Ü, (n) + sgn(cos 6,,(n)) (17.78) 


This procedure is called indirect maximal center projection (IMCP) The IMCP has 
the merit that one can identify the U(1) monopoles in the MAG, and study their 
possible correlations with the center projected link variable configurations. 

In either way of carrying out the center projection one is finally left with a 
set of pure Z(2) link variable configurations, i.e. one has stripped off all quantum 
fluctuations around the center elements. 

How does one identify a so called P-vortex on the lattice? Consider again 
SU (2) for simplicity. Consider also for simplicity a three dimensional lattice with 
link configurations consisting only of Z7(2) elements. Then a plaquette can only take 
the values +1. On a three dimensional spacial lattice this would determine the 7(2)- 
magnetic flux (or center flux) through the surface of the plaquette. Consider now 
the dual lattice consisting of the sites located at the center of the elementary cubes. 
Then a non-vanishing flux through a plaquette on the original lattice (corresponding 
to a center element —1), can be associated with a non-trivial 7(2) link on the dual 
lattice, with the base located at the center of a cube and piercing this plaquette. In 
the Z(2) scenario there is no arrow that can be attached to this link. Let Zp denote 
the value of a plaquette P on the original lattice, and let V be the volume of an 
elementary hypercube bounded by 6 elementary plaquettes. It then follows trivially 
that 


I] Zp=1. 


Peov 
This is just a special case of the Bianchi identity, [[pegy ap = 1, valid for U(1). 
Here op are the values of the plaquette variables bounding the volume V, computed 
from the product of U(1) link variables with a sense of circulation determined, e.g., 
by the outward normal to OV. The links on the dual lattice, taking non-trivial values 
in the center of SU(2) must therefore form closed loops in 3 dimensions.* 


*In four dimensions the P-vortices are closed two-dimensional surfaces on the dual 
lattice. The existence of such Z(2)-vortices are believed to signal also the existence 
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To elucidate some of the above ideas let us consider again SU(2) and a lattice in 
two space time dimensions. In two dimensions vortices are pointlike, and associated 


with sites on the dual lattice, located at the center of a plaquette with Zp = —1. 


Fig. 17-31 Two vortices (heavy dots) on a two- dimensional lattice. 
The figure shows a possible link variable Z(2) configuration. Links denoted 
by heavy lines take the value —1. Correspondingly, shaded plaquettes take 
the value —1. All other plaquettes take the trivial value +1. 


In Fig. (17-31) we show two vortices located at A and B. Dotted (solid) lines 
correspond to link variables taking the value +1 (—1). The plaquettes at A and B 
take both the value —1, while all other plaquettes take the value +1. The non-trivial 
links between the two vortices can be shifted around by performing an appropriate 
center gauge transformation. Their location have therefore no physical significance. 
Any Wilson loop which links with one of these vortices clearly yields a non trivial 
center element —1. If both vortices pierce the W-loop, then its value will be +1.* 
The value of the Wilson loop functional (7.24) on a particular Z(2) configuration 
can only take the values (—1)", where n is the number of vortices piercing the area 
of the Wilson loop bounded by C’. Hence the potential can be calculated from the 
expectation value of this sign fluctuation. 

Simulations of the SU(2) string tension using the Z(2) projected field config- 
urations for the Wilson loop show that the full string tension is well reproduced. In 
Fig. (17-32) we show the qq-potential calculated by Kovacs and Tomboulis (1998) 
from the unprojected configurations, and from the sign average of the Wilson loop. 


of “thick” vortices. Thick vortices are closed extended structures. They are expected 
to be the relevant configurations that scale in the continuum limit, and to lead to 


an area law behaviour for the Wilson loop. 
*This is the analog of the observation made earlier in conjuction with the toroidal 


Aharonov-Bohm arrangement, except that there the vortex flux has a direction, and 
vortices piercing the W-loop in opposite directions will not affect the Wilson loop 
functional. Furthermore the center element is replaced by the U(1) flux dependent 
element exp(iF’). 
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Fig. 17-32 The static qqg-potential for SU(2) computed from unpro- 
jected configurations at 8 = 2.4 (squares), and from the sign average of the 


Wilson loop. The figure is taken from Kovacs (1998). 


If center vortices are indeed the relevant degrees of freedom for confinement, 
then confinement should be lost when one removes configurations from the original 
ensemble, which give rise to vortices after center projection. This may not be an 
easy task to implement. In praxis it is easier to proceed as follows. After choosing 
the maximal center gauge the field configuration is written in the form 


Uy(n) = Z,(n)U,(n), 


where Z,,(n) is the center element after projection. By calculating the W-loop with 
the set of link variables U/(n) one effectively throws out the center vortices. The 
result of following such a procedure for SU(2) is shown in Fig. (17-33), taken from 
Langfeld (2004). 

As seen from the figure, the string tension vanishes upon removal of the center 
vortices. On the other hand the author finds that only 62% of the full SU(3) string 
tension is recovered. Although many of the results obtained so far seem to point in 
the right direction, looking at the detailed numerical simulations show that there 
are many subtle problems such as e.g., the Gribov copy problem, the Casimir scaling 
problem, and the dependence of the results on the gauge in which the configurations 
are center projected. In this connection we only mention here, that center projected 
vortices in the so called “Laplacian gauge” reproduce not only the SU(3) string 
tension, but are also free of Gribov copies (Alexandrou, 2000; de Forcrand, 2001). 
The question now arises: what is the quantum mechanical creation operator for 
a vortex? Such an operator was introduced by ’t Hooft. To understand ’t Hooft’s 
formulation it is useful to go back to our Aharonov — Bohm arrangement of an 
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Fig. 17-33 The static q@potential for SU(2) computed from unpro- 
jected, and center projected configurations, as well as from ensembles with 


the vortices removed. The figure is taken from Langefeld (2004). 
infinitely thin toroidal solenoid, and construct a unitary operator which generates 
the gauge transformation 
A(Z) > A(Z) = A(Z) + Avortex(#). (17.79) 


where A ortex(2) is given by (17.74). For this we must treat A; as an operator. We 
shall denote it in the following with a “hat”. Let 7;(#) be the momentum canonically 


conjugate to A,(2). Making use of the operator relations 
e`" Be" = B + [B,C], 


and 


which are valid if [B,C] is a c-number, one readily verifies that 


A 


V (C)A,(Z@)V1(C) = A(#) + Avortex(#), (17.802) 
where 
VO Se een, (17.800) 


Consider now a Wilson loop. The W-loop functional (7.22b) evaluated on the gauge 
transformed field configuration (17.80a) is given by 


V(C)W(C)V-1(C) =e Flor AWC’). (17.81) 
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or, inserting for @ the explicit expression (17.73c) one readily verifies that 
V(O (Ch = LOOW(C)V(C), (17.82) 


where z = exp(if’), and L(C, C”) is the Gausssian linking number of the two loops 
C = 0% and C’, i.e. (17.70). When V(C) is applied to an eigenstate |A(Z)) of A(z) 
then it induces a “translation” of the field A(Z) by (17.74), ie. 


V(C)|A(Z)) = |A@) + Avortex), (17.83) 


showing that a vortex has been created. 

In 1978 ’t Hooft introduced a vortex creation operator V(C) defined in an 
analogous way to (17.82), except that z is an element of the center of SU(N) (t 
Hooft, 1978). As was shown by ’t Hooft, the expectation value of this operator serves 
as an order parameter for confinement. The area (perimeter) law for confinement 
(deconfinement) of the temporal Wilson loop is replaced by a perimeter (area) law for 
the ’t Hooft loop operator, respectively. The corresponding vortex creation operator 
has been constructed by Reinhardt (2002) along the lines described above. 

Let me close with some remarks. Monte Carlo calculations have shown that 
both, U(1) monopoles, and center vortices can account for most part of the string 
tension in an appropriate center gauge. Independent of the choice of gauge one finds 
that if either the abelian monopoles or vortices are removed from the ensemble of 
configurations, confinement is lost. Not only that: chiral symmetry breaking is also 
lost. Although the various proposed mechanisms discussed in this and the previous 
section seem to account for quark confinement, a clear picture unifying all these ob- 
servations is still lacking. Of all the proposed mechanisms, the dual superconductor 
picture of confinement is probably the closest to a dynamical picture leading to flux 
tube formation. The vortex and monopole pictures may just be alternative views 
of one and the same fundamental dynamics. Thus numerical simulations show that 
vortices and U(1) monopole currents extracted in the indirect maximal center gauge 
are correlated (Kovalenko, 2004). With these remarks we conclude our discussion of 
this fascinating subject. 


17.10 Calorons 


Calorons are instantons at finite temperature, i.e., topological excitations car- 
rying a Pontryagin charge. In the following we will not go into any analytical details, 
since they involve a substancial mathematical machinery. We will limit ourselves to 
highlight, without proof, some of their interesting properties, to present some results 
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of Monte Carlo simulations aimed at detecting these objects on the lattice, and to 
elucidate their possible role for quark confinement. There are many subtleties in- 
volved in MC simulations which we shall not discuss, and we urge the reader to 
confer the cited literature for details. 

As we have seen in the previous sections, excitations of the vacuum correspond- 
ing to the condensation of abelian magnetic monopoles and center vortices in the 
maximal abelian and center gauges, appear to play an important role in the dy- 
namics of quark confinement. In particular the QCD vacuum can be viewed as a 
dual superconductor where magnetic monopoles have condensed. But what about 
the instantons? It had been hoped for a long time that topology plays a key role 
for understanding quark confinement. In fact, instantons appeared to be a natural 
candidate for such topological excitations, since they provide an explanation for the 
U(1),4 anomaly (’t Hooft, 1976a), the non-perturbative gluon condensate (Shifman, 
1979), and the violation of chiral symmetry (Callan 1978; Diakonov, 1984/1986).* 
Furthermore, as we shall see in chapter 20, numerical simulations show that chiral 
symmetry, which is broken at low temperatures, is restored at high temperatures, 
and in fact at the same critical temperature T, where the deconfinement phase tran- 
sition takes place. This suggests that there may exist, after all, a link between instan- 
tons and quark confinement. One should therefore look into possible instanton-like 
excitations at non-zero temperature carrying a topological charge, and study them 
as the temperature is increased towards the deconfinement phase transition. These 
excitations are self (anti-self) dual solutions to the Yang-Mills equations. Finite 
action requires them to approach a pure gauge configuration at spatial infinity. 

Finite temperature will be dealt with in the following chapters. But since its 
implementation is rather simple, we summarize it here for our purposes. The parti- 
tion function at finite temperature T = 3 is given by the usual euclidean partition 
function with the only restriction that the euclidean time direction is compactified, 
with the bosonic (fermionic) fields satisfying periodic (antiperiodic) boundary con- 
ditions on the euclidean time interval 0 < r < 8. In particular, for bosonic fields, 
A(x, T + 3) = A(x,T). Hence the compactification radius decreases with increasing 
temperature. 

Instantons at finite temperature are called calorons. The simplest caloron which 
is a solution to the self dual euclidean SU (2) Yang-Mills equations, and carries unit 
topological charge, has been constructed by Harrington and Shepard (Harrington, 


*See also the review articles by Schaefer and Shuryak (1998) and by Diakonov 
(2003). 
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1978). In the ‘singular gauge’, where the topological charge is generated from a 
singularity at the location of the periodic instanton, rather than at infinity (see 
section 17.6), the potentials are given by* 


Al, = uo In Q, 


where 


9 2 


ia pP 
o= Di eA a a 


n=—Co 


iy Tp? sinh(2r87t|£ — Tol) 
> BIZ — Zol) cosh(27B-!|% — Zol) — cos(2xrB—-1|r — Tol) 


and 7, are the ’t Hooft symbols.* This caloron can be roughly viewed as a chain 


of instantons with fixed color orientation and size p, aligned along the euclidean 
time direction. Its action (8m?/g?) is independent of the temperature. For vanishing 
temperature (8 — co) it reduces to the usual instanton. 

The Harrington—Shepard caloron is a solution to the Yang-Mills equations 
with so called “trivial holonomy”, and appears to be irrelevant for the confinement 
problem. The holonomy of a self-dual solution to the Yang-Mills equations is defined 
by the behaviour of the Polyakov loop (or Wilson line) at spatial infinity. It was 
introduced by Gross, Pisarski and Yaffe (Gross,1981) as one of the observables in 
the classification of finite energy periodic fields. The Polyakov loop (to be discussed 
in chapter 20) is defined in the continuum by the unitary expression 


P(#) = Pei lo eA), (17.84) 


where in the case of a non-abelian field, A4 (the four component of the gauge po- 
tential) is a matrix lying in the Lie algebra of the gauge group, satisfying periodic 
boundary conditions on the compactified euclidean time interval. P stands for path 
ordering (ensuring the unitarity of (17.84), and the bilinear transformation property 
under gauge changes), and 8 is the inverse temperature. On the lattice (17.84) is 
replaced by 


*Here, and in the following we shall absorb the coupling constant g into the gauge 
field, to conform to the notation in the literature. 

*The anti-self-dual ’t Hooft tensor 73, is defined by: ne, = (—1)%#t°4nt,, where 
Nv = Nau has been defined in Eq. (17.38). We have that fi, = — FE wwaptiig- 
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where is the inverse temperature measured in lattice units. The rhs is just the 
(matrix) product of the time-like link variables along a closed path oriented along 
the time direction. Two spatially separated Polyakov loops replace the role played 
by the Wilson loop at zero temperature. Furthermore, as we shall see in chapter 
20, the expectation value of the trace of P vanishes in the confined phase, and 
differs from zero above the deconfinement phase transition. It therefore plays the 
role of an order parameter. The Polyakov loop evaluated for field configurations 
at spatial infinity — the so called holonomy — plays a central role in selecting 
the field configurations which may be relevant for the confined/deconfined phase 
of QCD (see comment further below). For SU(N) the holonomy is defined by the 
set (u1, H2,- ., uN) labeling the gauge invariant eigenvalues of the Polyakov loop at 
spatial infinity: 
lim P(#@) = VHV, 


LOCO 


where H is the matrix 


H = dine (eM ern oe PN), (17.854) 
and where 
N 
Y m=i, (17.855) 
e=1 


since P is an element of SU(N) with det P = 1. These eigenvalues can be ordered 


so that fy < u2 < --- < un Š png = Hı + 1, where puny 4, has been introduced for 


later convenience. The holonomy of a configuration is said to be trivial if H is an 
element belonging to the center Z(N) of the gauge group SU(N). For SU(2) the 
center elements are the 2 x 2 matrices 1 and —1, while for SU(3) they are given by 
the 3 x 3 matrices 1, e?'*/91, e~?*/1.* The corresponding ug’s, ordered as above, are 


given as follows: 
H = 1 > {pe} = (0,0, 0), 
H = e131 + {pe} = (—2/3,1/3, 1/3), 
H = e1] > {m} = (—1/3, —1/3, 2/3). 


Trivial holonomy is expected to characterize configurations in the deconfined phase 
where the center symmetry is broken (see chapter 20). Configurations where the j1;’s 


*The holonomy of the Harrington-Shepard caloron is trivial, since Ay — 0 for 
|Z] — œ, so that P approaches the unit matrix. 
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do not belong to the above set, i.e., where H is not an element of the center, are said 
to possess non-trivial holonomy and are expected to be relevant for understanding 
the confined phase of QCD. Among these there exists a special set of equidistant 
ues for which Tr H = 0. For SU(3) they are given by uı = —1/3, u2 = 0, u3 = 1/3. 
This set is referred to as the ” maximal non-trivial holonomy”. As already mentioned 
above, a vanishing trace of the Polyakov loop expectation value is a criterium for 
confinement.* Thus field configurations with a non-trivial holonomy may be relevant 
for understanding the confinement of quarks. 


Renewed interest in instantons at finite temperature, and in their possible role 
for confinement arose after new caloron solutions had been contructed for SU(2) by 
Lee and Lu (Lee, 1998) and by Kraan and van Baal (Kraan 1998) corresponding 
to a non-trivial holonomy. They go under the name of KvBLL calorons. These so- 
lutions are obtained by making use of the ADHM construction of multi-instantons 
(Atiyah, 1978) and of the Nahm formalism (Nahm, 1984). Studying their tempera- 
ture dependence reveals an interesting substructure (Kraan, 1998; Lee 1998), which 
provides a possible link to the excitations discussed in sections (17.8) and (17.9), 
and hence to the confinement problem. SU(N), Q = 1 KvBLL calorons consist of a 
complicated superposition of N Bogomol’ny—Prasad—Sommerfeld (BPS) monopoles 
(Prasad, 1975; Bogomol’ny, 1976) carrying fractional Pontryagin charges (which 
characterize their 3-dimensional topology), and magnetic charge. The BPS monopole 
itsef is a static, finite action, self-dual solution to the euclidean SU(2) Yang-Mills 
equations (17.24) which possesses both, chromoelectric and chromomagnetic charges 
(since it is a self-dual solution of the Yang—Mills equations), with the chromoelectric 
and chromomagnetic fields decaying like 4 at infinity. The name dyon is therefore 
also frequently encountered in the literature.** The corresponding gauge potentials 
are given by (Prasad, 1975) 


Sa 


A?(Z)eps = — (ur coth(ur) — 1), (17.864) 
F 
ob 
Af(£)pps = ee es , (17.86b) 
r \sinh(ur) 


*For SU (2) the diagonalized Polyakov loop at spatial infinity is of the form H = 
exp(27iw73). This defines the holonomy parameter w. Maximal non-trivial holonomy 


corresponds to w = 1/4, where tr H = 2 cos(2mw) = 0. 
“With respect to the maximal abelian subgroup the BPS-monopole possesses 


purely magnetic charge. There are however self-dual solutions which possess both, 
magnetic and electric charge with respect to the maximal abelian subgroup (Julia, 
1975). 
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where ĉ° = x*/r and u is a scale parameter. An anti-self-dual solution to the Yang- 
Mills equations is obtained by simply reversing the sign of the time component of 
the gauge fields.* Anti-monopoles are also part of the scenario. For example, the 
SU(2) KvBLL caloron with topological charge Q = 1 is built from a BPS monopole 
and an anti-monopole with net vanishing magnetic charge.** For vanishing temper- 
ature the positions of the two monopoles overlap to form a single lump. Similarily, 
an SU(N) Q = 1 KvBLL caloron consists of N constituent monopoles with net 
vanishing magnetic charge. Their masses are related to the holonomy parameters of 
the configuration. With the holonomy parameteres {un} ordered as above, the n-th 
monopole can be assigned a mass mM, = SÈ (Unt — Un) (Kraan, 1998). Their masses 
8r2 


add up to Fy Le. the one-instanton action. The action density in the continuum 


turns out to have the simple form (Kraan, 1998), 
1 1 1 2 
-3trF (x) = rice log EE .. . Å) — cos (Fr) ‘ (17.874) 


where 


A, (2) 2 1 Tn (Yn = Yn+1\ Cn Sn (17.870) 
Tn 0 Tn+1 Sn Cn 


and rn = |Z — Yal, with the n-th monopole located at Yn. Furthermore r,41 = 71, 
and Cn = cosh( F Vpn), Sn = sah tnta) with Vn = Hn+1 — Un. The gauge field 
has a far more complicated structure (Kraan, 1998). The following expression for 
the matrix valued gauge potentials (elements of the Lie algebra of SU(2)) is taken 
from (Lee, 1998): 


2 
A, (Z, v4) = CIV, (73 u)Ci + CLV, (7 T = u) +O Ci FOO COS 0S, 
(17.88) 


where 


~N 


0<u<—. 
p 


*The chromoelectric and magnetic fields decay like 1/r? for 7 — 00, while A% > 
ux®. Since the potentials are regular everywhere, this asymptotic behaviour leads to 
a non-vanishing topological charge. In particular, for u = 2737, the BPS monopole 


carries unit topological charge (Gross, 1981). 
“The KvBLL SU(2) caloron is an example of how gauge fields with non-vanishing 


topological charge can be built from monopoles (Taubes, 1984). 
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The dependence on the time coordinate x4 is contained in complicated expressions 
for the 2 x 2 matrices C,,C2 and S defined in (Lee, 1998). V,,(%,u) is the BPS 
monopole field (17.86), and 7; and 7 are the relative position vectors to the two 
monopoles located at 7ı and Zə, i.e., 7; = Z — T; (i = 1,2) carrying topological 
charges S“ and 1 — %. As shown in (Lee, 1998), the expression (17.88) describes 
two magnetic monopoles of opposite charge (when well separated). Furthermore the 
authors show that with p? = d@/z held fixed, where d is the distance between 
the two monopoles and p the instanton size parameter, one retrieves the standard 
instanton in the limit of vanishing temperature (8 — oo). In Fig. (17-34) we show 
the action density for an SU(2) KvBLL caloron with unit topological charge for 


three temperatures increasing from left to right, as computed from (17.87). 


Fig. 17-34 Action density of an SU(2) Q = 1 caloron at r = 0 with 
non-trivial holonomy, 2 = —uı = 0.125, at three different temperatures 


increasing from left to right. The figure is taken from (Kraan, 1998). 


As the temperature increases, the constituent nature becomes clearly visible. 
Fig. (17-35) shows a similar picture of the action densities for an SU(3) Q = 1 
KvBLL caloron (Kraan, 1999) 


Fig. 17-35 Action density of an SU(3) Q = 1 caloron with non-trivial 
holonomy py = —17/60, u2 = —2/60, u3 = 19/60, at three different tem- 


peratures, increasing from bottom to top (Kraan, 1999). 
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Higher charge KvBLL caloron solutions to the Yang-Mills equations have been 
constructed using the ADHM-Nahm formalism (Bruckmann, 2004). SU(N) calorons 
with topological charge Q consist of NQ monopole constituents. Fig. (17.36) shows 
the action density for a charge 2 SU(2) caloron solution with maximal non trivial 
holonomy, at a sufficiently high temperature, so that the constituent nature becomes 
visible (right) (Bruckmann, 2004). 
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Fig. 17-36 Action density of an SU(2) Q = 2 caloron solution with 
maximal non-trivial holonomy, in the plane of the constituents at T = 0, 
at a sufficiently high temperature, where the constituent nature becomes 


clearly visible. Only part of the figure in (Bruckmann, 2004) is shown. 


Hence in a Monte Carlo simulation, an important first signature for possible 
SU(N) KvBLL calorons is that the constituents appear in multiples of N. The 
detection of these lumps (especially at low temperatures where the constituents 
have a strong overlap) is not simple. Cooling (or smearing) of the configurations 
has been used to smoothen ultraviolet (short distance) quantum fluctuations, so as 
to make the classical substructures visible (see section 17.6). At sufficiently high 
temperatures the lumps become well separated and should manifest themselves in 
localized distributions in the action and topological charge densities. 

Detecting this lumpy structure in lattice simulations does, of course, not yet 
identify the configurations with KvBLL calorons. First of all one must determine the 
holonomy of the lattice field, and the topological charge density of the configuration 
and its constituents. To determine the holonomy one computes the Polyakov loop 
“far away” from where the caloron action is concentrated, i.e., in a region of “small” 
action. 

Having determined the holonomy one must next compute the topological charge 
density whose simplest lattice version is given by (17.47).* Fig. (17-37) shows the 
MC data for the topological charge density of an SU(2) KvBLL caloron candidate 


*This is the gluonic definition of the topological charge. A fermionic definition via 
the zero modes of the Dirac operator will be given further below. 
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obtained by Ilgenfritz et al. (Ilgenfritz, 2002) on a 16° x 4 lattice at 4/g? = 2.2, after 
cooling the lattice gauge field configurations down to an action plateau correspond- 


ing to unit topological charge. 


Fig. 17-37 Two dimensional cuts for the topological charge density 
of an SU(2) KvBLL lattice caloron candidate obtained on an 16° x 4 
lattice at 4/g? = 2.2 after cooling. The figure is taken from Ilgenfritz et al. 
(Ilgenfritz, 2002). 


In the case of the standard zero temperature instanton/antiinstanton discussed 
in section 17.6, the zero mode of the massless Dirac operator in the external instanton 
field, leads to a breakdown of chiral symmetry within an instanton/antiinstanton 
liquid model for the vacuum (Ilgenfritz, 1981; Shuryak, 1982; Diakonov, 1984).* 
These zero modes turn out to play also an important role in identifying the con- 
stituent structure of KvBLL calorons. According to the Atiyah-Singer index theorem 
(Atiyah, 1971) the difference in number of the positive and negative chirality zero 
modes N, and N_ of the chirally invariant massless Dirac operator (in the back- 
ground of an external field) is related to the topological charge by Q = N- — N}. 
In (Garcia-Perez, 1999a) the zero modes of the Dirac operator in the presence of a 
KvBLL background field have been computed analytically for SU(2), and have led 
to interesting signatures for identifyng KvBLL calorons on the lattice. Thus for a 
Q = 1 SU(2) KvBLL caloron configuration, the zero mode density wyo(x) (also 
referred to in the literature as scalar density), calculated from the single zero mode 


* 


wo of the Dirac operator,** with periodic or anti-periodic boundary conditions im- 


posed in the euclidean time direction, is localized on one, and only one, of the two 


*See the review articles by Shuryak (1993) and by Schaefer and Shuryak (1998). 
“Tn an external instanton field there exists only one normalizable left handed 


zero mode, and no right handed mode, in agreement with the Atiyah—Singer index 
theorem. 
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monopole constituents. Which of the two monopoles is singled out depends on the 
boundary condition imposed. 

Fig. (17-38) shows the zero mode densities obtained by Ilgenfritz et al. (Ilgen- 
fritz, 2002) for the lattice configuration that led to the topological charge density 
displayed in Fig. (17-37). 
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Fig. 17-38 Scalar densities of the zero mode for an SU(2), Q = 1 lat- 
tice caloron, corresponding to the topological charge density displayed in 
Fig. (17-37), with periodic (left), and anti-periodic (right) boundary condi- 
tions on Wo. The lattice size is 16° x 4 (Ilgenfritz, 2002). 


The zero mode is seen to visit only one of the constituents, depending on the 
boundary conditions imposed on wo. 

In (Garcia Perez, 1999a; Chernodub, 2000) the zero modes of the Dirac operator 
were also computed analytically for more general boundary conditions of the form 
polt, T + B) = e? yoz, T). By varying ¢, the (single) zero mode of a Q = 1 
configuration will move to different places. In particular, the chiral fermion zero 

8r2 


mode is localized on the n-th monopole with mass F Vn, if Ç lies in the range 


Un < < fny1 and jumps when ¢ = un. This is shown in Fig. (17-39) for a Q = 1, 
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Fig. 17-39 Topological charge density for a non-trivial SU(3) KvBLL 
discretized continuum caloron solution in the confined phase (left), and 
scalar densities obtained for ¢ = 0.5 (middle) and ¢ = 0.8 (right), The 
figure is taken from (Gattringer, 2004). 
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SU (3) discretized continuum KvBLL caloron solution for two values of ¢ (right two 
figures).* The figure on the left is the corresponding topological charge density of 
the caloron which consists of three constituents (in contrast, the topological density 
of a trivial caloron SU(3) Q = 1 consists of a single lump (Grattinger, 2004)). In 
Fig. (17.40) we show a similar picture for the scalar densities, but for a MC generated 
lattice configuration. The low lying eigenmodes have been computed using a chirally 
improved (not excactly chiral) lattice operator, with anti-periodic (left) and periodic 
(right) boundary conditions. 


Fig. 17-40 Scalar densities of the zero mode for a Q = 1 SU(3) KvBLL 
lattice caloron in the confined phase, obtained with anti-periodic (left), 
and periodic (right) boundary conditions imposed on wo, using a chirally 


improved Dirac operator. The figure is taken from (Gattringer, 2003a). 


This does however not yet prove that the two lumps correspond to SU(3) KvBLL 
constituents. 

So far we have considered the behaviour of the scalar densities for the case of 
instantons with unit topological charge, where there exists only one (left handed) 
zero mode of the Dirac operator in the instanton background field. In Fig. (17-41) 
we now show the zero mode densities for an SU(2), Q = 2 caloron (off the lattice) 
with maximal non-trivial holonomy, (left and right part of the figures). The figure 
in the middle is the action density of the caloron (Bruckmann, 2005), where the 
consitituents are not yet completely separated. Since its topological charge is 2, it 
possesses 2 zero modes, but 4 constituent monopole/dyons. Depending on wether 
periodic or anti-periodic boundary conditions are imposed on the two zero modes 
visit distinct subsets of the constituents. 

It has been stressed by Horvath et al. (Horvath, 2003/2004) that by using a 
chirally improved lattice Dirac operator, and in particular the so called “overlap 
Dirac operator”. the ultraviolet filtering of the modes, usually implemented in a 


*See also (Bruckmann, 2003a,b) and (Gattringer, 2003b). 
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Fig. 17-41 Densities for the two zero modes (enhanced by a factor 
107°) for a non-trivial SU(2) Q = 2 caloron (off the lattice) in the confined 
phase, with maximal non-trivial holonomy. Depending on wether periodic 
or anti-periodic boundary conditions are imposed on the zero modes, the 
two zero modes visit distinct subsets of the constituents (left and right, re- 
spectively). The action density in the middle is that depicted in Fig. (17-36). 
The constituents are clearly visible, but not yet completely separated.The 


figure is taken from (Bruckmann, 2004). 


Monte Carlo simulation by cooling (or smearing), can be avoided. The usual Wilson 
operator is not chirally symmetric. The overlap Dirac operator (Neuberger, 1998), 
is a particular solution to the Ginsparg—Wilson relation (4.62) with R = A 
Dt 5D = —DopD. 
Mo 

where D is the Dirac operator measured in lattice units, which respects the Atiyah- 
Singer index theorem for finite lattice spacing. It is hence optimally suited for calcu- 
lating the chiral zero modes used as a probe for identifying calorons on the lattice.* 
The overlap Dirac operator, which has a rather long history (Narayan, 1993), is 
given in lattice units by 


A 


Dov = Mo +V), 


*While renormalization group considerations were used by Ginsparg and Wilson 
to derive (4.62), the ”overlap Dirac operator” was found to satisfy the GW-relation 
only a posteriori. 
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where 
Dw(—M) 


V = A A A A 
yh (M) Bw (— Mo) 


as 


and Dw(— Mo) is the dimensionless Wilson—Dirac operator with a negative mass 
term (see section 4.7) 


7 ‘ T'a A 
Dw(—Mo) = > anes -+ z = Mo. 


u 


In terms of the overlap Dirac operator, the topological charge density can be ex- 
pressed in the form (Niedermayer, 1999) 


Q(x) = —tr E (1 = sag baln#)) | (17.89) 


where “tr” denotes the trace over color and spinor indices. In praxis the filtering 
of the ultraviolet (short distance) fluctuations is accomplished by writing (17.89) 
in terms of the eigenmodes of Do, / Mo, with eigenvalues À, and restricting the sum 
to the near zero modes, which retain the information regarding the long distance 
physics (Horvath, 2003): 


Qe) =- E (1- F) esla). (17.90) 
|A|<Acut 
The Atiyah—Singer index theorem is thereby still implemented exactly, since — 
because of the nearly perfect chiral symmetry of the overlap operator — only the 
true zero modes contribute to the total topological charge. Relation (17.90) is the so 
called “fermionic” definition of the topological charge and requires no prior cooling 
(or smoothening) of the MC configurations, in contrast to the gluonic definition 
(17.47). 
For future reference we note that with Dj, = De / Mp, the unitarity of the 
matrix V implies the relation 
Dov + Dh, = DoD, 
which in turn implies that the eigenvalues of the overlap operator are located in the 
complex plane on a circle with unit radius, centered at (1,0). This is the so-called 
GW circle. 
In the definition (17.90) no statement is made regarding the boundary condi- 
tions satisfied by wo. In the case of SU(2) we have seen that in the Q = 1 sector 
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the (single) zero mode visits different constituents depending on wether periodic or 
antiperiodic boundary conditions are imposed on wg. In the case of Q = 2 we have 
two zero modes. Hence one may expect that, depending on the boundary condition 
imposed, each zero mode will visit different pairs of constituents. This is shown in 
Fig. (17-42) for the case of an SU(2) charge Q = 2 lattice discretized caloron solution 
with maximal non-trivial holonomy, close to the deconfinement phase transition. 
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Fig. 17-42 Topological charge density for an SU (2) lattice discretized 
caloron solution with topological charge 2, computed from the fermionic defi- 
nition (17.90) by imposing anti-periodic (left) and periodic (right) boundary 
conditions on Yo. Q(x) has been calculated from the 20 lowest eigenmodes of 
the overlap Dirac operator. The topological charge density computed from 
the gluonic definition (17.47) is shown on the lower left. It is well approx- 
imated by the two fermionic densities. Of immediate interest is also the 
Polyakov loop distribution (lower right) which takes positive and negative 


values at the constituents. The figure is taken from (Bornyakov, 2007). 


The full topological charge density, obtained from the gluonic definition (lower 
left) is well approximated by the two fermionic topological charge densities. Also 
shown is the Polyakov loop distribution (lower right) which will be of interest in the 
following. 

There is still other characteristic signal for KvBLL caloron configurations which 
allows one to localize different constituents on the lattice even at low temperatures, 
where the constituents are strongly overlaping. At low temperatures it is not possible 
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to recognize the substructure of a caloron by merely looking at the action, topo- 
logical charge, and scalar densities. The relevant observable is the Polyakov loop. 
As has been shown in (Garcia Perez, 1999a,b), for SU(2) the Polyakov loop (17.84) 
takes values +1 and —1 at the location of the constituents. In Figs. (17-43) we 
show the Polyakov loop distribution L(#) = 3TrP(Z) obtained by Ilgenfritz et al. 
(Ilgenfritz, 2002) for a configuration generated in a MC simulation leading to the 
topological charge density displayed in Fig. (17-37). Note the opposite sign peaks of 
the Polyakov loop distribution, which is correlated with the peaks of the topological 
charge density. A similar correlation is seen in the lower right part of Fig. (17-42) 
for an SU)(3) caloron solution. 


Fig. 17-43 The Polyakov loop distribution L(#) = $TrP(£) for a con- 
figuration generated in a MC simulation leading to the topological charge 


density displayed in Fig. (17-37). The figure is taken from (Ilgenfritz, 2002). 


Consider next a situation where action and topological densities do not reveal 
any substructure. Can one still detect the constituent nature? The following exam- 
ple, taken from (Ilgenfritz, 2004), is not based on a MC generated configuration, 
but on a discretized KvBLL caloron solution with maximal non-trivial holonomy 
defined with respect to a Polyakov loop extending along the euclidean time direction, 
and adapted to a 164 lattice The constituents have been placed along the z-axis, 8 
lattice units appart. 

Fig. (17-44) shows the profiles of the action density (s), the topological charge 
density (q), and the Polyakov line distributions along the x,y,z and 7 directions 
(labeled by plz, ply, plz, plt). Inspite of the large separation of the constituents, the 
action and topological charge densities do not reveal any constituent substructures. 
The Polyakov line along the time direction is however sensitive to this substructure 
which manifests iself as a double peak with opposite signs. No such double peak 
structure is seen for any of the other Polyakov loops extending along the 2, y, z, 
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Fig. 17-44 Profiles of the action density (s), the topological charge 
density (q), and the Polyakov line distributions along the x,y,z and 7 di- 
rections (labeled by plz, ply, plz, plt) for an SU(2) discretized continuum 
KvBLL caloron adapted to a 164 lattice, with the constituents separated 
by 8 lattice units. The figure is taken from (Ilgenfritz, 2004). 


directions. This latter property has however not been confirmed by the above authors 
in a MC simulation. 

The sensitivity of the Polyakov loop to the presence of the KvBLL caloron con- 
stituents manifests itself also in another way. A close look at the analytic solutions 
obtained by Kraan and van Baal shows that at the positions of the constituents two 
of the eigenvalues of the Polyakov loop coincide (van Baal, 2002). This allows one 
to localize presicely the constituents also in lumps of action and topological charge 
when the constitutents are not well separated. 

So far we have exhibited properties of individual KvBLL caloron configurations 
obtained either from an analytic expression, or from a MC generated ensemble after 
some (delicate) cooling or smearing procedure. In (Ilgenfritz, 2005) the authors 
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have looked in detail at a whole lattice ensemble of SU(3) configurations, and have 
studied, in particular, the distribution in their holonomy, and in the number of 
configurations within different topological charge sectors. For low topological charges 
cooling led to different topological charge sectors where the self-duality equations 
were minimally violated. For higher topological charges classical solutions could 
not be found, but lumps of localized topological charge were observed, and their 
correlation with peaks in the distribution of the Polyakov loop were studied. The 
authors found that the Q 4 0 sector was dominated by non-trivial holonomy. In Fig. 
(17-45) we show the distribution of the topological charge found by the authors. 
1800 


1600 


,, 1400 


-= =e 
oo vy 
> S&S 2 
cS EN N 


number of configuration: 


topological charge 


Fig. 17-45 Distribution of the topological charge in an MC generated 
ensemble of SU (3) configurations with non-trivial holonomy, The Q = 0 
sector has been excluded. The figure is taken from (Ilgenfritz, 2005). 


In each topological sector the number of monopoles constituents was found 
to be 3]Q|, as a expected for an SU(3) caloron, if the monopole positions were 
determined by looking at the locations where two of the eigenvalues of the Polyakov 
loop approached each other (in the continuum they would coincide). 

We have concentrated our above discussion on the possible role played by 
calorons for the confinement problem. We have seen that these topological exci- 
tations exhibit well separated BPS monopoles at high enough temperatures. But 
do these monopoles have anything to do with the abelian projected monopoles 
in the maximal abelian gauge discussed in section (17.8) in connection with the 
dual superconductor picture of confinement. As we have seen earlier, the abelian 
monopoles account for about 90 percent of the string tension. If these monopoles 
have anything to do with the constituents of calorons, then their removal should 
leave one with a modified ensemble of configurations which carry no topological 
charge. Furthermore, in the absence of topological excitations the massless Dirac 
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operator in the continuum (or the overlap Dirac operator on the lattice) evaluated 
in the modified background configurations, will possess no zero modes. This would 
imply the absence of a chiral condensate (ww), since a non-vanishing condensate 
requires the existence of zero modes (Banks, 1980).* 

Another question concerns the center vortices discussed in section (17.9). P- 
vortices (Zy excitations localized on plaquettes) defined in the maximal center gauge 
also appear to be relevant degrees of freedom for the confinement phase (de Forcrand, 
2001), and account for most part of the string tension. This has led to the idea 
of center dominance. The fact that both, abelian projected monopoles and center 
vortices account separately for a large part of the string tension (although to a 
different extent) suggests that they are related in some way. In fact, the abelian 
projected monopoles are found to be embedded in P-vortices (Ambjorn, 2000; de 
Forcrand 2001). This unifies the observed apparent separate dominance of both 
types of topological ecxcitations. Hence the removal of center vortices should also 
lead to a loss of confinement, topology and restore chiral symmetry. This has indeed 
been found by Forcrand and D’Elia (Forcrand, 1999) at low temperatures (on a 164 
lattice) and further confirmed by Gattnar et al. (Gattnar, 2005) who have studied 
the spectrum of a chirally improved Dirac operator for 10 SU(2) MC generated 
configurations with the center projected vortices removed. 


original vortex-removed 
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Fig. 17-46 Distribution of the 50 smallest eigenvalues of a chirally im- 
proved Dirac operator for 10 different SU (2) lattice configurations of the 
original ensemble (left) and vortex removed ensemble (right). Each config- 


uration is represented by a different symbol (Gattnar, 2005). 


*See the review article by Schaefer and Shuryak (1998). 
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In Fig. (17-46) we show the distribution of the 50 smallest eigenvalues of the 
chirally improved lattice Dirac operator for 10 different SU(2) lattice configurations 
of the original ensemble (left) and vortex removed ensemble (right), following the 
prescriptions given in (Del Debbio, 1998; de Forcrand, 1999) (see also section 17.9). 
Each configuration is represented by a different symbol (Gattnar, 2005). The zero 
modes are seen not to be strictly located on the Ginsparg—Wilson circle, but are 
scattereed around it. Note that the removal of center vortices eliminates the (would 
be) zero modes, and that the spectrum of eigenvalues (calculated with antiperiodic 
fermionic boundary conditions) has developed a large gap. 

More recently Bornyakov et al. (Bornyakov, 2008) have studied in detail what 
happens to the zero mode spectrum of the overlap Dirac operator, if one removes 
either the abelian projected monopoles in the MAG, or the vortices defined in the 
maximal center gauge, from the lattice configurations close to the deconfinement 
phase transition. This is shown in Fig. (17-47). Since the overlap Dirac operator is 
an almost perfect chiral lattice operator, it is optimally suited for studying of what 
happens to the calorons and to the quark condensate if one removes either one of 
the above degrees of freedom. The loss of zero modes would then imply the loss of 
topology, and a vanishing quark condensate. 


full removed removed 
configuration monopoles vortices 
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Fig. 17-47 Effect on the eigenvalue spectrum of the lattice overlap 
operator, upon removing either the monopoles or vortices. The panel on 
the left shows the 20 lowest eigenvalues of the overlap Dirac operator for 
a lattice configuration of the original ensemble, while the middle and right 
panels show the shift of the spectrum away from zero after removing the 
abelian monopoles or vortices. The figure is taken from (Bornyakov, 2008). 


Only part of the figure is shown. 
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This suggests that there exists a strong correlation between monopoles, vor- 
tices and calorons. The zero modes dissappear completely from the spectrum of the 
Dirac operator. Therefore configurations with non-vanishing topological charge will 
also be absent in the modified ensemble (since the Atiyah-Singer index theorem is 
implemented by the overlap operator). Hence, although calorons are not the mech- 
anism of confinement, they may be a seed for confinement. In a model studied by 
Diakonov, where the partition function at non-zero temperatures is approximated 
by an ensemble of interacting dyons, the author shows that all known criteria for 
confinement, and in particular the vanishing of the average Polyakov loop, and a 
linear rising potential, are fullfilled, and that even the critical temperature for the de- 
confinement phase transition is in good agreement with the lattice data (Diakonov, 
2007). A semiclassical model of a dilute non-interacting gas of KvBLL calorons with 
adjustable holonomy has also been developed by Gerhold et al. (Gerhold, 2007), 
where the confinement /deconfinement phase transition can be modelled by varying 
the holonomy. In the confined phase a linear rising potential is observed.* 

In this section we have only provided the reader with some highlights on 
calorons and their possible role for confinement, without going into details. Clearly 
the details are quite complex, and lattice simulations involve many subtle questions 
which must be answered before any conclusions can be drawn with reasonable cer- 
tainty. But the results of such simulations are encouraging and may eventually lead 


to a picture of confinement unifying monopoles, vortices, and calorons. 


*See also Hofmann (2005) for an interesting alternative discussion of the caloron 
ensemble in terms of an effective theory obtained by a spatial coarse graining pro- 
cerdure. 
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CHAPTER 18 


PATH-INTEGRAL REPRESENTATION 
OF THE THERMODYNAMICAL PARTITION FUNCTION FOR 
SOME SOLVABLE BOSONIC AND FERMIONIC SYSTEMS 


18.1 Introduction 


So far we have studied the properties of hadronic matter at zero temperature. 
As we have seen, numerical calculations have given strong support for quark con- 
finement. Thus QCD accounts for the fact that isolated quarks have never been seen 
in experiments performed in a normal environment. A natural question then arises 
whether quark confinement persists when one is dealing with hadronic matter under 
extreme conditions, such as at very high temperature or density. 


It has been speculated already in the late seventies (Polyakov, 1978; Susskind, 
1979) that there exists a phase transition from the low temperature regime, where 
quarks and gluons are confined and chiral symmetry is broken, to a chirally sym- 
metric phase, consisting of a quark—gluon plasma in which the colour charge of 
quarks and gluons are Debye-screened. If such a plasma phase exists, then one 
should be able to detect it in high energy ion collisions. Such laboratory experi- 
ments could provide further tests of QCD as being the correct theory describing 
the strong interactions. The study of QCD at high temperatures is also of cos- 
mological interest, for hadronic matter at high temperatures and densities was 
surely present in the early stages of the universe. Hence the study of QCD at 
very high temperatures and/or densities is important for constructing models of 


the universe. 


Using renormalization group arguments, Collins and Perry (1975) have pointed 
out that at high densities the effective coupling of quarks and gluons should be 
small, and a perturbative description should be possible. The reason is that, when 
hadrons overlap, the separation between quarks will be small, and their dynamics 
will be determined by the asymptotic freedom property of QCD. But renormal- 
ization group arguments also suggest that the quark—gluon coupling constant de- 
creases with increasing temperature. Hence at sufficiently large temperatures one 
might expect that thermodynamical observables can be computed in perturbation 
theory. 


Actually, physics at high temperatures turned out to be more complex than 
originally expected. It was pointed out by Linde (1980) that the thermodynamics 
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of massless Yang-Mills fields involves a severe infrared problem which leads to a 
breakdown of perturbation theory beyond a given order, which depends on the ob- 
servable considered. For the thermodynamical potential the breakdown is expected 
to occur in 0(g°), where g is the QCD coupling constant. This failure of perturbation 
theory is closely related to the fact that, in the presence of a heat bath, a screening 
mass of 0(g?) is generated in the magnetic sector of QCD. Inspite of this “infrared 
problem”, low-order perturbative calculations may still provide an adequate descrip- 
tion of the thermodynamics of QCD at sufficiently large temperatures. At present, 
however, this can only be checked by calculating thermodynamical observables nu- 
merically, within the lattice formulation of QCD, and comparing the results with 
the perturbative predictions. One must therefore learn how to compute Feynman 
diagrams in finite temperature QCD. 


Finite temperature continuum field theory has a long history. The pioneering 
work was carried out by Matsubara (1955) within a non-relativistic context. The 
development of perturbative methods for relativistic gauge field theories is, how- 
ever, fairly new (Bernard, 1974; Weinberg, 1974; Dolan and Jackiw, 1974). We shall 
discuss these methods in the following chapter. The purpose of this chapter is to 
introduce the reader to a finite temperature formalism which will allow one to study 
the thermodynamics of a relativistic field theory like QCD by Monte Carlo methods. 

The central object which is of interest when studying the thermodynamics of a 
system is the partition function. For simple systems, such as discussed in standard 
lectures on statistical mechanics, this partition function can be computed exactly. 
In the case of interacting field theories this is no longer possible and one has to recur 
to perturbation theory. The starting point for such computations is usually the path 
integral representation of the partition function. For non-interacting systems we can 
write down such a path integral representation which can be calculated exactly, and 
hence be checked against the expression obtained by other well established methods. 
In this chapter we shall study such models involving bosonic as well as fermionic 
degrees of freedom in quite some detail. This will give the reader some confidence in 
the path integral approach to studying the thermodynamics of relativistic quantum- 


mechanical systems. 


18.2 Path Integral Representation of the Partition Function 
in Quantum Mechanics 


In chapter 2 we had derived a path integral representation for the imagi- 


nary time Green function in quantum mechanics. This allows us to write down 
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immediately a corresponding path-integral representation for the thermodynamical 


partition function, 
Z=Tr e, (18.1) 


Here H is the Hamiltonian, 8 = T with T the temperature, and kg the Boltzmann 
constant. For convenience we shall set kg equal to one in the following. Let n be 
the number of degrees of freedom of the system, and |q) = |q1, q2, - - - , qn} denote the 
simultaneous eigenstates of the coordinate operators Q; with eigenvalues q;. Then 


(18.1) is given by 


Ge 1 [| dalal”). (18.2) 


a=1 
The integrand has the phase-space path-integral representation (2.9) with T — T 
replaced by 8, and with the coordinates at “time” 7 = 0 and T = @ identified. The 
partition function is obtained by integrating the expression over q (which we denote 
by q® in the following) 


7 = lim [Pwr eitlar e7 Deke HGP) on _ oo, (18.32) 
Nenp 
where 
N-1 OIRO) 
dqa dpa 
DqDp = I (18.3b) 
l=0 a 
and 
N-1 
olap = >> > pO Gh =H). (18.3c) 
l=0 a 


The corresponding (formal) continuum form of this expression is given by 
Z= I Dq f Dp e~ So dro Walt) da(r)—F(a(7),P7))) (18.4) 
per 


where the subscript “per” (— periodic) is to remind the reader that the coordinates 
at “time” + = 0 and T = @ are to be identified. Notice that only the coordinate 
degrees of freedom are required to satisfy periodic boundary conditions. 

There are three features which distinguish the above expression from the classical 


partition function: 


(i) The phase space measure involves coordinate and momentum variables associ- 
ated with every euclidean time support on the discretized interval [0, 6]. 
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(ii) The usual Boltzman factor is replaced by exp(—GH), where H is the following 
“time” average of the Hamiltonians defined at the discrete time supports: H = 
Hee Hl, p®). 

(iii) The phase-space measure is multiplied by a phase factor which depends on the 
coordinates and momenta, and couples the coordinates at neighbouring lattice 


sites on the time (temperature) axis. 


Since the integrand in (18.3a) involves the phase e’?!7?I, it cannot be interpreted 
as a probability distibution in phase space. It is for this reason that the phase- 
space path integral representation of thermodynamical observables (which can be 
obtained from the derivatives of Z in the usual way) does not lend itself to Monte 
Carlo simulations. But if the Hamiltonian is of the form (2.8), then by performing 
the Gaussian integration over the momenta we are led to a configuration space-path 
integral expression which is suited for such simulations: 


Z= f [dge W Pred, (18.5a) 
per 
where 
N-1 n £) 
dqà 
dq| = : 18.56 
[dq] HII F ( ) 


and Lp is given by (2.10b), with q = q. Hence within the path-integral frame- 
work, temperature is introduced by merely restricting the euclidean time to the 
finite interval [0,3], and imposing periodic boundary conditions on the coordinate 
degrees of freedom. This is truly a remarkable simple result. When (18.5) is gen- 
eralized to field theories, this representation will provide the basis for computing 
thermodynamical observables using well known numerical methods in statistical 


mechanics. 


18.3 Sum Rule for the Mean Energy 


We now make use of the path integral representation of the partition function 
to obtain an expression for the mean energy which is suitable for Monte Carlo sim- 
ulations. Such simulations are carried out on finite lattices. In quantum mechanics 
this lattice is one dimensional, with the lattice sites labeled by the discrete euclidean 
time supports on the finite compactified time interval [0, 3]. Let N be the number 
of time steps of length €, with Ne = 8. To compute the mean energy we have to 
differentiate the partition function with respect to temperature. We must therefore 
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be able to vary the temperature in a continuous way. This can be easily done. By 
keeping the number of lattice points in the euclidean time direction fixed, the tem- 
perature can be varied by changing the lattice spacing e. Hence we can calculate the 
mean energy by first computing 


ie = x In z| (18.6) 


Nfixed 
and then taking the limit N — oo, € > 0, with Ne = 8 fixed. To keep our discussion 
as simple as possible, we shall restrict ourselves in the following to systems with only 
one coordinate degree of freedom. The generalization to several degrees of freedom 
will be obvious. 

Consider first the phase-space path-integral representation of the partition 
function (18.3), for the case where the Hamiltonian is of the form H (q, p) = = p*+ 
V (q): 


J= I De | Dp e&alipn(ant1—an)-e($&+V (an), (18.7a) 


66, 99 


Here “n” now labels the discrete times on the interval [0, 8] (i.e., it plays the role of 
the superscript @ in (18.3)), and 


N-1 TE 
DqDp = DEN 18.7b 
qDp jji oF (18.70) 
The sum in the exponential extends from n = 0 to n = N —1. In principle we could 
immediately perform the Gaussian integration over the momenta and calculate the 
mean energy according to (18.6). It is however instructive to keep, for the moment, 
the partition function in the form (18.7). Notice that the phase-space integration 
measure (18.7b) does not depend on e, which only appears in the exponential, mul- 
tiplying the Hamiltonian.* Performing the differentiation in (18.6) we obtain 


=a » —p + v(a))), (18.8) 


where ((O(qe, pe))) stands generically for 


J DaDp0 u HPn(enes tn) vi ie llan= =q 
f DqDpeXn= “9 lipn(gn+1— Qn) (BA 4V( dn))] lass = 


(O(4e, pe))) = (18.9) 


* In the configuration space representation, on the other hand, the measure 
does depend on e. 
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We have used a double-bracket notation, since the rhs of (18.9) does not have the 
form of an ensemble average. For this reason the above expression is not suited for 
numerical simulations using statistical methods, as we have already pointed out. A 
convenient expression for the mean energy can however be obtained by expressing 
the rhs of (18.8) in terms of configurations space path-integrals. To this effect let us 


define the generating functional 


Z[J] a Da | Dp eden iPn (Qn+1—4n) e( Ba FV (qn))+Pn Jn] (18.10) 
The Gaussian integration over the momenta can be performed immediately, and 
yields 
[4m(q ] a n n 
ApS ET * STe a CEKUR Me =q0> (18.11a) 
where 


Gn = (Gnt1 — Gn)/€- (18.116) 


Notice that the normalization factor is e-dependent, and hence contributes to the 
mean energy. For J = 0 this is the partition function in the configuration space path 


integral representation: 


m( 2H 
= (z * Jine En lan EV (an) ae =q0 (18.12) 


From (18.10), or equivalently from (18.11), we can calculate e.g. (po): 


oe) = 5 (5720) 


Using for Z the expression (18.11) we obtain 


(pe) = tm(4e), (18.13) 
where 
Joor DI Gee Stal 
(Gd) = F pg St (18.135) 
per 
with 


N-1 


Sl] =X `e E + Vlan) . (18.13¢) 


3 
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Notice that ( ) now has the form of a statistical average, since e~°/ f Dge~*® can 


be interpreted as a probability distribution. Notice also that (18.13a) is the relation 
d 

a 
in Minkowski space, and going over to imaginary times, by replacing 4 by if, Ina 


one would have guessed naively, by starting from the continuum relation p = m 


similar way one finds 


= z (5p) 
= Z — m?(@). (18.14) 


Hence the first term appearing on the right hand side of (18.8) is given by 


N-1 N-1 
1 p? E 3 i 
—S~(( Ff )) =~ = Sime}. 18.1 
N (EY Be NZ (Si ce) 


Notice the minus sign in the second term on the right-hand side! The contribution 
to the average energy arising from the kinetic part of the Hamiltonian is therefore 
given by the configuration space path integral expression 


N-1 — 1 42\e-Slal 
1 1 or DG (ame Je 
oe Di ' (18.16) 
2e N fra DS 


£=0 


while the contribution arising from the interaction is given by 


jf e Da Vigne eu 


=g 
N = foe? Dqe [a] 


(Epot) = (18.17) 


Of course the expression for the total mean energy (E) = (Exin) + (Epot) could 
also have been derived immediately from the partition function written in the form 
(18.12), by performing the differentiation (18.6). For the case of the harmonic os- 
cillator it has the same structure as that derived for the ground state energy in 
chapter 10 (cf. eq. (10.14)), except that here the brackets denote ensemble av- 
erages calculated at finite temperature, i.e., on a finite periodic euclidean-time 
lattice. 


18.4 Test of the Energy Sum Rule. The Harmonic Oscillator 


In this section we want to clarify the role played by the (in the limit € —> 0) 


divergent contribution + in the energy sum rule (18.16), and the minus sign 
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multiplying the “velocity” term, to ensure that the rhs of this expression gives a 
finite positive result. We cannot prove this assertion in general, but we can at least 
check it in a solvable quantum mechanical system. We will do this in this section for 
the case of the harmonic oscillator in contact with a heat bath, for which we have 
just shown that an analogous sum rule holds for the mean energy. 

In the case of the harmonic oscillator V(q) = ikg * For the computation 
of the partition function it is convenient to introduce the potential in the path 
integral expression as an average over two neighbouring time slices; i.e. we make the 


replacement** 


V (an) > FIV (dn) + V(anss)] = Ges + 22) 


The partition function is then given, according to (18.12), by the following configu- 


ration space path integral expression: 


m N N-1 
2 — 
om ee Ji dqne ie (18.18a) 


where 


(18.18b) 


lL /mm-n\ 1l 
n+ n 
Slg= >) € | m ( ) | qh Gn +2) 


Although the evaluation of the integral (18.18a) can be found in text books, we will, 


for completeness sake, present it here, following the method of Roepstorff (1994). 
Since qy and qo are identified in (18.18a), we can write the action S|q] in the form 


N-1 2 

1 1 

old = ee Ea? a y 5 (dn+1In T Qn Qn-+1) F Egg + go(dn-1 on qı), (18.19a) 
n=1 


= n=1 


where 


Me ee (18.195) 
€ m 


* For later purposes it is convenient not to set k = mw? at this stage. 
* Tn deriving the path integral representation we had chosen to approximate 
2 
et by e~©2me—*V, We could have also chosen to write this product in reverse 


order. 
** See, e.g. also W. Ditrich and M. Reuter, “Classical and Quantum Dynamics, 


Springer Verlag (1992). 
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This action can be written in matrix form as follows 


1 1 1 
5 Slal = 59° Qa- qb + 5£6"b, (18.20) 


where Q is an (N — 1) x (N — 1) matrix with the non-vanishing entries given by 


Oe eet 
Sih OF 4 
Sei). S 
-1 2 —1 
Q= $ (18.21) 
Sh Oe. ath 
ie 
and where q and b are the N — 1 component vectors 
q = (q1, 42; Gay 4 qN—1), (18.22) 
b= (qo, 0, 0,.--; 40). 
Completing squares, (18.20) can be cast into the form 
1 Begs ate ee = 
zS] = 57 Q+ 56 (€-Q™)b, (18.234) 
À 2 2 
where 
Fiona _ -1% 
FUE (18.23b) 


qE = q? a se O kaa 


Inserting the expression for the action in (18.18a), and performing the integration 
over the (N — 1)-dimensional vectors į we obtain 


[A 1 Wippo 
Fate f dge a ER 18.24 
2T zoa ao ( ) 


We therefore must compute the determinant of Q and its inverse. We first compute 
the determinant. 


Let D, be the determinant of an n x n matrix having the form (18.21). For 
n = 1, Dy = 2€. Define Do = 1. One then readily verifies that the following recursion 
relation holds for n > 1: 


Dn+ı 7 26D, — Dn- 


Path-Integral Representation of the Thermodynamical Partition Function 411 
The difference equation, with Dp = 1 and D; = 2€ is solved by 


Dp = ce”? + de~”?, 


where 
p = ar cosh Å. (18.25) 
and 
2 sinh p 2 sinh p 
For the determinant of Q one therefore finds that 
inh N 
102 De = e (18.26) 
sinh p 


The other quantity we need to know is b’Q-1'b. This can be easily calculated as 
follows. Let Q-'b = a. We can compute the vector a by solving the inhomogeneous 
equation Qa = b, where a = (a1,-,:,-,@n_1) and b is the vector (18.22). Note that 
except for the first and last rows, the structure of the remaining rows of the matrix 
(18.21) is always the same. Hence Qa = b is equivalent to solving the following set 
of equations 


2€a1 — a2 = qo 
—Ani2 + 2€4n41 — an = 0, (n=1,...,N—83) 
—an-2 + 2an-1 = qo 
The second set of (recursion) relations can again be solved with the Ansatz 
Gn = Ce + De”, 


where p is given by (18.25). The remaining two equations fix the coefficients C and 
D. One finds that 
Laer 
C= | | qo, 


2sinh Np 


1— e’ 
D = — | ——— | @. 
rA a 


Now 07Q-1b = bTa, with b = (qo,0,...,0, qo). Hence b7’Q-1b = qo(a; + ay_1). One 
then finds that 


2 


2 
b QTD = a [sinh(.V — 1)p + sinh p]. 
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Since €b'b = 2€q3, we finally obtain 


bP (€ — Qb = 2g (v — w), (18.27a) 
where 
_ sinhe (18.27b) 
ŠE tanh Np’ 
sinh p 
= ; 18.2 
= sinh Np eens) 


Inserting (18.27) in (18.24), and noting that according to (18.26) and (18.27c) 
det Q = w~', on finds, after performing the Gaussian integration over qo, that 


ee E. : (18.28) 
4/9 2—1 V/2Vcosh Np —1 A 


Let us first verify that in the continuum limit N —> oo, €e > 0, Ne = @ fixed, 


we obtain the correct expression for the partition function. Since p is given by 
(18.25) with € defined in (18.19b), we have that for e + 0, p ~ €,/%. Hence 
cosh Np — cosh Bw, where w = VE is the frequency of the oscillator, and we have 
set 8O = Ne. We therefore arrive at the correct expression for the partition function, 


—16w 
e 2 K 
eae. Ne 


From here we obtain the total mean energy 


2 A ebe — 1° 

Let us now verify that the contributions to (E) arising from the kinetic and potential 
term of the Hamiltonian are indeed given by (18.16) and (18.17). From (18.18) it 
follows that 


Ei m [0 m\-*% 
E (Joe) fe [iY Pe 
N 2 (zme) Ne E s 2re AAE 
1 m | oð 
= — — — |— lZ . 18.29 
2€ Ne a " P l ) 


Using for Z the expression (18.28), one finds, upon taking the derivative with respect 
to m (for fixed «) that (18.29) reduces in the continuum limit to 
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Note that the right hand side involves a piece which diverges like Ł fore > 0, and a 
finite term which is the negative of the mean kinetic energy of the harmonic oscillator 
at temperature T. From (18.16) we therefore conclude that (Ekin) = 3(E). Notice 
that the minus sign appearing in the integral expression on the right hand side of 
(18.16) was crucial for obtaining the correct expression for the mean kinetic energy. 
The contribution of the potential (18.17) is obtained from (18.18) according to 


Making again use of the explicit expression (18.28) one then finds that in the con- 
tinuum limit (Epot) = 4(E}, as expected. 

The origin of the strange looking relation (18.16) is of course that the ther- 
modynamic partition function is given by a euclidean path integral representation. 
Hence (g) is the ensemble average of the euclidean velocity squared. This ensemble 
average is necessarily positive. The positivity is however only ensured by the term 
4, which diverges in the continuum limit. This divergence is a consequence of the 
fact that the width of the probability distribution in (qn+1 — qn)? appearing in the 
configuration space path integral (18.18) is only of the order of e, so that ((==%)?) 
will be of O(2). 


18.5 The Free Relativistic Boson Gas in the Path Integral 
Approach 


In section 2 we have shown that for a quantum mechanical system, whose 
dynamics is governed by a Hamiltonian of the form (2.8), the partition function is 
given by the path integral expression (18.5), where the integral includes all paths 
satisfying the periodic boundary conditions qa( 8) = qa(0). The integration measure 
Dq, defined in (18.5b), is seen to be dependent on the temperature, which, for fixed 
N is controled by the temporal lattice spacing e. The formal translation of this 
expression to the field theory of a free real scalar field ¢(Z, 7) is immediate: q(T) is 
replaced by ¢2(7) =: (z, T), and the euclidean Lagrangean Lp is now given by 


Lele, 4] = i d’zLelo, Ou), (18.30a) 


where £p is the Lagrangian density 


Le = 9,000 + Lmg. (18.30b) 
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Hence the path integral expression for the partition function (18.5) goes over to 


HEN / Doe” I eS Peles) (18.312) 
per 
where formally 
Do = | | a6(z,7), (18.31) 


and N is a dimensioned normalization factor* playing the role of ze)” in (18.5b). 
The fields $(Z,7) are required to satisfy the periodic boundary condition 


o(£,0) = (2, B). (18.32) 


Hence the partition function is a weighted sum over all field configurations which 
live on a euclidean space-time surface compactified along the time direction. In two 
space-time dimensions this surface can be viewed as a cylinder with its axis along 
the spatial direction. The radius of this cylinder becomes infinite in the limit of 


vanishing temperature. 


As we now show, the expression (18.31) reproduces the well known expression 
for the grand canonical partition function of a gas of neutral bosons. Introducing the 


dimensionless variables 6 = 3¢, 7 = T r= Bhi and M = 3M, (18.31) becomes 


Zo =« f Déoe~? 9 dê f EGC Do (18.33) 


where Ñ is now dimensionless, and where we have made a partial integration in 
the expression for the action. The fields o(€, T) now satisfy the periodic boundary 


conditions 


o(€,0) = o(€, 1). (18.34) 
The Gaussian integral (18.33) can be immediately performed and yields the following 


formal expression** 


Zo =N [det(—O + MJ", (18.35) 


where the determinant of (~Â + M 2) is defined as the product of the eigenvalues of 


the operator in the space of functions satisfying the periodic boundary conditions 


* Since the partition function is dimensionless, M carries the inverse dimension 
of Dé. 

* Actually Ñ differs from the normalization constant appearing in (18.33) by 
an irrelevant numerical factor. 
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(18.34). Hence In Zp will involve the sum of the logarithms of the eigenvalues. To 
calculate this sum it is convenient to enclose the system into a box of linear dimension 


L and to impose also periodic boundary conditions in the spatial directions. The 


normalized eigenfunctions of (~Â + M?) then have the form 


> 1 ~~ 2m > E 
fam(E, F) = - ermine ote ms 
VW 
where L = af V = L3, and n and m; (i = 1,2,3) are integers. The eigenvalues of 
(—O + M?) are given by 


22 
Ana = ny G a ) +M’. 


L2 


For the logarithm of (18.35) we therefore obtain 


InZo=-5 > Doin n?4 
n k 


BEKT 
QT 


+ InN, (18.36a) 


where 


E(k) = y k? + M2, (18.36b) 


and where the sum over k extends over the discrete values 
k= ^ñ. (18.36c) 


Going back to the quantum mechanical case discussed in section 2, where the par- 
tition function is given by (18.5), and scaling the integration variables according 
to their canonical dimension with 8, one finds that the contribution analogous to 
In N is proportional to the number of degrees of freedom. Hence we expect that in 
the present case In N = const. x V f ae. Since such a term merely gives rise to a 
constant shift in the pressure, we shall drop it from here on. 

Let us next replace the sum over discrete momenta in (18.36a) by an integral 
in the standard way 


2 = v/ oat (18.37) 


which is valid in the large volume limit. Then 


ot dk (BEN? 
InZo=—5V | a” re- (=) 


(18.38) 
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Consider the sum over n of the logarithm.* Consider the following (also divergent) 


sum 
S In(n? + x”) = Inz? + 2g(x), (18.39a) 
where 
glz) = S In(n? + x”), (18.390) 
n=1 
and 
r= (18.39c) 
Whereas the right-hand side of (18.39b) diverges, its derivative 
“4 a ` ae (18.40) 


is finite. The sum can be evaluated in closed form**: 


S Qa 1 M Qn 
am n? + x? x 1l—e7? 


By integrating (18.40) we can determine g(x) up to a (divergent) constant. Inserting 
the result into (18.39a) one then finds that 


ee) 2 
S> In (2+ (=) = BE +2In(1 — ef") +C 


where C is an integration constant. For (18.38) we therefore obtain (recall that we 
dropped the last term in (18.36a)) 


Pk z E i or Bk 
In Zo = ao p aisen] = Z] ary E) -ov fo. 


The second and third term merely gives rise to a constant shift in the mean energy 


density and pressure. Dropping these (irrelevant) terms we therefore find that the 


* We follow here the method of Dolan and Jackiw (1974). For an alternative 


procedure see Kapusta (1989). 
* See e.g. “Table of Integrals, Series, and Products”, by I. S. Gradshteyn and 


I. M. Ryzhik, Academic Press, New York and London (1965). 
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thermodynamical potential Q = ay In Z of an ideal gas of scalar neutral particles 
is given by 
1 1 dèk 
Q=-—hnZ=-+ In(1 — e”). 18.41 
pv" af tay Apne Weed 


In the zero mass limit this expression reduces to 


Q= (M = 0) (18.42) 


See 
90 

so that the energy density € = 0(GQ)/0G and pressure p of an ideal gas of massless 

scalar particles are given by the Stefan—Boltzmann law: 


T 
= —T* 
s S 
1 
= =€. 
P~3 


18.6 The Photon Gas in the Path Integral Approach 


Let us now consider the thermodynamics of a free photon gas within the path- 
integral framework. The euclidean finite temperature action, replacing (5.8b), is 
given by 


B 
D= al dr fd zFyu(2) Fula), (18.43) 


where F = 0,A, — O,A, is the euclidean field strength tensor expressed in terms 
of the gauge potentials. Naively one would write down the following path integral 
expression for the partition function 


, =n f DAen tle dr f PEF 2) Fane) (18.442) 
per 


where the gauge potentials are subject to the periodic boundary conditions 
A, (#,0) = A (Z, 8). (18.44b) 


Written in this form the integral (18.44a) diverges, since gauge field configurations 
which are related by a gauge transformation are weighted with the same exponential 
factor. The divergence can be isolated following the well known Fadeeev—Popov 
procedure, by which a gauge condition is introduced into the path integral. The 
following arguments are very formal, and we refer the reader to text books on field 
theory for more details. 
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Let us first write the partition function (18.44a) in the form 


Z= nf Hae dr f dx Ay (2) (Spy = Dun) An (2) (18.45) 


where we have made a partial integration in the action (18.43) expressed in terms 
of the gauge aac Next define the following gauge invariant functional AJA] 


aa | eA =o; (18.46) 


where f(x) is some arbitrary periodic function. Note that A„(x) — 0,A(2) is just a 
gauge transform of the potential A,,(a). We now rewrite the d-function in the form* 


IT] 512. (A, — 3 A) — n= |- )(A- 5,4.-1))] 


= aal E] i 


Performing the functional integral over A in (18.46) we therefore have that 


AJA] = det (—0). 


AJA] is the so called Faddeev-Popov determinant, which, although in the present 
case is independent of the gauge potentials, cannot be ignored. In fact at finite tem- 
perature, however, the determinant, which is given by the product of the eigenvalues 


of —O, with the eigenfunctions satisfying periodic boundary conditions analogous to 
(18.44b), is temperature dependent and hence is relevant for the thermodynamics 
of the system. This is the main message we wanted to convey. 

The next step consists in introducing the identity 


aja f DATT AALA E) = AuA(o)) ~ Ce) 


into the path integral (18.45). After making a change of variables Aj, = A, — 0,A, 
and using the fact that the action as well as integration measure are invariant under 
this transformation, one finds that 


z=n] f pal [PA TE IT] oe Ante) = Fe) 


x ež Te dr f BxrAy(x) (Suv One) uke). 


* We have chosen to factor out a —O since the eigenvalues of this operator are 


non negative. 


Path-Integral Representation of the Thermodynamical Partition Function 419 


Here we have dropped the “prime” on Aj. The remaining steps leading to a 
covariant gauge fixed expression for the partition function are standard. Since 
the cee a not depend on the choice of f(x) we can multiply (18.46) by 
exp|- + f d‘xf?(x)] and then functionally integrate the expression over f(x) with 
the measure Df = df(x). After dropping the factor N[f DA], since it should 
not affect the thermodynamics, we are left with the expression 


=] DA det(— Jer So dr f BrAy(e) (Suv — (1-4) p00) Av (a). 


Choosing the Feynman gauge (a = 1), we therefore have that* 


Z = det(— af DA e 2 ne dr f dxAy(x)(—Opv JAL (a) $ 


The path integral factorizes into four path integrals having the form characteristic 
of a zero mass scalar neutral field. Hence we immediately conclude that 


ln Z = In Par + In det(—0) 


= 2 In[det (—0)] : 


Hence In Z is just twice the corresponding expression for a massless scalar neu- 
tral field. The factor two accounts for the fact that the photon has two transverse 
polarizations. We therefore conclude that the partition function for the photon gas 
is given by 


ak _ Blk 
In Z oht = 2l]n Z scalar = -əv f (27)? In(1 —= BIR) (18.47) 


* The determinant could in principle be incorporated into an effective action 
by introducing a set of Grassman fields (ghosts) c(a) and c(x). Then det(—O) = 
f DeDe elo dine 
the operator —O with the eigenfunctions satisfying periodic boundary conditions 


8 


e(z). Since the determinant is the product of the eigenvalues of 


in euclidean time, this integral is to be evaluated with the ghost fields subject to 
the same boundary conditions. The relevance of the Faddeev—Popov determinant in 
obtaining the correct form for the partition function has been discussed in detail 
by Bernard (1974). The reader should consult this reference for a more general 
discussion of the gauge-fixing problem for the thermodynamical partition function. 
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and that the thermodynamical potential is just twice the expression (18.42), i.e. 


2 

T 
CS T*. 

45 


Summarizing, we have seen that the contribution of the Faddeev-Popov de- 
terminant was essential in deriving this result. Omission of the ghost contribution 
would have yielded a result which is twice as large. Furthermore it was important 
that the ghost fields obeyed the same boundary conditions as the photon fields 
which allowed for the cancellation of the unphysical degrees of freedom of the gauge 
potentials. 


18.7 Functional Methods for Fermions. Basics 


Having discussed in detail the path integral representation of the thermody- 
namical partition function in some simple bosonic theories, we now want to ex- 
tend our discussion to the case of fermionic systems. A functional formalism which 
allows one to derive a path integral representation of the partition function for 
fermions is that of Berezin (1966).* In the following section we shall apply this for- 
malism to a simple non-relativistic fermionic system, which allows us to derive a 
path integral representation for the partition function which is exact for an arbi- 
trary choice of time step. This example will illustrate some important points which 
will be relevant when studying the thermodynamical properties of relativistic field 
theories involving fermions on a lattice. In this section we will present the basic 
formulae that we shall need, and check them in a simple model. For a detailed 
discussion of the general functional formalism the reader may consult the book by 
Berezin (1966). 

Consider first a fermionic system whose Hilbert space only consists of the vac- 
uum state, |0}, and the “one particle” state |1) = ât|0}, where |0} is annihilated 
by â. The operators ât, and @ satisfy the anticommutation relation {â, ât} = 1. All 
other anticommutators vanish. An general operator A, acting on this space, then 
has the form 


A= Ko + Kya! + Kuna + Kuala. (18.48) 


Note that the coefficients K;; are not the matrix elements of the operator in the 
above mentioned basis. We have therefore denoted them with the symbol K. What 
we will need is an expression for the trace of an operator, and of a product of 


* See also Soper (1978). 
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operators, in terms of an integral over Grassmann variables. This can be easily 
achieved in our example. We first associate with the operator (18.48) the so-called 
normal-form 


A(a*,a) = Koo + Kioa* + Kora + Ky, aa, (18.49) 


where a and a* are the generators of a Grassmann algebra, i.e., {a,a} = {a*,a*} = 
{a,a*} = 0. From the normal form, we construct the so called matrix-form 


A(a*,a) = e* *A(a*,a). (18.50) 
Since e** = 1 + a*a, one readily verifies that 
A(a’, a) = Aoo + Ajoa* + Ao1a + Aya"a, 


where Aj; are now the matrix elements of the operator A in the basis |0) and 
|1) = a'|0). Making use of the Grassmann integration rules 


eve = [ea =f; fu = fw =0 (18.51) 


one finds that TrA = Aoo + A11 is given by the following Grassmann integral 
Tr A= f datate*A(a', a), (18.52) 


To calculate the trace of a product of operators C = AB we need an expression for 
the matrix form of the operator C, in terms of the matrix forms of the operators A 
and B. One easily verfies for our simple example that 


C(a*,a) = J dodac ® Ala", a)B(a,a), (18.53) 


where a, a*, a, a*, da, da*, are all anticommuting variables. 


All the above expression have been written in a form which generalize to the 
case of a fermionic system with an arbitrary finite number of degrees of freedom. We 
summarize the main expressions we shall need in the following sections, and refer 
the reader to the book by Berezin (1966) for details. 


Let a; and al (i = 1,2,...,k) be operators satisfying the anticommuation 
relations 
{a;,a)} = di, 


{@;,4;} = {â}, ât} = 0. (18.54) 


aes 
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A general function of these operators can then be written in normal ordered form: 


AT AT BN cae aia A 
A=), 5 K ae Sini „jm bi Vig 9 Aj, Aj, Aja Aims (18.55) 
n,m {in} {jk} 


; (nm) , JE: pa: 
where the coefficients Ki iz... iniji j2, jm AVE Separately antisymmetric in the indices 
i1, 12,..+,%m and ji, J2, .-., Jm. By definition, n = 0, or m = 0 is understood to imply 


that the corresponding contribution to the sum (18.55) does not contain operators 
of the type al or âi, respectively. A general state on which this operator acts is given 
by a linear combination of the vacuum state |0}, which is annihilated by all the â;’s, 
and the states ât -| „àt 10) , where 1 <n <k. 


We now associate with (18.55) a normal form, obtained by replacing the oper- 
ators and â; by (anticommuting) Grassmann variables až and a;, respectively: 


ge» 
DP PoR V1 825-0) bn3I1 J2; 1g 0, ` "a; naji Ajo ee Ajim: (18.56) 
n,m {ikh {jk} 
The Grassmann variables a and a* appearing in the argument of A stand for the 


collection of variables {aj} and {a;}, respectively. The coefficients Kj, 5." .j, j.,.. are 


not the matrix elements of the operator A in the above mentioned basis. From the 
normal form, we can construct the matrix form in a way analogous to (18.50): 


A(a*,a) = e>: =% A (a*a). (18.57) 


Given the matrix forms of two operators A and B, the matrix form associated with 
the product AB = C can be computed as follows: 


C(a*,a) = { Tes; daje” +i A(a*, v) B(a*, a), (18.58) 


where až, a;, až, a; are now generators of an extended Grassmann algebra. 


Knowledge of the matrix form of an operator allows us to compute its trace according 
to 


TrA= [Th eaiaaje&e aaa), (18.59) 


which is the generalization of (18.52). This expression can also be written in the 


form 


Trå = | J dajdaye =" Afa", =a). (18.60) 
J 
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Furthermore, using the Grassmann integration rules (18.51), one verifies that 
[Mee [Tee ai laibi) F(a, c) = F(b, c), 
J J 


where again a,b,c stand for the collection of Grassmann variables {a;}, {b:}, {c}. 


Hence 
õla, b) = f | | daze: i) (18.61) 
j 


acts as a ĝ-function. 
As a simple application of the functional formalism, let us compute the grand 
canonical partition function for a system whose dynamics is governed by the Hamil- 


tonian 
A =X E,aja;, (18.62a) 
with the chemical potential u coupled to the number operator 
N=)S ala. (18.625) 
The partition function for this system is given by 
=(6, u) = TrQ, (18.632) 
where 
Ô= eo B(H-EN) = eB EEn âlâ: (18.63b) 


The exponential factorizes. Making use of the anticommutation relations (18.54) one 
finds after some algebra that 


k 
ĝ=1+>0 > Mia Nya, «+ âl âi Gy, 


L=1 14 <9 <-<dg 
where 


ni = e P(Ei-H) — 1, 


and where k is the number of degrees of freedom. The normal form associated with 
Q is obtained by replacing the operators âl and a; by the corresponding Grassmann 
variables a} and a;. Making use of the fact that the square of a Grassmann variable 


vanishes, it can be written in the form 


O(a*, a) = ei Hi, 
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The corresponding matrix form is then obtained according to (18.57): 

Q(a*, a) = erie PO Mazar, (18.64) 
Finally, (18.63a) is calculated from (18.59). For In= one obtains 


In=(8, u) = X nfl +e PPM), (18.65) 


which is the correct expression for the partition function. 


18.8 Path Integral Represenation of the Partition Function 
for a Fermionic System valid for Arbitrary Time Step 


We now use the functional formalism discussed in the previous section to derive 
a path integral expression for the partition function (18.63), which holds for an 
arbitrary finite “euclidean time”-step. 


Consider the model whose Hamiltonian is given by (18.62a). To obtain a path 
integral representation of the grand canonical partition function we split the interval 
[(0, 3] into N intervals of length « = G/N, and write the partition function in the 


form 
where 


The matrix form of 2, is given by (18.64) with 8 replaced by e, 


Q(B", @) = Lie Maza (18.66) 


where, for notational reasons which will become clear below, we have denoted the 
sets of Grassman variables {až} and {a;} by a@* and đ@, respectively. We next calculate 
the matrix form of QN by making repeated use of the product formula (18.58). Let us 
label the integration variables with an extra index, which will be interpreted later as 
labeling different time slices. Thus in the following @,, denotes a set of k Grassmann 
variables a;n, 7 = 1,2,...,k, where k is the number of degrees of freedom of the 
system. A similar statement holds for @. Then the matrix form of (Q.)% is given by 


N-1 
— ciha. 
O(Gy, än) = l LLL] dindane = 


i n=l 


x KACI Gn—1)Q-(Gy_1, an-2) SE Q.(ã, Gio) does 
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The trace of (Q.)% is calculated according to (18.60): 
Trì = f I] daž yda; ye ANQ (OY, —ãy). 
i 


Writing out the components of @,, and a*, explicitely we are led to the following exact 
path integral representation for the partition function, 


N 
Tre hee) — f I] I] day daz we PUMA) oe gan, (18.67) 


n=1 i 


where 
N 
Slatin) {aim} = SS {ah [ain — aini] + (1 eE at dint}. (18.670) 
n=1 2 


Notice that the path integral (18.67a) is to be calculated subject to the antiperiodic 
boundary condition aio = —a;,y. While the index “i” labels the degrees of freedom 
of the system, the index “n” labels the different (euclidean) time slices. 


The partition function can now be calculated by diagonalizing (18.67b). To 
this end we introduce a new set of variables a;,, and a;,, by the following unitary 
transformation (we take N to be even), 


N/2-1 N/2-1 


ia . * Po * ~k 
Qin = J Cntlit; Qin = X Credi t (18.684) 


l=—N/2 l=—N/2 


where 
l iden (18.68b) 
Cne = ——e ; . 
“AN 


and wy, are the Matsubara frequencies, 
2l+1 
wy = (aS) m (fermions). (18.69) 
N 
The coefficients (18.68b) satisfy the relations 


N/2-1 


* 
X Cyr pene = Ônn’, 


l=—N/2 
N 
pD C pCnt' = Oger. (18.70) 
n=1 


Notice that the antiperiodic boundary condition in (18.67a) has been incorporated 
in the expansion (18.68a). Upon inserting (16.68a) into (18.67b), and performing 
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the sum over n by making use of (18.70) one finds that 


TrQ = Mig T da; (pda; ge ie G 7 eñi ell- eT (Ej =H) et) 


i (=-X 


“TIL nen 


We therefore see that the chemical potential is introduced into the partition function 
for u = 0 by the simple substitution rule 


Qe > ae + iĝ, (18.71) 


where {4 = eu is the chemical potential measured in lattice units. Combining the 
positive and negative frequency parts, T rQ = E can be written in the form 


a= || i {1 +2} — 2r; cosa} = [0 +), (18.72a) 


i £=0 i 


where 
ri = eF), (18.72b) 


Upon setting eN = 8, one recovers the result (18.65). 
The path-integral representation (18.67) exhibits several interesting features 


which deserve a comment: 


i) As we have already mentioned, it is the exact path-integral expression for the 
partition function (18.63) for every choice of e = G/N. 

ii) An alternative expression for the path integral (which will turn out to be conve- 
nient when we compare it with the lattice actions employed in numerical simula- 
tions) is obtained by making the redefinitions a;n + ajn41 and a;,, > ea; n 
This is always possible, since the a’s and the a*’s are independent Grassmann 
variables. One can then easily show that (18.67) can also be written in the form* 


- (Te [TT nddine > {a} ,},{4i,n}) 


n=1 i 


Qi N41=— 4,1) (18.73a) 


* Care must be taken of the fact that the integration measure for Grassmann 
variables does not transform in the way one is used to from integrations over c- 


number variables. Thus f dae™ = A f dbe. 
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where 
N 
S({azn},{ain}) = X Y {anle Paint ain] + (1—e™ at ain}. (18.730) 
n=1 i 


The only subtle point in obtaining this result concerns the integration measure. 
The reader can convince himself that it can be still written in the form given in 
(18.67a), by modifying the boundary conditions in the way exhibited in (18.73a). 

iii) Still another form of the path-integral expression (18.73) can be obtained by 
introducing the variables 


Gn eG, (18.74) 


which leaves the measure unchanged. In this way one can eliminate the 
-dependence in the action, and incorporate the chemical potential into the 
boundary condition. Dropping the “prime” one then obtains that 


N 
a * — Din {etn (@in+1—Gin) +(e az nain} 
a= nf I] ] | da? dainfe in in Fin ijn intin eee ee 


n=] i 


(18.75a) 


where 


N= TI l (18.75b) 


Note that the chemical potential now enters in the form of a boundary condition in 
the combination Ou, which is independent of the chosen discretization. By expanding 
e~“‘ in (18.75) up to leading order in € we can obtain an expression for the partition 
function, valid in the continuum limit, which can be generalized to the case where 
the Hamiltonian no longer has the simple form (18.62a), 


N 
= c j m i ; int1—Gin)+eH(a% ain 
S=N tim fT] [] dandan [Etienne 


a; =—e` bha; 
Wali i, N+1 7,1 


(18.76a) 
or equivalently 


N 
Z=N lim fa: dain [a eta A 
in ; 


. Qi, N+1=—0i,1 
Nexo n=1 i 


(18.765) 
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where 


HQ; n Gin) = Eia; 


isn? 


Gi (18.76c) 


is the Hamiltonian “density” defined on the n’th time slice. In obtaining (18.76b) we 
have again made a change of variables analogous to (18.74) in (18.76a). Expression 
(18.76b) has a form which most closely resembles that used in lattice calculation. 
Except for the overall factor multiplying the integral, the chemical potential is in- 
troduced in the bilinear terms coupling neighbouring lattice sites in the euclidean 
time direction in the way proposed by Kogut et al. [Kogut (1983c)], and Hasenfratz 
and Karsch |Hasenfratz (1983)]: 


* * —f 
Oy Cig T OnE "lint, (18.77) 


where ji is the chemical potential measured in “lattice” units. As we have seen in 
this section, this prescription follows naturally from the functional formalism. 

Let us verify that the partition function (18.76b) yields the correct answer for 
the mean energy, (E) and mean particle number (N}. By diagonalizing the action 
as before one finds that 


N- 
== lim I] Il el (eb je hr, 


Ne= i =- J 


Taking into account that the product includes as many positive as well as negative 
frequencies, this expression can again be written in the form (18.72a) with z; = 
(1 — cE; )e. Hence 


ln = Xohi + (1 — €E;)*e*). 


Upon setting € = =, and taking the limit N — oo, we recover the result (18.65). 
For fixed N, the mean energy is given by (recall that Gy is to be held fixed), 


>. 10d 
(E) =— lim — ala In =| (18.78) 


Hence 


(18.79a) 
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A similar calculation for (V) yields 


, de GO att as 1 
Ne= g 


As the reader will have noticed, the factor (18.75b) multiplying the integral in 
(18.76a) was important for obtaining the correct answer. Ignoring it would not 
influence the result for the mean energy, but would modify the expression (18.79b) 
by the potentially divergent sum 5), = ny, where ny is the number of degrees of 
freedom. 


18.9 A Modified Fermion Action Leading to Fermion Doubling 


We have seen in the previous section that the functional formalism for fermions 
tells us that the kinetic (time-derivative) contribution to the action is discretized 
using the right lattice derivative. The dependence on the chemical potential then 
appears in the form of a y-dependent boundary condition. Alternatively, the chem- 
ical potential can be introduced into the action at u = 0 according to the rule 
(18.77). In this case the Grassmann variables satisfy antiperiodic boundary condi- 
tions. Although the action in the latter formulation resembles that used in lattice 
simulations, it actually differs from it in an essential way. When simulating rela- 
tivistic field theories involving Dirac fermions on the lattice, one wants the action to 
exhibit a hypercubic symmetry, which is the lattice remnant of the 0(4) symmetry 
in the (euclidean) continuum formulation. The fermionic part of the action is there- 
fore disretized using the symmetric form for the temporal (as well as spatial) lattice 
derivative. In chapter 3, where we discussed the fermion propagator, we have seen 
that using such a discretization leads to a serious problem: the fermion doubling 
problem. Of course we also expect to see the contribution of the doublers in the 
partition function. In fact, as we now show, the doubler contributions which arise 
from the use of a symmetric lattice t#me-derivative manifest themselves in a non- 
trivial way. This can be most clearly demonstrated for the non-relativistic fermionic 
system considered in the previous sections. The manifestation of the doubers in the 
relativistic case is more subtle and has been discussed by Bender et al. {Bender 
(1993)]. 

The following partition function is a modification of (18.76b), where the ki- 
netic term in the action (i.e., the “time”-derivative term) is modified in a way 


which resembles that used in actual Monte Carlo simulations of lattice gauge field 
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theories: 


= (8, u) = lim Te) fie: ndalin 


NoRa i n=l 


+ (e Rain e” EA ) 
-En te |E. Gin th 1 tH (a tin) 


xe aena SSD) 


ai N4157 4i,1 
Here we have introduced the chemical potential into the symmetric time-derivative 
at u = 0 according to the Kogut-Hasenfratz-Karsch prescription [Kogut (1983c); 
Hasenfratz (1983)| 


* * —fl 
Ai nGintl => Qj n€ Eig teas 
* * T 
Qi nain-—1 i Aine” din-i, (18.81) 


where fi = ep is the chemical potential in lattice units. Because of the modified 
kinetic term the anti-periodic boundary conditions in (18.76b) have now been re- 
placed by ajo = —a;n, and ain+1 = —aj,. The integral can be performed by 
diagonalizing the action in the manner described earlier. Making the change of vari- 
ables (18.68), which incorporate the above antiperiodic boundary conditions, one 
finds that 


N- 
2: 
B= I] I] efi sin(@y + iĝ) + eB). 
i g= N 


2 


From here we obtain for the mean energy 


x N cj 
1 |ð3nE 1 < ‘ 
ea. | - | = ps EE SS” f (Ge, Ei); (18.822) 
NÅ fixed i 1=-X 
where 
1 
vp, Hj) = ; 18.82b 
Ge, E:) isin(&p + if) + E; ( ) 
Note that the frequency sum is performed over the finite interval 
24% 2 PAS (18.82c) 


N N’ 
i.e., over frequencies lying within in the first Brillouin zone. This frequency sum can 


be written as a contour integral by making use of the formula 


1 1 F(®) 

— 5 Shs a 18.83 

NA (o) ar (18:03) 
aD? 


Y 
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where the contour C encloses the poles of the integrand in the complex w-plane, 
lying within the interval (18.82c), arising from the zeros of the denominator. The 
integration is carried out in the counterclockwise sense. These poles are located at 
w = wy, where ô has been defined in (18.69). The corresponding residues of the 
integrand are given by Ry = +F(@,). If F(ô) does not possess any singularities on 
the real axis, then the above expression can also be written in the form 


—1 £ . 
1 2 1 TUE F ^ 1 T+1E F A 
= F(é) = f Pee ee / TELGA (18.84) 


On —1—1€ ow + 1 Qn Tiec ee + 1 i 


z =e. Then 


Cy EE TE ee L aa (18.85) 


Onis Z(Y +1) | Oni 2(zN +1)’ 


where F(e) = F(&), and where the integrations are performed on circles in the 
complex z-plane, with radii |z| = 1 + €, in the counterclockwise direction. If F(z) is 
a meromorphic function of z, satisfying |z| ^ F(z) — 0 for |z| = oo, then we can 
distort the integration contour in the first integral to infinity, taking into account 
the contribution of the poles of F (z) for |z| > 1. The second integral is just 277 


times the sum of the residues of Fe) located inside the unit circle. Hence 
X1 
DD o wp (18.864) 
(=-¥ |zi|#1 ° 


where 


(18.865) 


We now use this expression to calculate the frequency sum in (18.82a). The position 
of the poles of (18.82b) in the z-plane are given by 


Z+ = [—eE; + 2B? + Le = + eFarsinhebi bey 


Making use of (18.86) one then finds that 


pe E; 1 1 
( ) a D VyeE? +1 eN (arsinheEi+ep) amii = e- N (arsinhe Ej —ep) +1 ` 
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Upon taking the limits € > 0, N — oo, with Ne = @ fixed, and making use of the 
identity 1/(e” + 1) + 1/(e7™® + 1) = 1, one obtains 


1 1 


This is an interesting result, for it deviates in a drastic way from (18.79a). Apart from 


a potentially diverent additive contribution, the remaining two contributions resem- 
ble those of a gas of particles and antiparticles! Hence (18.80) is not the path integral 
representation of the partition function (18.63b). This example clearly demonstrates 
that modifications in the action which are inconsistent with the general form dic- 
tated by the functional formalism, can give rise to spurious unphysical contributions. 
This is the case, although the actions appearing in (18.76b) and (18.80) differ for- 
mally only by terms of O (e). Nevertheless they give rise to very different expressions 
for the partition function. We had already been confronted with a similar situation 
when we discussed the propagator for Wilson fermions in chapter 3. There the action 
was modified by a so called irrelevant term, vanishing in the naive continuum limit. 
When introduced into the path integral, however, the fermion doubling problem 
disappears. 

Whereas the doubler contributions to the partition function do possess a con- 
tinuum limit, this is not true for Green functions, as we have already seen in chapter 
3, and will be further demonstrated in section 9 of the following chapter, where we 
discuss in detail the Dirac propagator for naive (and Wilson) fermions at finite 
temperature and chemical potential. 


18.10 The Free Dirac Gas. Continuum Approach 


We have discussed in great detail the path integral representation of the parti- 
tion function for a simple fermionic system, in order to point out some subtle points. 
In this and the following section we now extend our discussion to the relativistic 
case. In text books on finite temperature field theory the thermodynamical partition 
function for a free Dirac gas is usually derived from its path integral representation 
in the continuum, where such concepts as the right or left-derivative do not appear. 
Nor does the expression for the partition function reflect the fact that in the dis- 
cretized version the chemical potential is introduced into the bilinear terms in the 
Grassmann variables coupling neighbouring sites along the euclidean time axis. In 
lattice regularized gauge field theories, however, the chemical potential should be 
introduced in the exponentiated form, discussed in the previous section, in order to 
ensure the renormalizabilty of the theory. For completeness sake, we will include the 
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discussion of the free Dirac gas within the continuum formulation in this section. 
In the following section we then study the Dirac gas within the framework of the 
lattice regularization. 


Consider the Hamiltonian for a free Dirac field 
H= | Pap ayulyð; + mv), (18.88) 


where y, are the euclidean gamma matrices introduced in chapter 3, satisfying the 
anticommutation relations {7,,, w} = 26,,. The charge operator is 


Q= / Bay (x)p(x). (18.89) 


Within the continuum approach the (formal) path integral representation of the 


grand canonical partition function 
= = Tr{e fE- (18.90) 
is given by 


SK Dy” Dy e7 So T S Bale" Eralp be) ele) (18.91) 


antip. 


where N is a dimensioned normalization factor. The subscript “antip.” is to re- 
mind the reader that the Grassmann integration is to be performed with the 
fields ~ satisfying antiperiodic boundary conditions in “time”. Notice that this 
form for the partition function is formally obtained from (18.76b) by i) expand- 
ing e-™ to leading order in €, ii) replacing the Grassmann variables ain and aj, 
by* Walt, T) and w*(Z,7), and approximating eji)*(Z,7)v(£,7 + €) by the local 
form eis (Z,7)Wo(#,7). This amounts to taking the naive continuum limit of the 
discretized action. 

The definition (18.91) is the usual starting point for discussing the thermo- 
dynamics of a Dirac gas within the path integral framework (see e.g. Kapusta 
(1989)). We now proceed as in the case of the free scalar field, and rewrite the 
path integral in terms of dimensionless variables, by scaling the fields, space-time 
coordinates, and the mass m with an appropriate power of 8 according to their 
canonical dimensions. Thus introducing the dimensionless variables w = B3, 


* Recall that (x, a) label the degrees of freedom. 
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p= Py F = T/B, ĉi = x;/8, À = Bu, m = Bm, the expression (18.91) takes 
the form 
E=aN Dý* Dije” So HS P20" 08- -A+A e) (18.92) 
antip. 


where 
H=a-V+-arh, (18.92b) 


with & = 947, is the Hamiltonian density measured in units of G~!, and M is now a 
dimensionless normalization factor. Since the integral (18.92a) is of the “Gaussian” 
type, it can be performed immediately. As we have seen in chapter 2, the result is 
just the determinant of the operator appearing within square brackets in (18.92a). 
Hence 


In= = InN + Indet(d, — fi +H) 
= InN + Indet[G(0, — w+ H), 


where H = & - V + yam is the dimensioned Hamiltonian density. The determi- 
nant is given by the product of the eigenvalues of the operator acting in the 
space of functions satisfying antiperiodic boundary conditions on the compacti- 
fied euclidean time interval [0,3]. The eigenfunctions of 0, — u + H have the form 
expliweT) exp(ip: Z)W (p), where 


(20+ 1)a 
p 


are the dimensionful Matsubara frequencies corresponding to (18.69), and where 


(18.93) 


We = 


W (p) are eigenvectors of the operator ið - p+ yam. The eigenvalues are given by 
+E (p), where 


E(p) = Vp? + me, (18.94) 


and are two-fold degenerate, corresponding to the two possible spin projections. 
Hence the eigenvalues of 0, — u + H are given by 


AG) = iwe — p+ E(P). (18.95) 
For the logarithm of the partition function we therefore obtain 


InS=nN+2S° X {n[bliwe — u + E(p))] + (E > -E)}, 
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where £ runs over all possible integers. As in the case of the scalar field, we have 
enclosed the system into a box of finite volume to discretize the momenta. Collecting 
the positive and negative frequency contributions we can write this expression in an 


explicit real form: 
nS=mN+2)— X (n{[(2¢ + 1)? + [6E - p))?} + (E > -£)). 
p ¢=0 


The frequency sum diverges. To extract the finite temperature and chemical poten- 
tial dependent part let us write the logarithm in the form* 


(a(B—n) |? 1 
mHE- fa? Ge 


+ In[(2@ + 1)?x? + 1]. 


Dropping the irrelevant constant contribution, and performing the sum over ¢ by 
making use of 


oO 


: NR 
= anh =. 
= (20+1)?n2+y? 4y 2 


One then finds that 


5 OD a 
f (18.96) 


3 
+a f $ {In(1 + e~ PF) + In(1 + eE), 
T 


where we have replaced the formal sum over momenta by an integral according 
to (18.37). Apart from the first two terms, this is the expression familiar from 
statistical mechanics. The second term gives rise to a constant energy density shift 
and is just the contribution of the negative energy states in the Dirac sea. In this 
connection, recall that within the path integral approach, there is no normal ordering 
prescription. Of course we also would expect to see a corresponding shift in the mean 
charge density. In fact, comparison of the formal path integral expression (18.92a) 
with (18.76a), where the normalization factor is given by (18.75b), suggests that 
InN is given by X; 6u, where i labels the (infinite) number of degrees of freedom. 
Since $, ~ 2V f d®p/(27)?, one then easily verifies that the first term in (18.96) 


gives rise to the expected contribution to the mean charge (Q) = eae arising 


from the Dirac sea. 


* We follow here the method of Kapusta (1989). 
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18.11 Dirac Gas of Wilson Fermions on the Lattice 


Let us now consider a lattice regularized version of the partition function for the 
Dirac field. Since we are interested in computing thermodynamical observables, we 
must be able to vary the temperature and volume in a continuous way. Hence we need 
an expression for the partition function formulated on an anisotropic space-time lat- 
tice, i.e., with different temporal and spatial lattice spacings, a; and a, respectively. 
The partition function will then be given by a path integral over Grassmann vari- 
ables living on the space-time lattice sites n = (71,4), where fi labels the coordinate 
degrees of freedom and takes all possible integer values, while n4 runs over a finite 
number of lattice sites, 1 < n4 < N-,, where N-a- is the inverse temperature 8. Since 
N- is the inverse temperature measured in lattice units, we will use the more sug- 
gestive notation B in the following. The discretized version of the action having the 
correct naive continuum limit is not unique. We shall take it to be of a form which is 
consistent with the fermionic actions usually employed in Monte Carlo simulations 
of gauge theories. This means that, first of all, the kinetic term has a structure 
analogous to that appearing in the action of the expression (18.80). Secondly, the 
spatial derivative appearing in the Hamiltonian (18.88) will also be discretized using 
the symmetric lattice derivative, in order that the Hamiltonian be hermitean. With 
this prescription the action appearing in the exponential in (18.80) translates into 


se= + fellate Pula ee) — ev(n— 6a) 


na=1 it (18.97a) 
+a,"(n)la +d; + sl | 
where a summation over repeated indices is understood, and where 
1 x A 
ipn) = = [y(n + ê) — y(n — &;)] (18.97b) 


2a 


is the symmetric lattice derivative of Y(n), a; = y47;, with ê; a unit vector pointing 
in the i-th-direction. The action (18.97) can be written in an explicit dimensionless 
form by scaling the fields w and w', as well as the spatial derivatives and fermion 
mass, with the spatial lattice spacing a according to their canonical dimension. The 
corresponding dimensionless quantities will be denoted as usual with a “hat.” One 
is then led to the following path integral representation of the partition function 


[1] 


“jT IE di (n)dia(n) eSF] seayavendy > (18.980) 


na n4=1 wb (#,B+1)=—b (7,1) 
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and € = = is the anisotropy parameter. The (dimensionless) lattice derivative ô; 
is defined by (18.97b) with a = 1. For a fixed number of temporal lattice sites the 
temperature is now controled by the parameter £. 

The action (18.98b) is expected to lead to fermion doubling. In particular, the 
kinetic term does not have the form dictated by the functional formalism. In section 
9 we had demonstrated in a non-relativistic model that such a choice for the kinetic 
term leads to a non-trivial modification of the partition function. This is also the 
case for the relativistic Dirac gas, as has been discussed by Bender et al. [Bender 
(1993)]. 

The fermion doubling problem can be avoided by introducing a Wilson term. 
For vanishing chemical potential and zero temperature, where the extension of the 
lattice in the time direction is infinite, this Wilson term is given in (4.28), and 
exhibits a hypercubic symmetry. This symmetry is the remnant of the O(4) sym- 
metry in the continuum, and is broken down to a spatial cubic symmetry at finite 
temperature due to the presence of the heat bath, as is evident from (18.98b). 
The Wilson parameters multiplying the contributions involving the second time-and 
space derivatives need therefore not be equal. The finite temperature parametriza- 
tion of the Wilson term is ambiguous. The reason is that this (so called irrele- 
vant) term vanishes linearly with the lattice spacing in the naive continuum limit. 
Expression (18.98b) however suggests a parametrization, where the ratio of the 
Wilson parameters associated with the temporal and spatial derivative contributions 
is given by the assymmetry parameter €. Thus for vanishing chemical potential we 
will take the Wilson term to be of the form 


5S = -5 |S nuin +2 Lv) 14070 (n) |, (18.994) 


where 
2h (n) = b(n + ên) + b(n — êp) — 2d(n) (18.996) 


is the discretized second derivative of a, and where it is understood from now on 
that Jn = z ae o: By expressing (18.99a) again in terms of the dimensioned 
fields and second derivatives, one easily verifies that such a parametrization implies 
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that the temporal and spatial derivative contributions vanish in the naive continuum 
limit linearly with a, and a, respectively. 

The chemical potential is now introduced into (18.99) according to the 
Hasenfratz Karsch—Kogut prescription |[Hasenfratz (1983); Kogut (1983)| 


wt (n)b(n + ê) + dt (nje h(n + ês), 
wl (n)b(n — és) > Ñt (njeMab(n — é4), (18.100) 


which is the analog of (18.81). Then the fermion action (18.98b), supplemented by 
the Wilson term (18.99a), takes the form: 


1 
5) b r+ (m+an] Dotn juin) 
= DD n)yal(r — yaje h(n + €4) + (r + ya)e@h(n — é4)] (18.101) 
— pe ` i (n)y al(r ~~ ya) b(n a êi) + (r Fr ya) b(n i ê:)]. 
This is the generalization of (4.28) to finite temperature and chemical potential 
(recall that Y% = Wty4). Notice that our finite temperature, finite chemical potential 
parametrization has preserved the r + 7, structure of the T = u = 0 Wilson action 


(4.28). We now diagonalize this action by Fourier decomposing the fields w(n) and 
w'(n) as follows (we take 3 = N, to be even) 


(18.102) 


where ® are the dimensionless Matsubara frequencies for fermions (18.69), with M 
identified with B, i.e., 
2l+1 
D= a (18.103) 


Notice that both, the frequencies and momenta, are restricted to the first Brillouin 
zone. Making use of the relation 


2 2 eP deme — ey (2r) 00- p’), (18.104) 


nm na=l 
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where 62) (Ð — p’) is the three dimensional version of the periodic d-function (2.64), 
the action takes the following form for r = 1, 


>» Jai E POKE nE A). 00). 


where 
K (Bae 6,f) = isin(we + if) + ZH, de 6 f, 
H (P, n £, i) = Y icy sin p; + UM(Ë, 2e € Ô), 
j 
and 


M(p, we, & ft) = M(p) + 2 sin? c *), 
- =m) sin (18.105) 


The matrix K can be further diagonalized in Dirac space. Then the partition func- 
tion is given by the product of the eigenvalues (which are two-fold degenerate) 


EE 2 
—E(p, Wwe, È, ft), 


A+ = isin(we + iĝ) + Z 


where 


R = |= sin? pj + M26, du, €, Â). (18.106) 
j 


Hence, formally, the logarithm of the partition function (ignoring an additive contri- 
bution arising from the normalization factor in (18.98a)), which should not influence 
the thermodynamics, is given by 


Big 


1 x 
=2 £ D In sin (õe + ih) + Bel. Ge, €, ft) |, (18.107) 


p=—t =Ê 


where the factor 2 accounts for the two spin degrees of freedom. Making the 
replacement 


£ > vf = me (18.108) 


p=-r 
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valid in the large volume limit (V is the volume measured in lattice units), we obtain 


B_y 

Ban, o T dp ar e a ae ches 3 

nz=20 5 Ca In sin? Gor + i) + BEB On 6A ; (18.109) 
e- T 


From here we compute the mean energy (in lattice units) and mean charge 


A 1ləôhnE 
pees || =. 18.110 
(Ê) al s hes (18.110) 
1/dOlM= 
yey cea 18.1105 
(Q) z| n E (18.1108) 


Consider for example the mean energy. Performing the indicated differentiation one 
finds after some algebra that 


n V2. F Ep = 
(M =a I e O, (18.111a) 
A J, rF 
a} 
where 
E E2 x M x Fa ps kiá 
Rer a g e (18.111b) 
E? (p) + 2[1 + M(p)|[1 — cos(we + iû)] 
with 


E(p) = |= sin? p; + M?(p), (18.111c) 
9 


= 
A 


and M(p) given by (18.105). The frequency sum of F(® + if, p) in (18.111a) can 
now be easily carried out by making use of either the summation formula (18.86) 
or, even more conveniently, with the help of the summation formula (D.3) derived 
in appendix D. The function analogous to g(e#@t), {f,}) in (D.1) is now defined 


=> 


by gl CHA p) = Fw + iĝ, p). Correspondingly, g(z) in (D.3) is now given by 
f(z) 


WS arr ea 
where 
2 T2 o D2 Tz ‘ 
F(2) = — apy le? — 2(B? + He + A, 
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and 


= 
A 


= ,, PO 
()=14 TONS (18.112) 


The rest of the calculation is straight forward. After performing the frequency sum 
in (18.111a) one finds for the energy density measured in lattice units that 


l,a T dp Ea ^ _ A 
= 6b) =2 | CE oP ED Ine A + el) + const. (18.113a) 
where 
2 eae (18.1135) 


is a function which approaches unity in the continuum limit. nrp ) and ar(p ) are 
lattice versions of the Dirac distribution functions for particles and antiparticles: 


~ 18.114 
heo = NeT k 


"O 18.1146 
Te (P ebla tV Dt] 4 1? 


where «x has been defined in (18.112). The continuum limit is realized by setting 
m = ma, À = ua, B = E, and taking a — 0. In this limit we can replace «K? by 
143 (p +) One then finds that, apart from a temperature and chemical potential 
independent contribution, the mean energy density in physical units reduces to 


1 eT Di 1 1 
yE = of ry P) Ee +1 eb(EtH) + l. Cao 


A similar calculation of the mean charge density yields 


1 © Bp 1 1 
ye = af (27)? = +1 — eB(E+n) + a (18.116) 


We close this section with a remark. If we had chosen to work with naive 
fermions (i.e., no Wilson term) then the integrals (18.115) and (18.116) would have 


* High momentum excitations, corresponding to finite D do not contribute to 
(18.113a) in the continuum limit, as can be easily verfied. 


442 Lattice Gauge Theories 


been multiplied my an additional factor 2+, arising from the doubler contributions. 
Thus by only looking at the partition function, the “doublers” manifest themselves 
in a rather trivial way. Our discussion in section 9 however suggests that this is 
only so, because the Dirac field excites particle and antiparticle states. In fact by 
studying separately the positive and negative energy contributions to the partition 
function, one finds that in both, the positive as well as negative energy sectors, the 
partition function resembles that of a gas of particles and antiparticles, except for an 
overall factor 23 arising from the “doublers” associated with high-three-momentum 
excitations at the corners of the Brillouin zone [Bender (1993)]. This agrees with 
our findings in section 9, where we discussed the doubling problem in a simple 


non-relativistic model. 
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CHAPTER 19 


FINITE TEMPERATURE PERTURBATION THEORY 
OFF AND ON THE LATTICE 


In the previous chapter we have studied in detail the path-integral represen- 
tation of the partition function for some non-interacting bosonic, and fermionic 
systems. Because of the Gaussian nature of the integrations we were able to calcu- 
late the path integrals explicitely. In the presence of interactions this is in general 
no longer possible and one has to recur either to perturbation theory, or evaluate 
thermodynamical observables within the framework of a lattice regularized theory 
by Monte Carlo methods. In this chapter we shall show how the euclidean Feynman 
rules at zero temperature are modified when a relativistic system of interacting fields 
is placed in contact with a heat bath. We will first demonstrate this for the case of 
the \¢* theory in the continuum formulation. As we shall see, the prescription for 
making the transition from the zero-temperature, zero-chemical potential Feynman 
rules to the T # 0, u Æ 0 rules turns out to be very simple. The A¢*-theory is 
considered in detail in the book by Kapusta (1989). We shall therefore only discuss 
some elementary aspects of this theory, since it provides a simple laboratory for 
studying the effects arising from the presence of a heat bath. The remaining part 
of this chapter will then be devoted to gauge field theories at finite temperature 
and chemical potential, both in the continuum as well as on the lattice. Although 
the prescription for making the transition from the zero-temperature, zero-chemical 
potential lattice Feynman rules to the T 4 0, u # 0 rules turns out again to be 
very simple, the actual computation of lattice Feynman integrals at finite temper- 
ature and chemical potential is more involved than in the continuum, as we shall 


demonstrate in some sample calculations. 


19.1 Feynman Rules for Thermal Green Functions 
in the A¢* Theory 


Let ¢(x) be a real scalar field whose dynamics is governed by a Hamiltonian 
H. At zero temperature all physical information about the system is contained in 
the ground state expectation value of time ordered products of the field operators 
(x). When the system is placed in contact with a heat bath, all possible energy 
eigenstates of H are excited with a probabilty given by the Boltzmann factor. The 
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thermal correlation functions are then defined by 


vle-PHT (B(x) -Pln 
(9(21) +++ b(@n))3 = a ren) 1 DI, (19.1) 


where x; = (Zi, Ti), and (x) are the field operators whose euclidean time dependence 
is given by (2.17). By introducing a complete set of eigenstates of the Hamiltonian, 
one readily verifies that in the limit of vanishing temperature (i.e., 3 = + — o0) the 
rhs of (19.1) reduces to the correlation function (2.14). It is now easy to derive a 
path-integral expression for (19.1) using the by now familiar techniques. We leave the 
details to the reader and only quote here the result, which is valid if the Hamiltonian 
density is given by the sum of a kinetic term, quadratic in the canonical momentum, 
and an interaction depending only on the fields (x): 


ie Do (21) nie Planje SPA 
i Jem Déoe-$ l$] . 


(p(z1)--- P(£n))¢ (19.2a) 


Here 


SP] = T i dr f Pxlp(, 0.) (19.26) 


is the finite temperature action. The path integral is to be evaluated with the scalar 
field satisfying the periodic boundary condition (18.32). The correlation functions 
can be obtained from the generating functional 


Z\J\ = J Doe SUL dr PEE (19.3) 
per 


in the usual way, by functionally differentiating this expression with respect to the 
sources J(Z,7). If the interacting part of S), which we denote by s? ) lọ], is a 
polynomial in the fields, we can also write (19.3) in the form 


ZF] = eSP Z], (19.44) 
where 


Zo[J] = f post [S14 dr f daJ(@,7)(&,7) (19.40) 


is a path integral of the Gaussian type. Once Zo|J] is known, Z|J] can be computed 
perturbatively by expanding the exponential in powers of the interaction. 
For the ¢*-theory the finite temperature action is given by 


SO[d] = SP [9] + 80 [9], (19.54) 
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where 
sé] = 5 l d'x6(2)(—0 + M*)4(2), (19.55) 
(8) Afa 4 
SPA = i J oo, (19.56) 


and x = (Z,7). Here we have introduced the short-hand notation 


B 
es dr f d's. (19.5d) 
B 0 


The factor 1/4! in (19.5c) has been introduced for later convenience. Since ġ(x) 
satisfies periodic boundary conditions, it has the following Fourier decomposition 


dk ~ ee 
plz, T) = 5 Tanya Ce Benen, (19.6a) 
r; 


where wy are the Matsubara frequencies 
2 
we = Fz! (bosons). (19.6b) 


Here @ takes all possible integers values. The factor 1/3 has been inserted so that 
é carries the same dimension as the corresponding field in the T = 0 formulation. 
Since 


B 
| dreiwe-“e) = Bô, (19.7) 
0 


we can invert (19.6a): 


b(wp, k ark ar | xol Z, Tje or ikt (19.8) 


From (19.6a) and (19.8), we see that the finite temperature expressions follow from 
those at T = 0 by making the substitutions 


k4 => 


SĒN k4) > ic (19.9a) 


£ 


pes > [ae (19.9b) 
B 


Consider now the generating functional of the free theory defined in (19.4b). Since 


and 


the exponent in the integrand is quadratic in the fields, we can perform the 
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integration and obtain 


Zot) = ZolOle2 oe Py IAM VI) (19.10) 


where A ®)(x — y) is the inverse of the operator —O + M? (i.e., Green function) on 


the space of functions satisfying the periodic boundary conditions (18.32). Hence 
A(z) is periodic in the euclidean time direction, 


AP (Z,0) = AME, B) 


and therefore has the following Fourier expansion 
A(z aA ZL) „iwer+ik-Z 
A =3 pS ) (wg, beet te, (19.11) 


The propagator in momentum space, A) (we, k), can be determined by inserting 
this expression into the equation 


(—O + M?)A(z) = 5(2)5p(7), 


where dp(T) is the periodic 6-function 


1 
ĉl) = 3 err. (19.12) 
2 
One finds that 
~ > 1 
A® lw k) = — (19.13) 
w? + k? + M? 
The corresponding expression for AP) (z) reads 
dk iwer+ik-Z 
AP (z pon oo (19.14) 
T)? w2 + k2? + M? 


Comparing (19.13) and (19.14) with their zero temperature counterparts 
~ 1 


(k) = k? + M?’ (19.15a) 
dêk eikz 
A(z) = fos EIE (19.15b) 


where k = (k, k4), and k? = k2 + k?, we see that they are related by the rules 
(19.9a). 

The temperature dependence of (19.14) is contained in the infinite sum over the 
temperature dependent Matsubara frequencies (19.6b). The frequency summation 
formula we shall derive below allows us to decompose A) (z) into a zero and a finite 
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temperature contribution arising from the presence of the heat bath. Suppose we 
want to calculate the sum 


PK) = FÈ Foek), (19.16) 


where K stands collectively for all remaining variables on which the function f 
may depend. Let us promote wọ to a continuous variable w and define the function 
f(w, K). Suppose that f(w, K) has no singularities on the real axis. Consider the 
following function of the complex variable w, 


ip 

= ; 19.1 
hw) =- (19.17) 
It has poles located at w = A with unit residue. Then we can write the sum (19.16) 

as follows, 
1 

F(K) = h K 19.1 

(K) = zg [de MOK), (19.18) 


where C is the contour shown in fig. (19-1). 


Fig. 19-1 Upper and lower branches of the contour C in eq. (19.18). 


In the lower half plane (19.17) decreases exponentially for large imaginary parts 
of w. In the upper half plane, on the other hand, h(w) is finite for Im(w) —> oo. 
Since we eventually want to close the contours at infinity, we shall make use of the 
following alternative form for (19.17) on the upper C4-branch of C: 
ip 


E = = 


h(w) = iB. 


Then (19.18) can also be written as follows: 


1 oe fc 1 
poftenk)=5, [defen +s, f 


—oo—te 


ee [oa TRY, (19.19) 


—  —— ; 
2m etBw — | 


+o0o— ie flw, K) 
WI 
etbv — 1 


oo+ie 
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If f(w, K) is sufficiently well behaved for |w| — co, so that we can close the 
integration contours in the second and third integrals in the lower and upper half 
planes at infinity, and if f(w, K) is a meromorphic function of w, then 


1 1 f” Ry (a) 
pena j desley +i >, a 


Imòo;>0 


ar Fy(@i) (19.20) 


where Ry(w;) are the residues of f(@;, K) at the poles whose positions we have 
denoted by a. 

As an application of (19.19) we derive the expression for the propagator in 
Minkowski space, as the analytic continuation of the euclidean propagator (19.14) 
to real times. An alternative derivation, has been given by Dolan and Jackiw (1974). 

Consider the finite temperature expression (19.14) for the euclidean propagator. 
The function f(w, K) is now given by exp(iwr)/(w?+k2+ M2). Since |r] is restricted 
to the interval [0,3], we can close the contours in the second and third integrals in 
(19.19) in the lower and upper half of the complex w-plane, respectively, and obtain 


dtk eikat+ik-z 
B = 
A®)(z) = i (On)! et MP 


(19.214) 


dk 1 oy 
+ | oy gE) cosh(Er)e™ 7, 


E = Ņy k? + M?, 
and 1 


where 


is the Bose-Einstein distribution function. In (19.21a) we have set w = ky. Note 
that the first integral is just the propagator for vanishing temperature. 

We next continue this expression to real time by setting T = it. Performing the 
usual Wick rotation (k4 — —ik°) in the first integral one has that* 


A®)(z) 


B if dtk ev tke 
rit (27)4 k? — M? + ie 


+n f Se ap MENU — E) + ô(k? + Eye, 


* The ie-prescription is that of the T = 0 field theory. 
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where z = (Z, 2°), k- z =k°z° — k - Z. Making use of the relation 


1 


= Me) = Se 


[6(k° + E) + 6(k° — E)] (19.22) 


we finally arrive at the following expression for the propagator in Minkowski space, 


dtk -~ Sis 
(Mink) (2) = f arie ce (19.232) 


where 


A (8) = a 2T 2 2 
(Mink) (4) TE k2 — M2 + ie j eßE — otk =H HF (19.236) 


The second term can be interpreted as the contribution arising from on-mass shell 
particles in the heat bath. 

The reader must be warned that (19.23) is not the propagator appearing in the 
Feynman rules for real-time Green functions in an interacting theory. The real-time 
Feynman rules are more complicated and require a doubling of degrees of freedom.* 

Having discussed in detail the generating functional of the free theory, we now 
obtain the Feynman rules for the thermal Green functions (19.1) in the standard way 
from the generating functional (19.4). This generating functional differs from that 
at zero temperature in that the zero temperature propagator (19.15b) is replaced by 
(19.14), and that the euclidean time integration is restricted to the interval [0, 8]. 
It is therefore evident that the T # 0 Feynman rules in coordinate space are obtained 
from those at zero temperature by merely making the replacements 


A(z) = A®(z) 
oo B 
f dT > | dt. 
—oo 0 
The corresponding rules in frequency-momentum space can also easily be obtained 
by making use of the Fourier decomposition (19.14) and of the orthogonality relation 
(19.7), which is the analog of f° dr exp(ipat) = 276(p4) at zero temperature. Thus 
the integration over the space-time coordinates of a vertex leads to the appearance of 


a factor @ and a Kronecker-6 which enforces that the sum over Matsubara frequencies 
flowing into the vertex equals the sum over frequencies flowing out of the vertex. 


* See e.g., Niemi and Semenov (1984); Landsman and Weert (1987). 
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A thermal correlation function then has the form 


dki d? 5 
G(z1, Z2...) = 3 E o 


x Bok ky; Wea, a Sn -) I] euT tiki (19.24) 


where zi = (Z, Ti), and where w,, and k; are the incoming frequencies and mo- 
menta associated with the external lines of a Feynman diagram. The Kernel 
G(wy»,, kı; we, ko;...) has the following structure 


Glwa, kı; Wea, ko: as .) = B(T) 55>, we, 0 6) (= i 
x G(we,, ki; we,, ko;...) (19.25) 
and is computed with the following Feynman rules: 


i) To each line of the diagram, which we label by an index i (i = 1, 2,...), associate 


a propagator 


3 z 1 
A® lwe k) = — +, (19.26) 
we +k? +M? 


where k; is the momentum carried by the t-th line, and wy, is the corresponding 
discrete energy, 27;/(3. 
ii) To each vertex assign the factor 


À 
-4 (2r) , (19.27) 
where w and K is the sum of the Matsubara frequencies and momenta flowing 
into the vertex. 
iii) Sum over all discrete energies of the internal lines, and integrate over the mo- 
menta carried by these lines according to 


2 =. aa (19.28) 


iv) Multiply the resulting expression with the factor, resulting from the number 
of distinct ways one can build the diagram from the given number n of ver- 


tices, and a factor 4 arising from the n-th order term in the expansion of 


exp(—S;). 
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Fig. 19-2 Two-loop contribution to the propagator. 


As an example consider the second order contribution to the propagator shown 
in fig. (19-2): 


2 
D® (x,y) = = fats f iAP — z) [AP (z — AAA — y). (19.29) 
B 


The factor 6 arises as follows. There are eight possibilities to identify an external 
line emanating from the two ¢*-vertices with the space-time coordinates x. This 
leaves us with 4 possibilities for choosing y. The remaining lines can then be tied 
together in 3! ways. From the expansion of exp(—s? )) to second order we get a factor 
1/2!. This leaves us with a factor (4!)?/6. Finally we must multiply the expression 
with (\/4!)?. 

Applying the above Feynman rules, the corresponding momentum-space rep- 
resentation of (19.29) is given by 


Do (wa, ki; Wea, ky) = Cua ers 00 (Ky tr ky) DO (wa, kı) (19.30a) 
where 
BOG, £ 1 Ok E 1 
DP (w, k) = = HW (we, , k1)] ; = 3 (19.300) 
we, + ki + M? we, + ki +M? 


and where the self energy is given by 


ex oe 1 
MP (we, , ky) = X g2 ab fa 
op” [w2 + p + M?) fw, + par + M?] 


g ‘ — l (19.30) 
[(we — We — wer)? + (k — k'— k")? + M?] 


Notice that this latter expression could have been immediately obtained from the 
corresponding zero temperature expression according to the rules (19.9a). The cor- 
responding expression in coordinate space is then given according to (19.24). 
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19.2 Generation of a Dynamical Mass at T Æ 0 


Having obtained the finite temperature Feynman rules, we are now want to study 
some features of the \¢*-theory which arise from the presence of the heat bath.* The 
first phenomenon we will consider is the generation of a dynamical mass at T Æ 0. 
As we shall see below, a temperature-dependent mass is generated already on the one- 
loop level. To this order, only mass renormalization needs to be taken into account. 
The relevant euclidean action, including the mass counterterm, is therefore given by 


Slo] = 5 fate HD+ MAE) HA f d'e oot + 56a? f ae oem? 


(19.31) 


We have not included the factor i in the interaction term, since the formulae we shall 
obtain then take a simpler form. The term proportional to 6M? is the contribution of 
the mass counterterm. In lowest order perturbation theory the renormalized inverse 


propagator is given in momentum space by 


[A(we, K)! = w2 + k? + M? 4+ 09(1), (19.32) 


where a) (T) is the renormalized self-energy in the one-loop approximation: 


wW(T) = -12-O_ + 6M?. (19.33) 


We will determine 5M? below in such a way that M is the mass of the ¢ field at zero 
temperature. The factor 12 multiplying the one-loop contribution arises as follows: 
there are 6 ways of contracting two lines emanating from a $4-vertex to form a loop, 
and 2 possibilities for connecting the remaining lines to two points x and y in a 
propagator. Hence the diagram is weighted with a factor 12. With the Feynman 
rules given in the previous section, we otain for a 


dk 
= 12) ee + 6M”. 19.34 
2 p 3 w2 + k? + M? ( ) 


The integral is infrared (IR) finite for M # 0, but ultraviolet (UV) diver- 
gent. This divergence is entirely contained in the zero-temperature contribution.** 


* Much of our discussion in this and the following section closely parallels that of 
Kapusta (1989). We have included it here, since the problems we address to are also of 


relevance in QCD. 
** Since the presence of the heat bath should not affect the short distance be- 


haviour of the correlation functions, we expect that thermal Green functions will 


be ultraviolet finite once the theory has been renormalized at zero temperature. See 
Norton and Cornwall (1975); Kislinger and Morley (1976, 1979). 
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Indeed, carrying out the frequency sum, making use of the summation formula 
(19.20), we can write (19.34) in the form 


dk 1 1 


t 6M, 
27)? E e8F —1 


nE (T) = nP (0) + 12d | / 


where 


is dk 1 
z (0) = 12A / aT 


is the unrenormalized self energy in one-loop order for vanishing temperature, 
and E = Wk2+M2. The second term appearing on the rhs is UV finite be- 
cause of the appearance of the Bose-Einstein distribution function, and vanishes 
for 3 — oo, i.e., for T = 0. We therefore see that the UV-divergence is entirely 
contained in the T = 0 contribution, which is renormalized in the standard way. 
We first regulate the divergent integral by introducing a momentum cutoff A. By 
choosing 

d'k 1 
27)4 k? + M? 


6M? = -12 f / (19.35) 


we eliminate the above UV-divergence, and ensure that M is the physical mass of the 
ġ-field in one loop order at zero temperature. With this renormalization prescription, 
we are thus led to the following expression for rË (T ar 


ole @k a 
n)(T) = 12d J a (19.36) 


In the limit M — 0, this expression reduces to 
rË (T) =AT? (M =0). (19.37) 


Hence at T # 0 a dynamical mass is generated in one loop order. 


19.3 Perturbative Expansion of the Thermodynamical Potential 


Using the finite temperature Feynman rules derived in section 1 we can now 
calculate perturbative corrections to the thermodynamical potential 


1 
Q= -—h Z 19.38 
a” (19.38) 
of a free gas of neutral spinless bosons. The partition function is given by 


Z=N Déde~Sl4l-S1ld (19.39) 


periodic 
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where So|¢] is the finite temperature action of the free field, and S7[@] is the 
interaction term. Here we have dropped for simplicity the superscript (3 in the action 
SP) [ġ]. The normalization factor M carries the dimension of the inverse integration 
measure. 

The perturbative espansion of Z is obtained by expanding the exponential 
exp(—S7) in (19.39) in powers of S7.* One easily verifies that 


Z=Z)\1+ S = (sis ’ (19.402) 
— I! 
where 
Zo =N I Doel?! , (19.400) 
and 


_ J Delsr [p] Pole 
f Doe- Sol¢] 


(Shs (19.40c) 


is the expectation value of S'[¢] calculated with the Boltzmann distribution of the 
free theory. From (19.40a) we have that In Z is given by 


In Z=nZ4 3 avis S (st) | l (19.41) 


n 
n=1 


The expectation value (9!)5,, which can be computed from the free generating 
functional (19.4b), receives contributions from connected and disconnected Feynman 
diagrams with no external lines. But only the former ones actually contribute to the 
sum. This is expected since the free energy is an extensive quantity. In fact, as we 
now show, (19.41) can also be written in the form 


(<1) 
i! 


In Z = ln DEY 


l=1 


(51) $0: (19.42) 
where the superscript “c” stands for “connected”. The proof of (19.42) goes as 
follows. 

Consider the ensemble average of a power of Sy, i.e., (S')s,. It is given by 
the sum over all possible pairwise contractions (i.e., propagators) of all the fields 


* Our following presentation closely parallels that of Kapusta (1989). We never- 
theless include it here for completeness sake. 
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appearing in S4. Hence (6%) can be decomposed into a sum of products of connected 
components, each of which consists of one or more vertices. The contribution of a 
connected component, consisting of n vertices, we denote by (S7)%,. Let an be the 
number of times that this connected component appears in a particular product. 
Since there are a total of l vertices, the products of connected components have 
the form 


De Wer ere (19.432) 


Cc? 


where 
ay + 2a2 +--+ kak = l, (19.43b) 


and where for simplicity of notation we have now written (S7)e instead of (S7)S,- 
There are however, in general, several terms appearing in the decomposition of (54) sy 
yielding identical contributions (19.43a), since it does not matter which collection 
of n vertices are used to make up a particular product of connected components 
(19.43a). Hence ($1) will be of the form 


(Sy = SC T (57) a E . (19-44) 


k Q1,02,...,% 


where the 6 -function ensures that we pick up the contribution of order l. We now 
compute the combinatorial factor Co, a9...a,- To this effect we first numerate the l 
vertices making up S} from 1 to l. Consider a particular partition of the l vertices into 
connected components. By permuting the l vertices we generate l! sets of connected 
components, all of which yield the same contribution to (1). These sets are however 
not all distinct, for the /! permutations also include those which merely permute the 
an connected components of the type (S7)¢,. These must not be counted as distinct. 
We therefore must divide I! by a,!a2!---a,!. But there is another factor which must 
be divided out. Recall, that the definition, (S7)¢, includes all possible pairwise 
contractions of the fields. Hence permutations of the vertices within a connected 
component of order n are already included in the definition of (S7)%,. We therefore 
must also divide by (1!)%!(2!)% - - - (k!)**. Hence we conclude that the combinatorial 


factor in (19.44) is given by 


l! 
Cairä Ta, Ila Ay! (n!)an r 
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Inserting this expression into (19.44), and carrying out the sum over l by making 
use of the 6-function, we conclude that 


œ (1) ; o0 % q F1) ous 1 


where we have now again introduced the subscript So. Hence, according to (19.40a), 
In Z is given by (19.42), which is the result we wanted to prove. The thermodynam- 
ical potential (19.38) is therefore given by 


Q=2%- W > =i (19.45) 


n=1 


Let us now calculate the lowest perturbative correction of O(A) to the ideal gas 
formula (18.41), i.e., 


1 


20 = ay 


(S1) 805 


for the case of the A¢*-theory, where $7[d] (including the mass counter term) is 
given by the last two terms in (19.31). The expectation value (57), is then given 
by 


(SDs = i, dz faao + IMAO) Y. (19.46) 


Here A )(0) is the finite temperature propagator (19.14) evaluated for vanishing 
argument. The factor 3 takes into account the three distinct ways in which the four 
fields emanating from the vertex can be contracted to form a double loop. Because 
the integrand in (19.46) does not depend on zx, (S7)s5, is proportional to GV: 


(Sieg aano n LMAO) (19.47) 


Let us next isolate the zero-temperature contribution to A%® (0). According to 
(19.21), 


A®(0) = A(0) 4 I re 7 (19.48) 


where A(0) is given by (19.15b) with z = 0. Introducing the decomposition 
(19.48) into (19.47), and recalling that we had already determined 6M? to be 
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given by (19.35), one finds that, apart from an irrelevant additive constant, the 
O(A)-correction to the thermodynamical potential is given by 


1 dki 1 i)? 
Ta N / (21)? E e8E — zl 
Ai 
mo (19.49) 


Combining this result for M = 0 with (18.42) we are therefore left with the following 
expression valid up to O(A): 


agaa e a 
© (90 48 ; ae 
From In Z = —GVQ. we can calculate the mean energy (E) and pressure according to 
o 
(E) =-—I1nZ, 
op (19.50) 
10 
= —-— lnZ. 
P= Bav 


One then verifies that the mean energy density and pressure are lowered in O(A). 

In higher orders of perturbation theory one is in general faced, in the zero 
mass limit, with infrared divergent integrals. By a partial resummation of higher 
order Feynman diagrams with self energy insertions, the propagators in a diagram 
of given order are replaced by massive propagators with a temperature dependent 
mass, which in lowest order is given by (19.37). This eliminates the infrared diver- 
gencies, but leads to a non-analytic behaviour in the coupling constant. The reader 
may consult the book by Kapusta (1989), where the self energy and thermody- 
namical potential is discussed in the so called “ring”’-approximation. Here we shall 
illustrate the problems one encounters by considering the contribution to the ther- 
modynamical potential arising from a class of Feynman graphs which are not of the 
ring type. 

Consider the class of diagrams shown in fig. (19-3). 

Suppose the diagram has N vertices. The number of propagators is 2N. Because 
of energy (frequency)-momentum conservation there are only N + 1 independent 
loop-momenta, and N+1 frequency sums. In the limit M — 0 the dominant infrared 
divergence arises from that term in the sum over Matsubara frequencies where all 
frequencies vanish. The corresponding contribution has the form 


2N 
7 1 
QED n Wenn f ky --d kaa J (19.51) 
al 
l=1 
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Fig. 19-3 Generic diagram contributing to the thermodynamical pot- 


ential, which is not of the “ring” type. 


where “i” labels the frequencies and 3-momenta of the internal lines, and where 
the q’s are homogeneous linear combinations of the N + 1 integration variables. 
The lowest order diagram corresponds to N = 3, and, by naive power counting, 
is infrared convergent for M — 0. For N > 3 we are however faced with infrared 
divergent integrals. We can eliminate the IR-divergencies by summing diagrams with 
the same skeleton-structure as that depicted in fig. (19-3), but with an arbitrary 
number of (renormalized) self energy insertions. This amounts to replacing the bare 
propagators by, i.e., by 


> 1 
A(un;; ki) = <=, 
(on) = GB Ta, 


where the self energy mpr depends in general not only on the temperature, but also 
on the frequency and momentum carried by the line. Inserting for 7p the expression 
(19.37), valid in lowest order perturbation theory, and setting wn, = 0, one therefore 
has that (19.51) is replaced by 


2N 


z 1 
geta ra °ky kna || = 
ei Ghee H g+ m(T) ’ 


(19.52) 
where m(T) = VAT. This cures the infrared divergence. By scaling the momenta 
with m(T) one is therefore led to the conclusion that 2 receives a contribution of 
the form 


AT NN 

~ AT | — N >3). 19.53 
G wn ws 
This is an interesting result, for it tells us that for m(T) = VAT, the contribu- 
tion to the thermodynamical potential is non-analytic in the coupling constant for 
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N—3#2k (k a positive integer), and that it is of lower order than AY. Notice 
that a naive perturbative expansion of the propagators in (19.52) would lead one to 
conclude that the leading order contribution is of O(A™). This conclusion is however 
incorrect, since each term in the expansion is IR-divergent for N > 3, with the di- 
vergence getting worse as one proceeds to higher orders. The resummation of these 
divergent contributions has thus led us to the above result. 

Finally we remark that if the mass generated at T # 0 had been of O(AT) 
(rather than O(VAT)), then we would be faced with the problem that there are 
an infinite number of non-trivial diagrams which contribute in O(\?). As has been 
pointed out by Linde (1980) such a computational barrier arises in QCD, and is 
known there as the “infrared problem”. 


19.4 Feynman Rules for QED and QCD at Non-Vanishing 
Temperature and Chemical Potential in the Continuum 


In section 1 we have shown for the ¢*-theory, that the transition from the T = 0 
Feynman rules to the rules at finite temperature is effected in a very simple way. 
A temperature was introduced by merely compactifying the euclidean time direction, 
and imposing periodic boundary conditions on the fields. Hence the prescriptions 
given in section 1 apply to any bosonic theory. In the case of QED or QCD, where 
the gauge potentials are coupled to the fermion fields, these prescriptions must be 
supplemented by corresponding ones for the fermionic degrees of freedom. The ghost 
degrees of freedom are subject to the same rules as the gauge potentials, as we have 
already pointed out in chapter 18. 

To keep our discussion general, we will allow also for a non-vanishing chemical 
potential u coupled to the fermion charge density. The corresponding actions for 
QED and QCD have the form 


S = Sa + J toala: — u) + y:i + mjy(zx) 
B 
tie | dlei(a)rpAn(e)(e) + Sar + Sy (19.54) 
B 


where Sq is the action for the gauge fields, te has been defined in (19.5d), and 
Sar and Sghost are the gauge fixing term and ghost contributions arising from the 
Faddeev-Popov gauge fixing procedure. For QCD w and ~ are three-component 
colour vectors, and A, is the matrix valued field defined in (6.10). The fields A,,(x) 
satisfy the boundary condition 


A, (#, 6) = A,(#,0). (19.55) 
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The same is true for the ghost fields. The fermion fields, on the other hand, satisfy 
antiperiodic boundary conditions in euclidean time, as we had shown in chapter 18. 
This leads to a discretization of the fourth component of the fermion momentum, 
pa > w; = g(26 +1), where w; are the Matsubara frequencies for fermions (18.93). 
We have denoted them here with a superscript “—” in order to distinguish them from 
the Matsubara frequencies (19.6b) for bosons, which will henceforth be denoted by 
w; . From (19.54) we see that the chemical potential only appears in the kinetic term 
of the fermionic fields in the combination 04 — u, which in frequency space takes the 
form i(w, + iu). It is thus evident that the chemical potential will only manifest 
itself in the fermion propagator. 

From the above discussion it is evident that the euclidean continuum Feyn- 
man rules for QED and QCD at T # 0, u # O in frequency-momentum 
space follow immediately from those at T = u = 0 by the following simple 


prescriptions: 


i) Consider the euclidean expressions for the propagators and vertices at T = u = 0 
in momentum space. They are obtained by taking the naive continuum limit of 
the lattice expressions given in chapter 14 and 15. In particular for QCD they 


are given by* 


Fermion propagator 


P = Pw HM 
o—___»>____ 24 m2 Oab 
B, b O,a P aß 
Gluon propagator 
k v 
BU Ae k2 e Site ao) JAB 
A B 


* Tn the case of QED in a linear gauge, the vertices coupling three and four gauge 
potentials, as well as the vertex involving the ghost fields are absent. The remaining 
expressions for the propagators and photon-fermion vertex are obtained by omitting 
the colour factors. The general prescription ii)-vi) given below therefore also hold 
for QED. 
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Ghost propagator 
k 1 
e--+»--- 720AB 
A B 


Fermion-gluon vertex 
b , : 4 s(4) / Ab 
Bp pes —ig(2m)"6 (k +p- p) Oua 


Ghost-gluon vertex 
P, BA, M yA ii 
ig(27)*8® (k +p — p’) fago (P')u 
k, u, C 


Three-gluon vertex 
Hp A ky = —ig(2r)46% (ka + kp + ko) 


x fascpaup (ka = ke) ne +c.p.] 
ke Ug C 


Four-gluon vertex 


— 97 (20)4564 (ky + kg + kc + kp) 

x [fane fone(ðnancôusun — Ônannôneuc) 
T facefapr Spans 5 noun iw Ouaun %usuc) 
T favefoBE(SuaucSupup aaa OuaunO unc) 


ii) Replace the fourth component of the momentum associated with a photon or 
ghost line as follows 


ka> w; we = — (19.56) 


where £ is an integer. 
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iii) Replace the fourth component of the momentum associated with a fermion line 
as follows 


f 2l + 1r 
Pa >We tih; We a ase 


3 (19.57) 


iv) Integrations over the fourth component of momenta become infinite sums over 
Matsubara frequencies 


/ ai kas: 73 p flw -) (bosons), 
(19.58) 


JE pi) > 3D re +ip;--+) (fermions). 


v) At each vertex implement energy momentum conservation by* 


B(2n)°6 (= wz + >t] 6°) (so EDD e) , (19.59) 


where 7 and j label the different three-momenta and Matsubara frequencies 
flowing into the vertex. 
vi) For every fermion or ghost loop include a minus sign. 


The euclidean correlation functions are then given by 


(Vos (21) * Pan (Gn) Bay (Y1) Van (Yn) An (21) ++ Aum (m)) 8, 


= f Ien f enf TAEC t) E) 
CS (-) j=1 (+) j=1 


x et Li Petite PVT LG ikizi (19.60) 


* To emphasize the analogy with the T = 0 formulation, we have also written 

— + . 
ô Oe w, +}; wt ) instead of di, Pa 
fermion lines are coupled to the gauge potential, the sum over fermionic Matsubara 


Notice that since at each vertex two 


frequencies will add to a Matsubara frequency of the bosonic type. 
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where we have suppressed the colour indices on the fields and the momentum-space 
Green function (so that the expression also holds for QED), and have introduced 
the compact notations 


Pi = (Di, We, ); ki = (kirar) (19.61a) 


ed 1 d?q 
ie: a > r) (19.610) 


Gof (PJ {Pj}, {ky }) is the correlation function in frequency-momentum 


space calculated with the above Feynman rules. 

The Feynman integrals in QED or QCD at finite temperature will involve in 
general sums over bosonic as well as fermionic Matsubara frequencies. The evaluation 
of such sums for bosons has been discussed in section 1. We now derive the analog 
of (19.19) and (19.20) for the case of fermions. 

Consider the function 
ip 
Mo = -gT 
This function possesses simple poles with unit residue located at w = wy . Assuming 
that f(w) has no singularities on the real axis one finds, proceeding in an analogous 
way as in the bosonic case, that 


1 ~ Sh 1 [o f(w) 
ae f as a 


oo—te 


: I ELA (19.62) 


On oo+ie eee T 1 i 


The first integral is just the zero temperature (8 — oo) limit of the lhs. If f(w) is 
also a meromorphic function, and is sufficiently well behaved for |w| — oo, so that 
we can close the integration contours in the last two integrals in the lower and upper 
complex w-planes, then (19.62) reduces to 


1 o œ dw , Ry (@;) 
psen= f Ret aes 


Ima; <0 


: Rj (Gi) 
Ima; >0 
where R,(w;) are the residues of f(w) at the poles, whose location we have denoted 


by w@;. This expression allows us, for example, to decompose one-loop Feynman 


464 Lattice Gauge Theories 


integrals into a zero-temperature contribution and a contribution arising from the 


presence of the heat bath. 


19.5 Temporal Structure of the Fermion Propagator at T Æ 0 
and u Æ 0 in the Continuum 
Consider the fermion Feynman propagator for QED in Minkowski space at 
vanishing temperature and chemical potential, 


i dp YPutm i 
sM (y) = f a —ipz 19.64 
pF () (2Q7)* p? — m? + fe. ( ) 


where 7, are the usual Dirac ETE satisfying the anticommutation rela- 
tions {yu, w} = 2gu, and p- z = p°z° — p- Z. Sr(z) propagates positive (negative) 
energy states in the forward (backward) direction in time. In the Dirac hole theory 
the absence of a negative energy state is interpreted as an antiparticle with positive 
energy. The correspondence between positive (negative) energy states and forward 
(backward) propagation in time follows immediately from (19.64) by integrating 
this expression over p°. The integrand possesses poles located at p? = +E where 
E = VPE +m. Depending on the sign of t = z°, we can close the integration con- 
tour at infinity in the upper or lower half of the complex p°-plane. One then finds 
that 


(Mink) > 4) _ d’ P &(Mink) iZ 
seen | See (19.65a) 
where 
Sink) A (p) AC A(D)AC(P,t 19.65b 
P (pt) = A (DAPP, t) +A- AOP, 1), (19.65b) 
and 
1 
A+(p) = z; rE ERIN +m], (19.65c) 
A) (P, t) = O(t)", (19.65d) 


E = yp 
The (+) superscripts denote the positive and negative energy contributions arising 
from the poles at p? = +E. A similar decomposition holds for the euclidean fermion 
propagator.* The purpose of this section is to study how the temporal structure of 
this propagator is modified at finite temperature and chemical potential. Since the 


* Although this correlation function no longer describes propagation, we never- 
theless shall refer to it as a propagator. 
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chemical potential controls the particle-antiparticle content, its effect on the tem- 
poral structure will be different for the positive and negative energy contributions. 
In section 9 we will repeat this exercise within the framework of the lattice regular- 
ization for naive as well as Wilson fermions. Comparison with the continuum results 
obtained below will shed further light on the nature of the “doubler” contributions 
which we discussed in chapter 4. 

The euclidean fermion propagator at finite temperature and chemical poten- 
tial can be immediately written down using the prescriptions given in the previous 


section: 
Biss P eB) \ ape 

S Cee (am)s°F (oye er (19.66a) 
where 

~ e 1 A = —\ iw, T 

Se 7 T) = : y (O08) (iy lig Ore”, (19.66b) 

t 

and 


99) (5 wr) = -iyi (we + in) — Di +m 
aoe, (we + ip)? + E?(p) 


The y-matrices have been denoted here with a superscript “E” (— euclidean) in 


(19.66c) 


order to distinguish them from the y matrices appearing in (19.64). They are the y 
matrices which we have been working with in the euclidean formulation. 

The frequency sum (19.66b) can be carried out by making use of the summation 
formula (19.62). An even more convenient summation formula is given by (E.4) 
in appendix E, where the first term on the rhs corresponds to the T = u = 0 
contribution.* One then finds that 


Sp. 7) =P BAG PT) +T- PAB): (19.674) 


where 


1 
T) = spl EWE -ij pi +m], (19.675) 


is the euclidean analog of Ax in (19.65c), and where AA (p,T) is given by 


A Ë T) = [0(T) — nrpl E, pje E, 


Alaw (Pa) = [0(—7) — nep Ene A 


(19.67c) 


* The reader can easily convince himself that this formula can also be applied to 
the sum (19.66b) for |r| € [0,8]. 
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Here 
Em 1 ae, ae 1 
neo(E, u) = eE) + 1? īro(E, u) = ePEFe) 41 


are the Fermi-Dirac distribution functions for particles and antiparticles. For u = 0 


(19.67d) 


and 8 — oo the expressions (19.67) reduce to the euclidean analog of (19.65). 
Consider the particular case u = 0, where particles and antiparticles contribute 
with the same weight to the propagator. Then (19.66a) can be written in the form 


9 E 
Sez T) = dtp (ipu +m) eipaTtip-2 
d , (27)4  p?-+m? 


dp aera g 
+ | Gore! E sinh(Er) + (iy7 p; — m) cosh(E7)}, 
(19.682) 


where 

1 
= he cd: 
The first integral is just the T = 0 contribution, and is the euclidean version of 
(19.64). Expression (19.68a) is the analog of (19.21a). Consider its analytic contin- 
uation to real times, rT — it. Performing a Wick rotation, py — —72po, one finds 
that* 


nep(E) (19.685) 


4 H 
(3,0) | Ee) ep 
SF if oar a 


d?p izinan i 
+f grog Esin(Et) + (7p; — m) cos(Et) }, 


where we have now introduced the y-matrices in Minkowski space, y° = y4; = 
iqi, satisfying {Yu, w} = 29u. Expressing the trigonometric functions in terms of 
exponentials, and making use of (19.22) and of the relation 


5(po — E) — ô(po + E) = 2E(P)e(p0)5(p? — m’), 
where e(p°) = 0(p?) — 0(—p®), and p? = p“p,,, one finds, after making the change of 
variable p” — —p"” (in order to conform to usual conventions), that 


in dtp lam in —ip-z 
a / m “pets (19.69a) 


* Note that, after making the change of variables p, —> —p,, the continuation to 
real times of the T = u = 0 contribution to the correlation function differs from 
(19.64) by a factor “i”. 
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where 


FEM) = = — ee a i (p + m)ólp — m?) (19.69b) 
and p = > „u V' Py. This is however not the propagator which appears in the real- 
time Feynman rules in an interacting theory. As in the bosonic case, the Feynman 
rules for computing finite temperature real-time correlation functions are far more 
complicated in the presence of interactions, and requires a doubling of degrees of 
freedom [Landsman and Weert (1987), Niemi and Semenoff (1984)]. The Dirac prop- 
agator in momentum space becomes a 2 x 2 matrix in the extended space, of which 
the first diagonal component is given by (19.69b). 


19.6 The Electric Screening Mass in Continuum QED 
in One-Loop Order 


As a less trivial application of the finite temperature, finite chemical potential 
formalism, we derive an expression for the electric screening mass to one-loop order in 
QED. The result will be compared in section 10 with the screening mass computed in 
lattice perturbation theory. Let us first state what is meant by the electric screening 
mass. 

When an external static charge Q is introduced into an electrically neutral QED 
plasma in thermal equillibrium, polarization of the medium will screen the Coulomb 
potential of the charge, leading to a short range potential with a Debye screening 
length given by the inverse screening mass. If the introduction of the external charge 
can be treated as a small perturbation, then one can use the theory of linear response 
(see e.g., Kapusta (1989)), to show that the screened Coulomb potential is given by 


ak eikr 
Be 19. 
W= | CET ee 


where T” (0, k) = 34) (w = 0,k) is the 44-component of the vacuum polariza- 
tion tensor at finite temperature and chemical potential, evaluated for vanishing 
Matsubara frequency. It is defined here as the negative of the one particle irre- 
ducible diagrams with two external photon lines. At large distances the behaviour 
of the integral is determined by contributions of momenta |k| of O(1/r). Defining 
the electric screening mass as the static infrared limit of mae (0, k), 


m2, = lim T44(0, k), (19.71) 
k-0 
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we have that 


dk ik Q eo mel? 
P(r — = : 19.72 
ee) ope a 972) 


Hence the static Coulomb potential of an external charge is screened exponentially 
in the presence of a plasma. 
We only mention here that the electric screening mass can also be computed in 
a different way. As has been shown by Fradkin (1965) it can be related to the second 
derivative of the pressure with respect to the electric charge chemical potential: 
2 2 0"p 


=. 


Mel Op? 


This is an interesting relation, since it allows one to compute m2, for a neutral QED 
plasma up to order e°, since the pressure is known to O(e?). For computations of 
the electric screening mass using this relation, see Kapusta (1992). 

In the following we compute the electric screening mass according to (19.71) in 
one-loop order. Our presentation is adapted to be easily compared with the lattice 
calculation given in section 10. 

In the euclidean continuum formulation of QED, the vacuum polarization ten- 
sor I, at finite temperature and chemical potential is given, using the rules dis- 


cussed in section 4, in one-loop order by (see fig. (19-4)) 


(we, 8) = (ie)? f so (el De t e e m), 


(p? + m?)|(p + k)? + m?] 


(19.73a) 
where 
k4 = We ; p =w; tip. (19.735) 
ptk 
ku k, v 
p 


Fig. 19-4 Diagram contributing to the vacuum polarization tensor in 
O(9?). 
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Performing the trace by making use of the relations 


Tr(a) = 46 


(19.74) 
Trh(Yu YY) = AO pr a Ogu + ONOvs)) 
expression (19.73a) takes the form 
Viw (KP) 
TIE (k JE EY 19.75a 
Te a (Pt m2) [(p + E) F m] ae 
where 
Viv (k, P) = 8PuPy + 4(ppky + kypv) — 4(m? + p* + p- kb. (19.756) 
For vanishing photon frequency this expression reduces to 
G? — (wp + ip)? 
(0, K) = —4e?— ls i ; 
"0, B oy (w; + ip)? + EB? [(w, + ip)? + F?] 
(19.76a) 
where 
P=aPpPim, P=(ptk+m, @ =p (Gtk +m’. (19.76) 


To perform the frequency sum we can in principle make use of the summation 
formula (19.63), where the integral appearing on the rhs would however yield the 
contribution at finite chemical potential and vanishing temperature. It is therefore 
more convenient to use an alternative formula in which the T = u = 0 (vacuum) 
contribution is separated from the temperature and chemical potential dependent 
part. Only the T = u = 0 contribution will then need to be renormalized in the 
standard way. The relevant summation formula is given by (E.4) in appendix E. The 
function f(w) in (E.1) has the following form in the present case (we only exhibit 
the dependence on w): 
G? = w2 
(PF ENF F 


A straightforward calculation yields 


fw) = 


(19.77) 


o Geg? 1 1 
" OF (F? — E?) |e 41 7 8-H) $1] 
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The first term on the rhs is the T = u = 0 (vacuum) contribution to I44(0, K). It is ul- 
traviolet divergent and is renormalized in the standard way, yielding no contribution 
to the screening mass, as follows from Lorentz and gauge invariance. Hence we shall 
concentrate on the matter part, given by the last two terms. The dependence on the 
photon momentum k is contained in the functions G and F. To compute the screen- 
ing mass we must take the limit k + 0. In this limit F + E, so that the denomina- 
tors in (19.77) vanish. Setting F = E +€, and taking the limit € —> 0, one finds that 


eA(E-#) eP(E+u) 
ma 6 | a eß(E-u) + oP i [ee E+) + ah . (19.78) 


After carrying out the angular es this expression can be written in the 


form 
2 


e 
MES * dp pVE + mee plienl E,W) + feo(E 1): 
0 
where nrp(F, p) and 7rp(L, p) are the FermiDirac distribution functions (19.67d). 
After a partial integration we finally arrive at 
e f° 2P +m? 
a= p zlnro(E, u) + ñro(E, 1). 
VP HM 
For vanishing temperature and finite chemical ee this expression reduces to 
2 love) 
2 oS pot +m 2 2 

Mel To n? Jo wis A(|u| — VP +m’). 

Carrying out the integral one obtains 


2 
e 
me(T =0)= Guv pe? —m? fo |u| >m 


=0 for ||| <m. 


(19.79) 


Hence for |u| > m there is also an electric screening mass generated at zero temper- 
ature. 

We close this section with a remark. In order to parallel the lattice calculation in 
section 10, we have taken the limit k — 0 before performing the angular integration. 
This yields the form (19.78) for the screening mass, which has a direct analog on 
the lattice. By performing first the angular integration (which cannot be carried out 
analytically on the lattice) one finds that 


Hy E, u) + frp(£, p)| 


> e2 oo p? 
SS ap A 
ODi [to Pinel 


2 2\ 72 I. 
«fry MSE (AE) 
Ap|k| 2p — |k| 
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where p = |p|. For |k] — 0, the logarithm behaves like |k|/p. Hence one is led to 
(19.79). 


19.7 The Electric Screening Mass in Continuum QCD 
in One-Loop Order 


The computation of the electric screening mass in QCD is more involved than 
in QED. In one-loop order the vacuum polarization tensor receives contributions 


from the four diagrams shown in fig. (19-5). The quark loop contribution has the 

AA AB 
zy) 
+0 AB, arising from the gluon-quark vertices. Hence we immediately conclude that 
the contribution of diagram (a) is related to that in QED (cf. eq. (19.75)) by 


same form as in QED exept that there is an additional colour factor Tr( 


Ie ge sanilo, kloen- (19.80) 
where we have dropped the superscript (8, u) for notational reasons. The remaining 
diagrams (b,c,d) involve summations over bosonic Matsubara frequencies and hence 
are expected to involve the Bose-Einstein distribution function. They do not depend 
on the chemical potential. Hence by dimensional arguments their contribution to the 
screening mass will be proportional to gT. Our objective is to compute the constant 
multiplying gT. In the following we discuss in turn the contributions of diagrams b, 
c, and d (Kaste, 1997). 


p+k q+k A q+k 
+ + PDP + WKY jure 
Nq” 
p q q 
(a) (b) (c) (d) 


Fig. 19-5 Diagrams contributing to the vacuum polarization tensor. 


Consider the diagram (b). The combinatorial factor which multiplies the finite 
temperature Feynman integral, obtained with the prescriptions stated in section 4, 
is calculated as follows: Consider the six lines emanating from the two vertices before 
they are contracted to form the loop. Label the lines from 1 to 6. Then there are 6-3 
possibilites to label the external lines of the diagram, and 2 possibilites to contract 
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the remaining lines to form the loop. Thies yields a factor (3!)?. Each vertex receives 
a factor 3 3 arising from the symmetrization of the 3-gluon interaction. Finally there is 
a uao x associated with the second order contribution, arising from the expansion 
of the exponential of the action. After some algebra one finds that in the Feynman 
gauge 


aks Tis (Gk) 
AB v f 
Mi AA OE 7 T frcvfocws È J em He Fa (19.814) 


where 


T®(q, k) oF 2kyky =< 5(qukp + kuqo) E 10g, 
— by (2g? + 2q - k + 5k’), (19.81b) 


and a summation over repeated indices is understood. Here q?, k? and q- k denote 
the four dimensional euclidean scalar products, and it is always understood from 
now on that 


k= w}; (Sw. (19.82) 


Next consider the contribution of the diagram (c). The factor multiplying the 
Feynman integral is given as follows: Take the 4 lines emanating from the vertex and 
label them from 1 to 4. Then there are 4 - 3 possibilities to label the external lines 
of the diagram. The remaining lines are then contracted to form the loop. Finally 

1 


there is a factor 7 arising from the symmetrization of the four-gluon contribution 


to the action. One then readily verifies that in the Feynman gauge 


d? Es 
TA Ww, k)(e) = 39? ôwfacofecoog DS y a (19.83) 


Finally consider the contribution of the diagram (d). Since the ghost fields 
are Grassmann valued, there is a minus sign associated with the loop. There is 
only one possible way to contract the ghost-lines emanating from two vertices to 
form the loop. Hence the combinatorial factor multiplying the Feynman integral 
is determined by the two possibilities to label the external lines, and a factor 4 
associated with the second order diagram. Application of the Feynman rules then 


yields 


+k)uq 
I kia =g henten E | tap C a fle 
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This expression can be cast into a symmetric form in u and v by noting that a 


change of variables q => —q — k interchanges u and v. Hence 


M or a) sd ‘facofecng E J y Caa ‘ae ie Kod 


(19.84) 


Combining the contributions (19.81), (19.83) and (19.84), and making use of the 


relation 


>D facofecp = 304B 
C.D 


one finds that 


Bipa K) brea) = apl (wz, k) beta); (19.854) 
where 
= ute W,(q, k) 
Tol kya. ee 19.856 
oon aL) on EEE (19.850) 
and* 


Wyuv(q, k) = 2kyky — 4(quky + Qk) — 8ququ + 5v(4q? + k? +10g-k)  (19.85¢) 


As always, q4 and k4 are understood to be given by (19.82). 
In the following we now restrict ourselves to the computation of the electric 


screening mass, 
2 _ y K 
mz, = lim Il44(0, k), 
k-0 


where Ty4(wt,k) is defined in (19.85a). For p = v = 4 and vanishing gluon- 
frequency, (19.85b) takes the form 


= 7 TAPT k— dust? 
aL! 


Th44(0, &)ore+a) = + ellot? + (g+ K] 


The frequency sum can be calculated with the bosonic summation formula (19.20). 
For the same reason as discussed in the previous section, we only need to consider 
the contribution arising from the presence of the heat bath, i.e. the last two terms 


* The expression for W,,,, differs from that obtained by Gross et al. [Gross (1981)| 
by a term which can be shown not to contribute to the integral (19.85b). 


474 Lattice Gauge Theories 


n (19.20). The T = 0 (vacuum) integral does not contribute to the screening mass. 


Performing the frequency sum in the above expression one then finds, after carrying 


out the angular integration, that this contribution, which we denote by I, is 


given by 
2 00 2_ 72 T 
Big Z _ 99 l 2g° — k? | 2q + |k| 
Iis (0, kotaa = 355 dq q q) 424 = = 
BN ee re, RN Aa gage la = 
(19.864) 
where q = |q], and where 
1 
neela) = aay (19.860) 


is the Bose-Einstein distribution function. The corresponding contribution to the 
electric screening mass is obtained by taking the limit k > 0: 


2 


6g- [2 
(m2,)(ore+a) = z2 | dq q nee(q) = 9°T”. (19.87) 
0 


Combining this result with the contribution to the electric screening mass arising 
from the diagram (a) in fig. (19-4), which, according to (19.80), is given by one half 
of the screening mass (19.79) in QED, we conclude that 


(2) = ers [ aa geil oS tneol u) +ñrp(E,u)], (19.88) 


where nrp(F, p) and 7rp(L, p) are the Fermi-Dirac distribution functions (19.67d). 
We therefore see that an electric screening mass is also generated in the pure gluonic 
sector, i.e. in the absence of quarks. For SU(N), Xop facpfecp = Nôas, so that 
the contribution of the pure gauge part to the screening mass is given by 


1 
(its) sates = gNGT SU(N) 


This concludes our discussion of QED and QCD at finite temperature and 
chemical potential in the continuum formulation. In the remaining sections of this 
chapter we now consider these theories within the framework of lattice regularized 
perturbation theory. 


19.8 Lattice Feynman Rules for QED and QCD at T 40 
and u ~ 0 


As we have seen, there is a simple prescription for making the transition from 
the continuum Feynman rules at vanishing temperature and chemical potential, to 
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the T # 0, u Æ 0 rules. We now show that the finite temperature, finite chemical 
potential lattice Feynman rules can be obtained from those given in chapters 14 
and 15 by the same prescription, except that momentum integrations and sums 
over Matsubara frequencies are restricted to the first Brillouin zone. This is not 
completely obvious. In fact the simplicity of the prescription relies heavily on the 
way the chemical potential is introduced in the lattice action. As will become clear 
from the following arguments, it suffices to consider QED. The same prescriptions 
then apply to QCD. 

At zero temperature and chemical potential the lattice U (1) action for Wilson 
fermions has the form (5.22), where the sum over plaquettes and lattice sites extend 
over a lattice of infinite extent. At finite temperature the lattice is compactified in the 
euclidean time direction, with the link variables satisfying the boundary condition 


U (ñ, 8) = U,.(m, 0), (19.89) 


where 3 is the inverse temperature measured in lattice units. The fermion fields 
satisfy antiperiodic boundary conditions. Introducing the chemical potential into 
the fermionic contribution to the action according to the Hasenfratz—Karsch—Kogut 
prescription (18.100), the U(1) action, written in dimensionless variables, takes the 


form* 
1 1 2 z a 
Seb = ga DM — RED pape 


ta(n + éi)(r + yU nyh (n). (19.90) 


By introducing dimensioned parameters and fields according to fi = pa, m = ma, 
B= Bla, b = ah, b = al, A, = aA, and taking the naive continuum limit, 
one recovers the continuum action, where the dependence on the chemical potential 
only appears in the kinetic term of the fermionic action in the form given in (19.54). 


* Recall that this prescription was suggested by our analysis in section 8 of chap- 
ter 18. 
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In weak coupling perturbation theory U,,(n) is expanded as follows 


OE E 567A (n) [eg (19.91) 
where Â, is the gauge potential in lattice units, i.e., Â, = aA,. From the struc- 
ture of the lattice action (19.90) it is evident that the vertices generated by this 
expansion will depend, for finite lattice spacing, on the chemical potential. Our ob- 
jective is to find out just how the chemical potential enters in the momentum-space 
Feynman rules. Although the answer is almost obvious, the following discussion will 
nevertheless be helpful. 


To derive the Feynman rules in momentum space, the fermion fields are Fourier de- 
composed according to (18.102), while the Fourier expansion of the gauge potentials, 
replacing (14.22), now reads 


PER. I om pe. TE 
„(n) = 7 2 f gry 4r) wf?) (19.92a) 
where 
ka := of = (19.926) 


are the Matsubara frequencies (19.56) measured in units of the lattice spacing. For 
reasons which we discussed in chapter 14, the gauge potentials have been defined 
at the midpoints of the links connecting the lattice sites n and n + é,,. Since the 
chemical potential only appears in the fermionic contribution to the action, we only 
need to consider the last three terms in (19.90). 

Consider first the contribution of O(e°). Making use of the completeness rela- 
tion (18.104), it can be written as follows in frequency-momentum space, 


By 
1 ¥ T ô a AEN TERE AT 
Lo igo =? Ê >D f ary Ê Wg )K EH 6, We JY (P, We ); (19.934) 
-ê T 


where &; are the Matsubara frequencies for fermions (18.69) with N = 8, i.e., 


aA 


+1 
ees 


G 


l (19.93b) 
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here denoted with the superscript “—’, and where 
KE" (S or) = iygsin(Oy + if) + iq, sing, + M(p, a7 + ip), (19.93¢) 
M(p, 0; + if) = M(p) + 2r sin? (=) , (19.93d) 
M(p) =m + 2r 2 sin? ~2 a (19.93e) 


A summation over repeated indices is always understood. The fermion propagator 
in frequency-momentum space is given by the inverse of the matrix KE») (p, Ws), 


l.e., 


-iy sin(óð; + iå) -iy a + M(B, a7 + tft) 
sin?(ap + ijt) + 0, sin” py + MD, r + ih) 


Se” 8, a7) = (19.94) 
From here we see that a finite temperature and chemical potential is introduced into 
the T = ft = 0 propagator, discussed in chapter 4, according to the substitution rule 
pa > Wp +i. 

Consider next the contribution of O(e™). It involves N gauge potentials coupled 
to the fermion fields. By Fourier expanding the fields as before, one readily verifies 
that the contribution involving the fourth component of the gauge potential is given 
by* 


iiig are dtp! s ap 9 IG AO (61, Pa Ra) 
n 2 


4= 
ae ipl Ag (key) --- Ag (ky eh? 4)”, (19.952) 
where 
JA R 1 i —i(p,-4+i 
ALS” (By, Ba, Ka) =3 E Hout ett) (-1)%e a cha] (Ya) as 


-7 efter at HA + (-1)% ee tHe) baa, (19.955) 


and where we have used the compact notation 


By 
ae ee ee 
dG f(G, ga) = ={ fe, E (19.95) 
if f Â Jn (27)? n 
l= 


* Vertices involving the spatial components of the gauge potentials are clearly not 
affected by the chemical potential. 
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which is the lattice analog of (19.61b). The spatial and temporal components of 
the four-component vector K are given by the sum of the N photon momenta, and 
Matsubara frequencies, respectively. Carrying out the summation over the lattice 
sites, by making use of (18.104), we can write (19.95) as follows 


Ses une wef wf es re) (Bp, R) 


x Bo lP VolP) Aa(hi) --- Aa(y), 

where 

z a S z > Wy, + Wy 

TU (pp, K) = (ie) B(2m)°5(B — p + B)65- oot Vag” (Fe F i) 
ft ep eK? 2 
and 
V5" (q) = (a)apl(En cos q + i£n sing) — rôaglEn cos q + iy sin q)], 
1 N F 1 N 

En = zl! +(-1)"]; év= zl! =(=]; 
We therefore see that for finite lattice spacing the vertices are u-dependent, and 
furthermore, that the chemical potential always appears in the combination We, +ip, 


and wy, +iĝ, as was the case in the continuum formulation. We emphasize that the 
P 
simplicity of this result is a consequence of the fact that the chemical potential 


was introduced in the form e+” into those terms of the fermionic action at u = 0, 
coupling neighbouring lattice sites along the time direction. 

In our discussion we have chosen to work with a manifestly dimensionless ac- 
tion, where the lattice spacing does not appear, since this is the form of the ac- 
tion used in Monte Carlo simulations. The Feynman rules given in chapters 14 
and 15 involve explicitely the lattice spacing. From the above analysis it is evident 
that the corresponding Feynman rules at finite temperature and chemical poten- 
tial are obtained by the same prescriptions given in section 4, except that integrals 
over three-momenta, and sums of Matsubara frequencies are restricted to the first 
Brillouin zone. Since this result is a direct consequence of the periodic boundary 
conditions satisfied by the link variables and fermion fields, and the fact that the 
chemical potential was introduced in exponential form, it also applies to lattice 


QCD. 
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19.9 Particle-Antiparticle Spectrum of the Fermion 
Propagator at T Æ 0 and u Æ 0. Naive vs. Wilson 
Fermions 


In section 5 we have studied in detail the fermion two-point correlation function 
at finite temperature and chemical potential in the continuum. We now carry out 
a similar analysis on the lattice for naive as well as Wilson fermions. In the case 
of Wilson fermions we of course expect to recover the results of section 5 in the 
limit of vanishing lattice spacing. For naive fermions, on the other hand, we will be 
confronted with the fermion doubling problem. In chapter 18 we had demonstrated 
in a simple model that the “doublers” modify the correct partition function in a 
quite non-trivial way. Their unphysical nature is exposed most clearly by looking at 
the correlation function [Rothe (1995)], as we now show. 


(i) Naive fermions 
For naive fermions, (i.e., vanishing Wilson parameter r) the two-point fermion 
correlation function at finite temperature and chemical potential is given by (19.94) 
with M replaced by M, i.e., 
ay gag) = SOLA Diss ag gg 
sin?(O7 + i) + ÊP) 


where 


E(p) = |= sin? p; + M? (19.96b) 
J 


is the energy measured in lattice units. The (dimensionless) lattice analog of (19.66a) 


thus reads 
OM pa [ EP aen pyeti 19.97 
F (ñ, na) Ta (27)3 F (p, na)e ’ ( : a) 
where 
os 
: 5 1 7 x ot 
En) Ď, nı) =+ (Bu) Ð, wy, ee M4, 19.97) 
F F ¢ 
e=—8 


Note that the momentum integrals and sum over Matsubara frequencies are now 
restricted to the first Brillouin zone. The expression (19.97b) can be decomposed as 


follows 


> A = A = 
x = 


Sem) (p, n4) = OD (P, na) F PDs. (p, na) ’ (19.984) 
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where 
Pil) = [£18 (p) — ing sin p; + 7] (19.985) 
2E(p) 
is the lattice analog of (19.67b), and 
ĝa SoS 
aroei ti (19.98c) 
P, Na A ee er Te 9E 
ew) ee isin(w, + if) + E(P) 


2 
The finite frequency sum can be evaluated by making use of the summation formula 
(18.85). As an example consider De (p,n4). Defining z = e, the function F(z) in 
(18.85) now has the form 
Raa o 
z? + 2Eefz — ert 
Hence the frequency sum in (19.98c) is given by 


= fi gue 
Dp) p, na) = -2f dz — 
(a,u) 4) IT Jizj=1+e (28 + 1)(z — z4) = z) 


ef gra 
+— dz — 5 (19.994) 
in Jie FDE- aE) 
where : . 
pa E De, ge, 
Ê = ar sinh E(p). (19.99b) 


The two circles |z| = 1 + e enclose the zeros of z’ + 1, located at the Matsubara 
frequencies. The integrations are carried out in the counterclockwise sense. For |n4| < 
B (recall that euclidean time has been compactified), we can distort the contour in 
the first integral to infinity, taking into account the poles located outside of the unit 
circle. Hence the rhs of (19.99a) is twice the sum of the residues of the integrand 
at the poles lying inside and outside of the unit circle, multiplied by eê. For n4 < 0 
these poles also include a pole of order |n4|. One then finds that Die (p, n4) can be 


written in the form 


DI‘) (p, na) = AD (B, ra) + (-™ AG? (6, na) , (19.100a) 
where : 
A (6,4) = [0(na) — rolê ee (19.1006) 
(B.u) Po Ma 4 NFDC, H EST 
KERE 3 — e(E+a)na 
(gp) (P na) = [0(—n4) — edlE, Om (19.100c) 
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and 
(eee 
NFD, H Ben ) 
Pere (19.1004) 
oe 1 
NepE, À) +, eb(E+2) “as r 


are the lattice analogs of the Fermi-Dirac distribution functions (19.67d). For n4 = 0, 
0(0) := 4. In a similar way one obtains 


DG? (P, na) = AG (D, na) + (DHAR y O, na). (19.101) 
Introducing the dimensioned variables T = an4, p = Ê, B = aĝ and u= È, one 


finds that (19.98b) and (19.100b-d) approach the continuum expressions (19.67b) 
and (19.67c,d). We therefore see that the terms proportional to (—1)”4 impede the 
propagator from having the correct continuum limit. These terms are the contribu- 
tions of the doublers. They arise from the poles of the integrand in (19.99a) located 
on the negative z-axis, and are pure lattice artefacts having no continuum analog. 
The factor (—1)™, which changes sign as one proceeds from one lattice site to the 
next in the euclidean time direction, is typical for the doubler contributions, as we 
have already seen in chapter 4. From (19.100b,c) we see that 


> 


ne (p, n4) = Ah (p, =n4) . 


Making use of this relation, Di 


Bn) (p,n4) can also be written in the form 


Dis) (D, na) = ALS), (B, na) + (DAG yÊ, na), 


which shows that, apart from the (non-trivial!) factor (—1)™, the admixture of 
the doublers involves a reversal of the sign of the chemical potential as well as 
of euclidean time. It is thus not surprising that when one computes the logarithm of 
the partition function for a Dirac gas of naive fermions, one finds that it resembles 
that of a gas of particles and antiparticles in both, the positive as well as negative 
energy sectors [Bender et al. (1993)]. 


(ii) Wilson Fermions 


Let us now see how the above results are modified for Wilson fermions. In 
the following we will choose r = 1 for the Wilson parameter. The propagator in 
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frequency-momentum space is given by (19.94) with r = 1 in (19.93d,e). Hence 
(19.97b) is now replaced by 


Boa 
E- - 
a N F(p, ©; na), (19.102a) 
BO 
f=—5 
where 
F(B, G73 m4) = SO") (6, dp ee, (19.1025) 
0G 22 ee tMi 41M) (19.1020) 
sin”(® + iĝ) + D sin? p; + M?2(p, ©; + if) 
and 
ay ny yay ae SA A aA oD w; +p 
M(p, @, + tft) = M(p) + 2sin* | ~ — ], 
2 (19.102d) 


jont sin? 


The frequency sum in (19.102a) can again be performed by making use of (18.85). 
Introducing the variable z = e“”, the function replacing F(z) takes the form 


yya(z2e~7# — 1) + 5(ze7* — 1)? + (in, sin p; — M(p))ze~* 


ea ell + MAE- z4)(2— 2) m 
where 
zy = etti, 
€ =In[K + VK? — 1] = ar cosh K (19.103a) 
and 
K(p) =1 o E(p) = 2 sin? p; + M?(p). (19.103b) 


Proceeding as before one then finds after some algebra that (19.102a) can be written 


as follows 


Si (pb, na) = TOD a TOD aa) (19.1044) 
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where 
(6) = ——~ [tu sinh€ — iy; sin p; + m(p)), 
2sinh € (19.104) 
? F £ 
mO = mh + D "i — 2sinh? Z, 
BY (Esa) = Pera) - heol, DE 
By \P na) = Una) — NEDE, HU) ao: 
1+ M(p) (19.104) 
Sale ee eye eee 
D3, P, Na = =n4) — 1) ib Aree D 
= POTI M(B) 
and 
(é,f) = 
Neole) = =z, 
reel ted (19.104d) 
à Í 
7) z (I SS ee 


are the lattice Fermi—Dirac distribution function for Wilson fermions. Notice that in 
the case of Wilson fermions no terms proportional to (—1)"* appear! In the contin- 
uum limit we have that M(p) + m, /K2—1— E(), E > E(p), and sin p; > p; 
for finite physical momenta. For Wilson fermions these are in fact the only relevant 
momenta contributing to the integral (19.97a). This can be readily seen. In the 
continuum limit Ê goes to infinity. Hence the integral only receives contributions 
from momenta for which € goes to zero in this limit. Because of the momentum 
dependent Wilson mass M(f), only (dimensionless) momenta p in the immediate 
neighbourhood of ô = Q0 contribute to the integral. Hence in the continuum limit the 
expressions (19.104a-d) approach (19.67a-d), with the usual correspondence hold- 
ing between particles (antiparticles) and forward (backward) propagation in time, 


translated into the euclidean language. 


19.10 The Electric Screening Mass for Wilson Fermions 
in Lattice QED to One-Loop Order 


In section 6 we had computed the electric screening mass in continuum QED 
to one-loop order. We now repeat this calculation within the framework of lattice 
regularized perturbation theory. The computation will be carried out for Wilson 
fermions, where we expect to recover the result of section 6 in the continuum limit. 
The calculations in this section are based on work carried out together with R. Pietig 
(Pietig, 1994). A similar computation for naive fermions, carried out by this author 
can be found in appendix G. 
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The electric screening mass has been defined in (19.71) as the infrared limit of 
the 44-component of the vacuum polarization tensor evaluated for vanishing photon 
frequency. In lattice perturbation theory the vacuum polarization tensor in one-loop 
order receives contributions from the two diagrams shown in fig. (19-6). Diagram (b) 
has no continuum analog but is required by gauge invariance, which is implemented 
on the lattice for arbitrary lattice spacing. In the following we shall choose r = 1 for 
the Wilson parameter. This leads to a drastic simplification of the computations. 
For finite lattice spacing the result for the screening mass will of course depend on 
r, while in the continuum limit it is expected to be independent of this parameter. 
The following computation is carried out in the dimensionless formulation, i.e., all 


quantities are measured in lattice units. 


(a) (b) 


Fig. 19-6 Diagrams contributing to the vacuum polarization tensor. 


For r = 1 the fermion propagator in frequency-momentum space has the form 
(19.102c,d). For vanishing temperature and chemical potential the vertices are those 
given in chapter 14 with the lattice spacing a, and the Wilson parameter r replaced 
by unity. The transition to finite temperature and finite chemical potential is ef- 
fected in the by now familiar way: the fourth component of the photon momentum 
is replaced by w,, defined in (19.92b), and the fourth component of the fermion 


momenta by ©; + iĝ, with & defined in (19.93b). Finally, integrals over the fourth 
component of momenta at T = 0 are replaced by finite frequency sums. 
Consider first the contribution of the diagram (a) shown in fig. (19-6). For 


vanishing photon frequency it contributes as follows to me (0, k), 


By 
‘ z onl T Æp PODS a rae 
113) (0, k)(a) = (ier 5 | a cos(W, +i) — isin(® + if) 
e=8 =i 


x SPOE dy a cosliog + ih) — isin(oz + i)e ar, p+ b)} 
(19.105) 
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where SEM G, w, ) is given by (19.102c,d). Upon carrying out the trace in Dirac 
space, making use of (19.74), and expressing the trigonometric functions in terms of 
exponentials, one finds after some algebra that the above expression can be written 


in the form 


r z i2 T dÊ Bice se be 
TI" (0, k)(a) = -e= k T ® ki), (19.1062) 
Geog et) 
1=-$ 
where 
si 224 +1) = a? AEG 2? 
FO (z; p, k) = ea) i a Daa (19.1066) 
Tj=1(2 — 2) 
and 
1 
n= ae f rears ae, 
H+M@) [1+ M+ R) (19.106¢) 
1 
s= x Bite 
[1 + M(p)][1 + M (P, k)] 
G=1+%_ sin pj sin(p + Ê); . (19.106d) 
j 
The position of the poles of f® (z; ĵ, k) are given by 
— oð. _,-¢ 
ae (19.106e) 
Bae ee, 
with 
b= EP), (19.106) 
w=E(P+h), 
with E(@) defined in (19.103a,b). Note that 
o +>_4, (19.107) 


p>—p—k 


while 7, € and G are invariant under the transformation p > —p — k. This will be 
important further below. 

The frequency sum in (19.106a) can in principle be again performed with 
the help of the summation formula (18.85). A more convenient formula can be 
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derived however, which is based on the observation that ©; always appears in the 
combination ©; + iĝ. The following formula is derived in Appendix F: 


12 1 

= X gle +A) J= Ere. ("5 ) ——— (19.108) 
j a 

BT 3 


Faz? +1 


where Res; 22 are the residues at the poles of g(z)/z, whose position we have 


denoted by z;. We now apply this formula to calculate the (finite) frequency sum 
n (19.106a). The function g(z) in (19.108) is now replaced (19.106b). It has simple 
poles in z located at (19.106e) and a pole at z = 0. The evaluation of the residues 


of folz p, Fii is straightforward. One finds 
(a) (a) 
Resa (AE) = -Resy (2) = Metn £ 9), 


z zZ 
(a) (a) 
Res, (Z 2) R —Res,z, (Z 2) = hiw, ,n, €,9), 
(a) 
Reso (AS) = 2, 
Z 
h —, 
we mae ee (19.109) 


sinh ¢(cosh ¢ — cosh y) ` 


For simplicity we have suppressed the dependence of f® (z; Î, k) on p and k. Appli- 
cation of (19.108) then yields 


By 
12 POEP ar 1 1 
S ; (a) / ,i(@, +iâ). 5 = 
2 , f (e iP; k) = + h(@, p,n, E, G) È B(o+ii) +1 e—5(¢-A) a -| 
l=—§ 
1 1 
+ hw, Q, WE G) È B(b+pa) te 1 > e-B(v— A) + -| ` 


(19.110) 


To obtain me (0; k) a); we must integrate this expression over p, with p € [—7, 7]. 
Noting that 7, € and G are invariant under the transformation D => —p — È, and 
making use of (19.107), as well as of the fact that the integrand in (19.106a) is a 
periodic function in p; and ki, we can combine the last two contributions on the rhs 
of (19.110) and obtain 

T ae A 


slale, y, n, EG) — 1 


27)’ 
ae [ TP hlo, pm E D)liev(6) Āe (19.111) 
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where 
1 
fro(¢)= >= 
eel (19.1118) 
= 1 
rpl) = AG sa. E 


are the lattice Fermi-Dirac distribution functions for particles and antiparticles. 
Note that with the definition of ¢, given in (19.106f), they coincide with those in 
(19.104d). 

We next compute the contribution to me “0, È) of the Feynman diagram (b) 
depicted in fig. (19-6). This diagram has no ae in the continuum. It is given by 


Ê 
nas 1 ` 
AE (0, ko ae ri Lt Oxy LP tf [eos(az + ijt) 


—iV4 ae + ise (p, wy )}. (19.112) 


The factor 2 arises from the two possibilities to label the two external photon lines 
emanating from the vertex, and the factor x from the expansion of the link variables 
to second order in the gauge potentials. The first factor in the argument of the 
trace is the finite temperature, finite chemical potential version of the vertex given 
in chapter 14, measured in lattice units. Performing the trace and expressing the 


trigonometric functions in terms of exponentials, one finds that 


ÂE (0, Be n i (e Cr tiA) 5) (19.113a) 
where 
> PEs gy] 
OG = 28 19.113b 
1 
1+ M(p) 


and where zı and z have been defined in (19.106e). Making again use of the fre- 
quency summation formula (19.108), one verifies that 


à 3 T dŷ p 
rie) (0, k) 0b) = -2e | Qr)? (como — mie = 1) 


T Bp ` _ 
40g? f i Gays (como -— -4 >) rol) +ĝrole)] (19.114) 
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Combining this expression with (19.111a) one therefore finds that 


A x aiae i T dÒ X z 
e” (0, k) = rs (0, k) + 2e f (anya tt (> YPM E 9) lied(o) TE Nrp(@)| 
(19.1152) 
where 
H($,0,p,n, €,9) = coth o- —— — h(d, vn, €,9). (19.1156) 
sinh ġ 
and 
A (vac) rs 2 fe dp 
Ms (0, k) = —2e f ar (PY EG) (19.115¢) 


is the T = p = 0 contribution. As we now show, IT\%°°)(0, i) vanishes in the limit 
Ê — 0, and hence does not contribute to the screening mass. F 

Consider the function h(¢, Y, n, €, G) defined in (19.109). It is singular for k > 0, 
since in this limit Y — @. The singularity is however integrable. This can be seen as 
follows. Since according to (19.107), and the statement following it 


hl, b,n, Eg) —>_h(b,d,, £9) (19.116) 


po—p—k 


we can also write (19.115c) in the form 


Wo =e f" A (como 2 =) +e? [| Eho vme), 
(19.117) 
where 
h(, p,n, G) = kle, b,n, £G) + hb, 6,0, & G). (19.1176) 


Although each term in this last expression is singular for k>0 (Y F $), the sum 
possesses a finite limit. Thus setting Yy = ¢ + € and taking the limit k > 0 (e > 0), 
one verifies that 
lim Ā(ġ, Y, n, £, G) = ——{- coth (cosh 2¢ — 2p cosh 6 + p?Go) 
iso sinh? ġ 
+ 2(sinh 2¢ — psinh ¢)}, 


> 


where Gy = G(p, 0), with G(p, k) defined in (19.106d). From the definition of o given 
in (19.106f), with € defined in (19.103a,b), one finds that 


> 1 
Go = G(p, 0) = peA —1). 
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Hence 


lim h(o, 0,0, £, G) = 2 (cono =e ) (19.118) 


rane sinh @ 


From (19.117a) we therefore conclude that 


This result is not unexpected, since for vanishing temperature and chemical poten- 
tial it is well known in the continuum formulation, that Lorentz and gauge invariance 
protects the photon from acquiring a mass. The screening mass is therefore deter- 
mined by the finite temperature (f.T.), finite chemical potential contribution, given 
by the integral in (19.115a). By making again use of the fact that @ + wv, when 
Dp > -f — k, while 7, € and G remain invariant under this change of variables, we 
can write this contribution in the form 


Tre”) (0, k) per. = 2e? f 


T 34 


d°p 
mien 


(corn o- is] [Arp() + role) 


-e f Sh, d m8 Deo +e] 
+h(b, p,n, €, G)inr oh) + heo(w)]}- (19.119) 


Consider the second integral. It can be rewritten as follows 


l l UAN G)inro(h) + Tro(h)] + hlo, Yn, £, G) Aĥeno ló, ¥)}s 


where h has been defined in (19.117b), and 
Aĝrp = [iieo($) — roh) + [hep(?) — ìro). 


According to (19.118), h approaches a finite limit for k — 0. Hence the contribution 
proportional to h is cancelled by the first integral in (10.119). We therefore conclude 
that 


_ = ; T dP ‘4 

lim AKA (0,k) = -elim | < hlo, p,n, £, G)Ateo(d,v). (19.120) 
=o =o SR (277) 

We have now dropped the subscript “f.T.”, since in this limit only (19.119) con- 

tributes to the screening mass. To calculate this limit we proceed as before and set 

w = o+e. One then finds that 


Afirp = €BNrp(¢) + O(e), (19.1214) 
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where 


N eb(o+h) eb(o-A) R 
a= p ; l 
rp() [e+ 4 1J2 feô- + 12 ( ) 


From the definition of 7 and € given in (19.106c) it follows that for k 4 0, n > 2p, 
€ — p®. One then verifies that for small e (or k > 0) 


hló, ó +6769) — -2+ 0(6). 


k->0 


Inserting this expression and (19.121a) into (19.120) one therefore has that 


ee : (b+) e(o-A) 
Mall, H, mj = = 2e af a 


p | . (19.122) 
[e8(o+A) +1]2  [e@-A) + 1)? 

Notice the similarity in structure of this expression with its continuum counterpart 
(19.78). For the same reason as discussed in section 9, only momenta p in the im- 
mediate neighbourhood of p = 0 contribute to the integral in the continuum limit. 
But in this limit 


846(p 5) = <8 ( pa) — PV P +m?, 


a—>0 


where €(p) has been defined in (19.103a,b). Hence 


i 1 
-l 
feola O/P rmatu) 4 4 
1 


f) — r 
Nrp(¢) 090 APEE 
The screening mass in physical units is now obtained as the following limit 
1 B 
A na = . 19.12 
M= lim a2 et (£ ; pama ) (19.123) 


Introducing in (19.122) the dimensioned momenta p’ as new integration variables 
one then verifies that one recovers the expression (19.78), or equivalently (19.79). 
For naive fermions, on the other hand, one finds that (see appendix E) 


(mn? Jise = = 4e af oF f ARRITE , 
[eô 6-6) + T [eô $+ + 1]2 
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where 


o = ar sinh E(p). 


= 
A 


Notice that here b is just the function E (p) we encountered when studying the lattice 
fermion propagator for naive fermions (cf. eq. (19.99b)). The above expression for 
the screening mass differs in two important respects from that for Wilson fermions: 
First of all there is an extra factor 2 multiplying the integral. This factor arises from 
the doubler contributions associated with frequency excitations lying in the second 
half of the Brillouin zone, 5 < w, < 7. Secondly, the function b now vanishes not 
only for ô = 0, but also at the corners of the Brillouin zone, where one or more 
components of p take the values +7. Hence the integral receives in the continuum 
limit 23 identical contributions having the form of the “normal” contribution arising 
from finite physical momenta, for which p = pa is of O(a). Hence in the continuum 


limit 
(7713) naive = 16m 


where m2, is given by (19.79). 


19.11 The Electric Screening Mass for Wilson Fermions 
in Lattice QCD to One-Loop Order 


The computation of the electric screening mass in lattice QCD is more involved 
than in QED. The following discussion is based on work carried out together with 
P. Kaste (Kaste, 1997). In O(g?) the vacuum polarization tensor receives contribu- 
tions from the seven diagrams shown in fig. (19-7). The last three diagrams have 
no continuum analog but are required by gauge invariance. Diagram (g) is the con- 
tribution arising from the non-abelian compact integration measure. The Feynman 
integrals can be easily written down using the finite temperature, finite chemical 
potential Feynman rules discussed in section 8. As in the continuum case, the con- 
tribution of diagrams (a) and (e) to the vacuum polarization tensor is related to that 
in QED by the relation (19.80). We therefore “only” need to consider the diagrams 
involving gluon and ghost lines only, which do not depend on the chemical poten- 
tial. Furthermore, they only involve sums over Matsubara frequencies of the bosonic 
type. Since in the continuum limit the only dimensioned scale is the temperature, 
their contribution to the screening mass will be of the form const. x gT. For finite 
lattice spacing, however, the temperature dependence will of course be modified by 
lattice artefacts. In the following we first consider diagrams (b-d) which have an 
analog in the continuum. In all the expressions it will be understood that the fourth 
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component of the momenta are Matsubara frequencies. The combinatorial factors 
associated with each diagram are of course the same as those in the continuum 


formulation. 
q 
ptk q+k a q+k 
k k k k EO he 
TOL + AOS + IWF + WAL KIX 

~a’ 

p q q 

(a) (b) (c) (d) 

q 
q a 


(e) (f) (g) 
Fig. 19-7 Diagrams contributing to the vacuum polarization tensor in 
lattice QCD in O(g?). 
Contribution of Diagram (b) 


Using the Feynman rules discussed in section 8 one finds, after making use of 
op facofecp = 384g, that 


x z T b) Ape 
1147 (OF, kjo = -3g dan | då mate Xe (19.1242) 
*  PG+k) 
where f, d*q has been defined in (19.95c); Py and D are defined generically by 
by, = 2sin = P= >> f, (19.124) 


and 


ky + (po n) (19.124c) 


ae 


xe Vo ni ee 1, 
+w {0-0 cos? (30+) + (å+ 2k) cos? sin} 
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To compute the corresponding contribution to the electric screening mass we only 


need to know falk) o for vanishing gluon frequency. It is given by 


oA 
x z 3 1% T då ot. T 
AB 2 b) (iw; . A 
Mis (0, k)o = 39 9AB a Ja ant (ee ; ĝ, k), (19.1252) 
ia 
where 
aad his? eee i: 1 
Gens Oe e k)zlz + 1)? l (19.125b) 
IT; lz Z;| 
and 
a(k) = S cos kj 
J 9 
(19.125¢) 


R 1 EA EEA 
blâ k) = 5 X -k +Y G+ 2k), 


j j 


The zeros of the denominator in (19.125b) are located at 
Saaba ee: 
pe (19.1264) 


where 
(19.126b) 


The frequency sum can be calculated by making use of (F.5) in appendix F. After 


some straight forward algebra one finds that 


EO, i) = 69°50 | @ a h(d, b, a, b)fipe(¢) 
k) + 


x sdas fo H+ f a Ea EG oh. 
(19.1274) 


where 
x2 —a sinh?¢ + 4b[cosh¢ + 1 
hi, 8, a,b) = ——— au Ea (19.127) 
sinh¢|cosh ¢ — cosh 4%] 
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and 


i 1 


Bel) = AA (19.127c) 


is the lattice version of the Bose-Einstein distribution function. In obtaining this 


result we have made use of the fact that 


o> Y (19.128) 


ae 


> 
Aa 


under the variable transformation ĝ 3 —ĝ — i, while a(k) and b(q, k) are invariant 
under this transformation. Note that the function (19.127b) is singular for k — 0, 
since in this limit ġ > w. The singularity is however integrable as can be seen by 
making use of (19.128) to write (19.127a) in the form 


APO Po = 30%an [SENG d, at) Ahal) 
tiosan a+ S EEM Gab) 
+ h(ab, d, a, b)][L + 2Apw(6)]} (19.1294) 
where 
Ajpe(¢,) = fee?) — selh). (19.1295) 


The limit $ — 0 can now be easily be taken and one obtains the following contri- 


bution to the electric screening mass 


3 " då > 1 
(mio = 5a fs -f T b cotho 4 =| (1 4 diae} 


Te ag 
+596 ; gry), (19.130a) 
where 
- 266 
Ngelo) = nap (19.1300) 


Contribution of Diagram (c) 


This diagram involves the 4-gluon vertex (15.53b), which consists of types of 
terms differing in the colour structure: terms involving the structure constants fapc, 
and terms involving the completely symmetric colour couplings d4gc. We denote 
the corresponding contributions to the vacuum polarization tensor by [1143 (oly 
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and Ae jiq, respectively. Consider first [1143 (Roly f}: It is given by 
(c) 
A 3 ACAD 
Te? = `g? T A 19.131 
P Do) = iae | gan, (19.1314) 
where 


eee 1 N i 
CA] x = go fai tosg, is ko 


‘ 1 r 
— 12 cos? (54 + i.) — 12 cos? (5 — i 


+26; [hn D ka| + AG — F), + G+ 4), 14, cos Sk, 
—_ 2 —_— 2 
— SOUG+ 4), + GER 
Bates ets i 
+3 AC +k), — (8 — K) lkv cos Gy + (HO n) (19.131b) 
For vanishing gluon frequency we have that 
> 3 1 2 1 ag 
1148 (0, Å ee 1 | O(c? gk 19.132 
[TEP (0, ho] = 7a DJ [oeg] (19.1824) 
where p ” E 
> arl hit L — 1)2 porn 
Pade] = We ae ees (19.1326) 
[f] [z = zı] [z = Zə] 


and 


TORE Sik (19.132c) 


Performing the frequency sum in (19.132a) one finds that 


A =~ 3 z 4 
1? 0, biolin = 39a J o(k) + a(k) 


T 3 4 & Bs 
fe = d)coth @+ (« — zP) <n | [14 2ipe(A) 
(19.133) 
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Taking the limit k — 0 one obtains the following expression for the screening mass 


~2\(c)__1 9 1 T dq 7 1 o7 
= g =g 17coth ¢ 4 =| [1+2 . (19.134 
(mai = 50° | 94+ 5 g [Hoot + — 5] E+], 09134 
Consider next the contribution [H43 (Nolia: It is given by 
(c) a A 
a A 1 AT, v (q k)lia 
Th (k əl = —-9°ô fe et 19.135 
rhol, gf ap} DE ( a) 


where 


—@Phuhy = ghi) Á (19.1350) 


Here d(A) is defined by 


8 
bp l\daredpre + dgredare + dpredapel = d(A)oas. 


E,F=1 


For vanishing gluon frequency expression (19.135a) can be written in the form 


ê 
A x Is T då sto PF 
ira ; mare ()(eM@e - Gk 19.136 
| 44 (0, k) | [dj 54 Oe ; a (27)? lf (e f +4; ) iq} ( a) 
where 
ack 1 (20 KAL SIE Pz 
(0) = —|— A : 19.136 
|f (234 b) iq] 12 ( 3 + a ) [z — zll — 2] ( ) 
and 
Kh) = OK. 


j (19.136€) 


A z 1 /20 
laa? (0, bo i = 7 6aB5q (F + aA) ) 


7 Bô s Kif; 
x -x+ f oa x coth ¢ — saxty | aelh. 
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=> 
A 


Since K(k) and L(ĝ, k) vanish for k — 0, it does not contribute to the screening 


mass, 1.€., 
[(7ret) cla = 0. (19.137) 
Contribution of Diagram (d) 


The only other diagram possessing an analog in the continuum is the ghost 
loop shown in fig. (19-7d). Its contribution is given by 


Ald) % A 
ia x 3 PR ft v Sk 
E = Sian f då a. (19.1382) 
*  ¢ @+k) 
where 
Mayra 4 ae oe 1., 
Thy (Â, k) = dulg + k), cos | 5+ k)u | cos sa + (u © v). (19.138b) 
For vanishing gluon frequency we have that 
3 1E pm g 
AAB M — 225 + WT e(d)(piap . > 7 
Mir (0, k) a) = zI oe De, is (ams! (ee ; 4, k), (19.1394) 
-å 
where 
Za 1 2 1 2 
f(z; 4k) = sh SN (19.1396) 
2TTi-1l2 - 4] 


A z 3 T Lô EE = 
Iii (0, k) a) = 79a f- a | on lalo, V) + g, o) 
T dô os K 
saf ið h (19.1404) 
where 
Cos (19.1400) 


cosh ¢ — cosh q) 


This function is again singular for k — 0. To compute the limit we proceed as 
discussed earlier and write (19.140a) in the form 


{42 (0, È) oe ee f AR b, OL + 2Ape(o 
44 (0,4) (a) = 79 OB + S (anys A Y) + 9%, Dll + 2srlo)] 
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where Afjpz(@) has been defined in (19.129b). Taking the infrared limit one obtains 
for the contribution of diagram (d) to the electric screening mass: 


T 34 E a 
ma = p{-1Ś- | TE 1 + 2ipe(6)|coth å 
-4f E a GrP $) } (19.141) 


with Ngr(¢) defined in (19.130b). Combining the results (19.130a), (19.137), 
(19.134), and (19.141), we therefore find that those diagrams possessing a contin- 
uum analog yield the following contribution to the electric screening mass for finite 


lattice spacing 
3 1 d?å ~ 1 
na )(b+etd = 9 4—7 4 tho- —— | [1 + 27 
(rer) (b+ +d) = 9 l A 4 t Q mE [1 + 2ñgE] 


+670 f 2% 


As we now show, the remaining diagrams (f) and (g), which are a consequence of 


(19.142) 


the lattice regularization, precisely cancel the first term in (19.142). 
Contribution of Diagram (f) 


This contribution is given by 


>2 


A 


1 „4 
Mo = 59 FAB ow I dz (19.143) 
+ g 


For vanishing gluon frequency and u = v = 4 this expression reduces to 


(ei), (19.144a) 


where 


Ole eee ce (19.1445) 


[z — Z][z — 29] 


The corresponding contribution to the screening mass is found to be 


1 T då : 1 a2, ae 
(main = 59 fı = J : T [coth ġ — ae + 2i} ! (19.145) 
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Contribution of Diagram (g) 

Finally, the contribution of diagram (g) to the screening mass (arising from the 
link-integration measure) is trivially given by 

(Maio) = ZI (19.146) 

From (19.145) and (19.146) we see that their sum just cancels the first term appear- 
ing on the rhs of (19.142) leaving us with the following simple expression for the 
contribution to the screening mass arsing from diagrams containing only gluon and 
ghost lines: 


34 


f an Naw(@). (19.147) 


The corresponding expression for the dimensioned screening mass squared is given 
in the continuum limit (19.123) by 


(Maa = 69° ĝ 


where q = |q|. After a partial integration this expression takes the form 


6 S x 
dow Sort [det 
(ma)a me! ` T 1 


Cre 


Making use of the formula 


[Z-ro 


ee —1 
where I (a) is the Euler Gamma-function, and ¢(@) the Riemann Zeta-function, we 
finally obtain 
(m2.)g = 9T’. (19.148) 


Including the contribution of diagrams (a) and (e) to the screening mass (which are 
just one-half of the expressions obtained in the previous section for the screening 
mass in QED) we therefore have that 
~ [T dp eb(o+h) cb(¢-A) 
| 
[es+A) 4.1]2 © [edlo-a) + 172 


~ [T BG Bd 
+6923 / aera z; (lattice) (19.149) 
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where @ and ġ have been defined in (19.106f) and (19.126b). In the continuum limit 
this expression reduces to 


ee er) a 
el 2 j p derm , H) 


+ frp(E,u)|+9?T? (continuum). (19.150) 


m 


In lattice simulations of the pure gauge theory the electric screening mass is 
extracted from correlators of Polyakov loops or from the long distance behaviour 
of the gluon propagator [see e.g., Irback (1991), Heller (1995)]. In these simula- 


tions the number of lattice sites N, = B is fixed and the temperature is varied 
1 

TN, 

sioned) screening mass is to approximate the continuum, then the lattice spacing 


by varying the lattice spacing a = If the lattice expression for the (dimen- 
must be small compared to all physical length scales in the problem. Hence we must 
have that a < 4, a «K + anda « D This implies, that ma = Oa & 1l, or 
N, > 7. Similarily we must have that N, > a For N, fixed, the electric screen- 
ing mass in physical units, divided by the temperature, is given by [Mehatt/T = 
N- ħal Nr, (u/T)N>',(m/T)N-"), while in the continuum limit (N, — oo) this 
ratio is just a function of m/T and u/T. In fig. (19-8) we have plotted the ratio 
(Met)tatt/(Met)con as a function of F and £ for N, = 8, 16. In the parameter range 
considered the deviation from unity is seen to be at most 1.7% for N, = 16, and 
10% for N, = 8. 


(a) (b) 


Fig. 19-8 Dependence of [meiJiatt /[Mei]cont on % and & for (a) N, = 8, 
and (b) N, = 16. 

The deviations are mainly due to the fermion loop contribution as seen from 
fig. (19-9), where we have plotted [mei}iatt/[Mci]cont for the pure SU(3) gauge theory 
for various values of N;. The solid line is drawn to guide the eye. This ratio only 
depends on the number of lattice sites N,. As seen from the figure the deviation 
from the continuum is very small for N, > 8. For N, = 8, and N, = 16, it is about 
2%, and 0.4%, respectively. 
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(m,platt 1.3 


(m,))con 1.25 
1.2 


1.1 
1.05 


Fig. 19-9 Dependence of the pure gluonic contribution to [Metlatt/[Mer]con 


on the number of lattice sites N. The solid line is drawn to guide the eye. 


19.12 The Infrared Problem 


When we discussed the \¢*-theory we have seen that a mass of O(A) was 
generated in the presence of a heat bath. As we have just seen a similar phenomenon 
is encountered in QCD, except that there the situation is more complex. Because 
the heat bath singles out a preferred reference frame the vacuum polarization tensor 
is no longer Lorentz covariant, but only covariant under spatial rotations. Hence 
different screening masses can be generated in the electric and magnetic sectors. 

The generation of a magnetic screening mass turns out to pose a serious prob- 
lem, although the appearance of an infrared cutoff in the magnetic sector is in prin- 
ciple quite welcome. The problem is that the contribution to the magnetic screening 
mass of O(gT) is found to vanish. The higher-order perturbative contributions are 
infrared divergent, and one is therefore forced to sum an infinite set of diagrams 
to calculate the mass in lowest order. In principle this could give rise to a mag- 
netic screening mass of O(g°T’) where 1 < a < 2. In fact, a computation carried 
out by Kajantie and Kapusta (1982) based on the self-consistent solution of an 
approximated Schwinger—Dyson equation for the gluon self-energy in the temporal 
(A® = 0) gauge, suggested that gluons acquire a magnetic screeing mass-squared of 
order g?T?. This could have cured the IR-problem pointed out by Linde (1980). The 
non-analytic structure in g? reflects the original IR-divergences in the perturbative 
expansion. The above mentioned work, however, has been subsequently questioned 
by several authors (Baker and Li, 1983; Toimela, 1985). If the magnetic screening 
mass is of O(g°T) then one is stuck with a serious computational impass. Consider, 
for example, the contribution to the free energy arising from diagrams involving 
only four-gluon couplings. Since the four-gluon interaction vertex is dimensionless 
the same general argument as given for the case of the ¢4 theory leads to an expres- 
sion similar to (19.53), except for an important difference: the four-gluon coupling 
is of order g?. Hence the contribution to the thermodynamical potential arising 
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from a diagram containing N such vertices is now given by (19.53) with A replaced 
by g?: 


OQn(T) ~ g° T* (ty. 


If we substitute for m(T) the magnetic screening mass mm(T), which we assume to 
be of O(g?T), then an infinite set of diagrams contribute to O(g°). Even if we could 
calculate the contributions from the individual diagrams (which we cannot) their 
sum could very well diverge. But the situation is even worse. For a similar reason 
the magnetic screening mass itself cannot be computed even in lowest order. (Gross, 
Pisarski and Yaffe, 1981). 

What we have just described is the notorious infrared problem in QCD. Being 
unable to estimate higher order corrections to the free energy, one could take the 
pessimistic point of view that perturbation theory can tell us nothing about the ther- 
modynamical properties of QCD, even at high temperatures, where renormalization 
group arguments suggest that the coupling becomes small (Collins and Perry, 1975). 
It may however turn out that MC calculations confirm the early expectations that at 
sufficiently high temperatures the non-perturbative corrections to thermodynamical 
observables are small. In section 8 of chapter 20 we shall present some numerical 
results which give us some insight into this problem. 

We now briefly summarize the results obtained in the literature for the contri- 
butions of O(g?) and O(g?) to the thermodynamical potential Q of an SU(N) gauge 
theory with N; flavours and at zero chemical potential. 

The correction of O(g?) requires the calculation of a set of two-loop diagrams 
involving gluon, quark, and ghost fields (Kapusta, 1979). The zero temperature 
renormalization prescriptions are sufficient to eliminate all ultraviolet divergencies. 
After subtracting the vacuum contributions, these diagrams make a finite contribu- 
tion to Q: 


grr 
144 


5 
Q = (N? — 1) (x + iy) 
In fourth and higher orders of the coupling one encounters infrared divergencies. 
These become more and more severe with increasing number of loops. By summing 
the infrared divergent contributions one therefore expects to encounter corrections 


of lower order than g*. Indeed, summing the ring diagrams of the type depicted in 
fig. (19-10), where the shaded blobs stand for the gluon self-energy in O(g?), Kapusta 
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(1979) finds that there is an O(g?) correction to the thermodynamical potential: 


374 3/2 
gT 2 1 Ny 

— N4 —1)|= | N + — f 
Lon | ) f ( i 2 


This is the so-called plasmon term. It arises from those interactions which give the 


Qs = 


gluon an electric screening mass at one loop level. 


o 


Wr = ee awl E ‘LAr 


Fig. 19-10 Ring diagrams which when summed give rise to a contribu- 


tion of O(g?) to the thermodynamical potential. 


Concluding, we are left with the following somewhat disappointing situation in 
QCD: while the electric screening mass is of O(gT), the magnetic screening mass 
is expected to be of O(g?T), but cannot be computed. As a consequence, the ther- 
modynamical potential can at best be calculated up to fifth order. If one is lucky, 
non-perturbative effects do not play an important role, and the potential obtained 
by analytic means suffices to describe the thermodynamics of QCD at very high 
temperatures, where the coupling is expected to be small. The only way to test this 
is to compute thermodynamical observables numerically by starting from the lattice 
formulation of QCD. 
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CHAPTER 20 


NON-PERTURBATIVE QCD AT FINITE TEMPERATURE 


In the remaining part of the book we want to study the behaviour of hadronic 
matter at finite temperature as predicted by QCD. Here are some questions that 
one would like to have an aswer to: i) Does QCD predict a phase transition from 
a low temperature confining phase, where chiral symmetry is broken, to a high 
temperature phase where quarks and gluons are deconfined, and chiral symmetry 
is restored? ii) If so, what is the critical transition temperature and the nature of 
the phase transition? Is it of first or second order? iii) What is the nature of the 
high temperature phase? Is it that of a quark—gluon plasma where the interactions 
of quarks are Debye-screened? iv) Does perturbation theory provide an adequate 
description of the thermodynamical properties at very high temperatures? v) What 
is a possible signal for plasma formation in heavy ion collisions? 

The non-perturbative framework provided by the lattice formulation of QCD 
allows us, at least in principle, to obtain an answer to the above questions. In the 
following four sections we will set up the theoretical framework which provides the 
basis for studying a possible deconfining phase transition. The theoretical ideas in- 
troduced will be exemplified in a simple lattice model in section 5. In sections 6-8 
we then present some Monte Carlo results on this transition, and on the high tem- 
perature phase of QCD. As always, we shall restrict ourselves to early pioneering 
work, and we leave it to the reader to confer the numerous proceedings for more 
recent results. Finally in section 9, we discuss some possible signatures for plasma 


formation in heavy ion collisions. 


20.1 Thermodynamics on the Lattice 


For the computation of thermodynamical observables, like the mean energy, 
pressure and entropy, we need a non-perturbative expression for the partition func- 
tion. From what we have learned in the previous chapters we immediately conjecture 
that the partition function is given by 


Zocp = J DU Dy Dje Sad U4, (20.1) 


For Wilson fermions, a Re [U,w,v] is the finite-temperature, finite chemical po- 
tential action having the form (19.90), where ~ and U, are vectors and matrices 
in colour space, and 4 is replaced by T The link variables and Dirac fields are 
subjected to periodic and antiperiodic boundary conditions, respectively. 
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Consider for example the implementation of the antiperiodic boundary condi- 
tions on the fermionic degrees of freedom, i.e., 


oa, 1)= =} (ñ, B $1), 


d(T, 1) = d(H, Ê + 1). 


The only contribution to the action which is sensitive to these boundary conditions, 


(20.2) 


is the fermionic contribution involving the link variables pointing along the time 
direction. By implementing these conditions, this piece of the action becomes a 
function of the Grassmann variables located on the time slices n4 = 1,... Bs and 


can be written in matrix form as follows, 


na,mg4=1 ñ 
where M (ñ) is a B x B matrix with the non-vanishing entries given by 


Ç y(i, 1) -y(ñ, 8) 


ME) = gm, 2) ¢ — (7,3) 
(7, 3) g@,G-1 ¢ 
Here 
C=m-+4r, 
and 
y(ñ, na) = —=(r — yale PUA (n), 


2 1 à 
Y, na) = Sy + ya)eêU] (n). 
The fermionic contribution to the action can therefore be written in the form 
~~ B a. A 
SE) = YO YO YR, na) Kanai UÓ, ma), 
n4,m4=1 rym 


and the Grassmann integration in (20.1) extends over the independent variables 
w(t, n4) and wit, n4) with n4 = 1,... , 3. The Grassmann integral just yields the 
determinant of the matrix K, so that 


Ge / DU e SalU tn det K[U] (20.3) 
per 
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Note that we did not bother to fix a gauge. The integral will therefore include field- 
configurations which are related by a gauge transformation. Since the group-volume 
for a compact group is finite, (20.3) is a well defined expression for any finite lattice 
as is used in Monte Carlo simulations.* 

Given the partition function, one can proceed to study the behaviour of thermo- 
dynamical observables as a function of the temperature, and to determine the critical 
properties of the theory. For example, the existence of a discontinuity in the energy 
density (latent heat) or a jump in an order parameter would tell us that the tran- 
sition is first order. Of course, in practice all calculations are carried out on lattices 
having finite spatial extensions. Hence one can only hope to see a rapid change in 
these quantities near the transition temperature. Looking for metastable states and 
hysteresis effects will further help one to determine the order of the transition. 

In the following we will restrict ourselves to the pure SU(N) Yang-Mills theory. 
Then the partition function has the form 


Z= f DUe Sel], (20.4) 
per 


Because of the non-abelian structure of the action, this theory is quite non-trivial. 
In fact, as we have seen in chapter 17, the pure SU(3) Yang-Mills theory con- 
fines a static quark—antiquark pair at low temperatures. The question is whether 
confinement persists as the temperature is raised, or whether there exists a criti- 
cal temperature where deconfinement sets in. To answer this question we need a 
non-perturbative expression for such observables as the mean energy density, and 
pressure. 

The energy density and pressure are obtained from the partition function in 
the usual way: 


1 ð 
= Sop 4 


1 ð 
= ——(In Z)>,. 
p Ja Js 


(20.5) 


* Recall that in perturbation theory we were forced to fix the gauge. The gauge 
condition was implemented in the path integral by introducing a judisciously chosen 
factor 1. One was then led to a gauge fixed path-integral expression where the 
field configurations are weighted with an effective action involving the logarithm 
of the Faddeev-Popov determinant. Apart from an overall group-volume factor, 
which plays no role for the thermodynamics, the gauge fixed partition function was 
completely equivalent to the non-gauge fixed expression. 
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These expressions must be translated on the lattice into expectation values of 
gauge-invariant expressions constructed from the link variables. Since according to 
(20.5) we are to keep the physical volume or temperature fixed while varying, re- 
spectively, the temperature or volume, we must be able to vary independently the 
extension of the lattice in the time and space directions. For a given lattice, this 
can be done by choosing different lattice spacings a and a, along the space and 
time directions. In the continuum limit physics should of course be independent 
of the lattice regularization. Here we shall only use the anisotropic formulation to 
calculate the derivatives in (20.5). The resulting expressions are then evaluated for 


C=C = 4, 


The action on an anisotropic lattice has already been constructed in chapter 10. 
It is given by (10.16a,b), with P, and P, defined in (10.15b,c). At finite temperature 
the lattice has a finite physical extension in the euclidean time direction, and the link 
variables satisfy periodic boundary conditions. Note that the couplings associated 
with the time-like and space-like plaquettes depend on the spatial lattice spacing, as 
well as on the anisotropy parameter. This dependence is a consequence of quantum 
fluctuations, while the explicit dependence of the action on € is that dictated by 
naive arguments alone. If a, is the lattice spacing in the temporal direction, then 
the inverse temperature is given by N,a,, where N, is the number of lattice sites 
along the temporal direction. Of course in a numerical simulation the number of 
lattice sites in the spatial direction, N,, will also be finite. The spatial extension 
of the lattice in physical units should however be large enough for finite volume 
effects to be negligible. In particular it should be large compared with the largest 
correlation length which is determined by the lowest glueball mass. A finite tem- 
perature then implies that the extension of the lattice in the temporal direction 
will be necessarily smaller than its linear spatial extensions. Given the action on 
an anisotropic lattice, we can now vary the temperature by keeping N, fixed, and 
varying the temporal lattice spacing. Hence the mean energy density and pressure 
can be calculated according to 


ao 1 Oln Z(a, a+) 
© V N,N3a3 Oa, eases 
B 1 Oln Z(a, a+) 
a 3N, N3a3 ða TEA 


where we have returned to an isotropic lattice after having performed the differen- 
tiation. Here ln Z is considered to be a function of the spatial and temporal lattice 
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spacings a and a,. These expressions can also be written in the form 


a: 1 aƏmZ(a,£) | 
N,Nsat OE 


1 | ð ln Z(a, £) om e8) 
f=1 


€E 


P = 3a4N, N3 ða a 


where the partition function is now considered to be a function of the spatial lattice 
spacing a and the asymmetry parameter £. From (20.4) it then follows that 


1 OSG 
_ = 20. 
j N, N3a* ( Og yo ere 
1 OSG 
e—3p= N Nia ( Fa 2 ; (20.6b) 


The derivatives can be readily calculated from the expression (10.16) for the action, 
where go is the coupling defined on an isotropic lattice, whose dependence on the 
spatial lattice spacing is dictated by (9.21c,d). For SU(3) one finds that [Engels 
et al. (1982)] 


1 6 


Nene aS gala) (csPs + ¢rPr)], (20.74) 


E 


where P, and P, have been defined in (10.15a,b), and where 


"R ar) 


For the difference € — 3p one obtains 


= 1 2 / öga) 
N, N3a4 a0 (o ða (Sa)e=1- (20.8) 


€— 3p = 
In obtaining the above expressions, we have made use of the relations 


gola, 1) = go(a), 
(12) — Əsla) (20.9) 
¿=1 


Oa ða ` 


Notice that (20.8) tells us that the difference € — 3p is proportional to the derivative 
of the bare coupling with respect to the lattice spacing. For a noninteracting ideal 
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gas of massless vector particles the right-hand side of (20.8) therefore vanishes, since 
in the absence of interactions gy does not depend on a. 

Let us now return to expression (20.8). It may be used to obtain a formula for 
the latent heat produced in a first order deconfinement phase transition (which is 
expected to be seen in the pure SU(3) gauge theory). The reason is that the pressure 
should vary continuously in the transition region, while, in the limit of infinite 
spatial lattice volume, € will exhibit a discontinuity at the critical temperature. On 
a finite lattice this discontinuity will of course be smoothed out, and therefore only 
manifest itself as a rapid change in e. But if the pressure varies continuously in the 
transition region, then the discontinuity in € (latent heat) is determined from (20.8) 
to be 


1 1 12 
c= at NEN, gl 90A), (20.10) 
where P = P, + P+, and (go) = —a0go/Oa is the 8-function (9.6b). For small 


coupling 8(go) is given by (9.2la,b) with Np = 0. Inserting this expression into 
(20.10) we are left with the following formula for Ae: 


Ac = 


1 12 11 102 2, 
ANEN: (cap a0" ) ac (20.11) 


4 can be obtained directly in a MC-simulation. 


Hence Ac, measured in units of a7 
To obtain Ae measured in physical units, we must eliminate the lattice spacing a in 
favour of the physical lattice scale Az, which is a renormalization group invariant. 


The relevant relation is given by (9.21c,d). Inserting the expression for a into (20.11), 


we obtain 
Ae 12 /llg2\™ / 11 102, san? 
E | Lo. | eZ Alp), 20.12 
eem (toe) apet a (ay 


Hence by measuring the discontinuity in (P) at the (first order) phase transition, 
for a given value of the bare coupling, one can determine Ae in units of the lattice 
parameter. The above relation holds of course only close to the continuum limit. 


20.2 The Wilson Line or Polyakov Loop 


At zero temperature, the potential of a static quark—antiquark pair can be 
determined by studying the ground state expectation value of the Wilson loop for 
large euclidean times. At finite temperatures the lattice has a finite extension in 
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the time direction, and the Wilson loop no longer plays this role. The question 
therefore arises which is the corresponding object to be considered when studying 
QCD at finite temperature. To this effect we notice that, because of the periodic 
structure of the lattice, we can also construct gauge-invariant quantities by tak- 
ing the trace of the product of link variables along topologically non-trivial loops 
winding around the time direction. In fig. (20-1) we show a two-dimensional picture 
of the simplest loop we can construct, located at some spatial lattice site 7. Con- 
sider the following expression, constructed from the link variables located on this 
loop, 
Ê 
L(7) = Tr || Ua, na). (20.13) 


n4=1 


This expression is invariant under periodic gauge transformations: 


Uñ, na) =} G(n, n4)Ua (ñ, na)G (ñ, fa + 1), 
G(#,1) = G(R, Ê + 1). 


L(7) is referred to in the literature as the Wilson line, or Polyakov loop. As we 
now show, its expectation value has a simple physical interpretation. The argument 
given below is only qualitative. For a more detailed discussion we refer the reader 
to the work of McLerran and Svetitsky (1981). To keep the presentation as simple 
as possible, we will consider the U(1) gauge theory in the absence of dynamical 


fermions. Furthermore we shall use the continuum formulation. 


Fig. 20-1 Two-dimensional picture of a loop winding around the time 


direction. 


Consider the partition function of the system consisting of an infinitely heavy 
quark coupled to a fluctuating gauge potential. 


Z = X (sļe®"]s}. (20.14) 
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The sum over s extends over all states of the form Yİ (Z, 0)|s’), where U'(z, 0) creates 
a quark located at 7 and at time z4 = 0 when acting on the states |s’) which do not 
contain the heavy quark. Using the fact that exp(—GH) generates euclidean time 
translations by 3, we can write (20.14) in the form 


Z=NY\(s'|W(E, 0)eP" W'(Z,0)|s’) 


= NYU (s'le PP U(E, P) (E, 0)|s"), 


s! 


(20.15) 


where N takes into account the normalization of the quark state. But in the static 
limit the dependence of U(z, 3) on 8 is determined by* 


(0, — ieAg(2,7))U(z, 7) = 0. 
Hence 
U(z, B) = els ar AAT) (ae 0). 


Inserting this result into (20.15), we are left with an expression involving the operator 
W(#,0)W'(#,0). This operator describes the creation and destruction of a heavy 
quark at the same space time point. It merely gives rise to an (infinite) constant 
which is cancelled by the normalization factor N. A more careful treatment, similar 
to that presented in chapter 7, shows that (20.15) can be replaced by 


Z = Tr(e P" L(2)), (20.16a) 
where 
L(Z) = ete fo drAalEr) (20.16b) 


is the U(1) continuum analogue of the Wilson line (20.13), and where the trace is 
performed over the states of the pure gauge theory. The corresponding path integral 
representation of (20.16a) is therefore given by 


Pe n DA L(BjeSP H, (20.17) 


where Sg|A] is the finite temperature gauge field action, and where the integration 
extends over all fields A,,(x) satisfying periodic boundary conditions. Notice that 


* This corresponds to neglecting the contribution of the kinetic term and of the 
vector potential in the Dirac equation. We have dropped the mass term since it gives 
merely rise to an exponential factor. 
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L(g) is invariant under periodic gauge transformations. In the non-abelian case the 
potential A, is a Lie algebra-valued matrix, and (20.16b) must be replaced by the 
trace in colour space of the corresponding time-ordered expression. From (20.17) 
we conclude that the free energy of the system with a single heavy quark, measured 
relative to that in the absence of the quark is given by 


e Fa = (L) = FETE), (20.18) 


where V is the spatial volume of the lattice. In writing the last equality we have 
made use of the translational invariance of the vacuum. On the lattice, the left-hand 
side of (20.18) is replaced by exp(—GF,), where 3 and Ê, are the inverse temperature 
and the free energy measured in lattice units. 


The Polyakov loop resembles the world line of a static quark in a Wilson loop. 
This suggests that the free energy of a static quark and antiquark located at 7 = na 
and y = ma, with a the lattice spacing, can be obtained from the correlation function 
of two such loops with base at 7 and m, and having opposite orientations (see 
fig. (20-2)): 


T(R, m) = (L(n)L"(m)). (20.19) 


Fig. 20-2 Two Polyalov loops, winding around the time direction, used 


to measure the qqg-potential. 


Indeed, by the same type of arguments which led to the connection between the 
Wilson loop and the static gg-potential in chapter 7, but with T now replaced by 
B, one can show that (20.19) is related to the free energy Fait, m) of a static 
quark-antiquark pair, measured relative to that in the absence of the qq pair, as 


follows: 


T(R, 17) = eP a) (20.20) 
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Assuming that I(r, 77) satisfies clustering, we have that 


(LDL) —> MDP. (20.21) 
n—-M|—> oo 
From here we conclude that if (L) = 0, then the free energy increases for large |7i— m] 
with the separation of the quarks. We interpret this as signalizing confinement. 


(L) =0 (confinement). (20.22) 


On the other hand, if (L) # 0, then the free energy of a static quark—antiquark 
pair approaches a constant for large separations. In the absence of vacuum po- 
larization effects, arising from dynamical quark, we interpret this as signalizing 


deconfinement: 
(L) #0 (deconfinement in the pure gauge theory). (20.23) 


The qq potential in the deconfined phase is obtained by dividing (20.20) by |(L)|?, 
which removes the self-energy contributions of the individual quarks, i.e., 


o-ôvath) — LOL (M) 
TAT (20.24) 


where R = |ñ — ñl. 


The above connection between the expectation value of the Wilson line and 
the free energy of a heavy quark was “derived” assuming that no quarks of finite 
mass coupled to the gauge potential. But this connection also holds when we include 
dynamical fermions. This is borne out by a more careful treatment, where one first 
considers the partition function including “light” and heavy quarks, and then takes 
the infinite mass limit for the heavy quarks. In this way one finds that the free 
energy F} is again related to (L) by (20.18), except that now the expectation value 
is calculated with the finite temperature action involving the dynamical fermions 
[McLerran and Svetitsky (1981)]. 


According to (20.22) and (20.23), the expectation value of the Wilson line 
evaluated in a pure gluonic medium serves as an order parameter for distinguishing 
a confined from a deconfined phase in the pure SU(3) gauge theory. In statistical 
mechanics, phase transitions are usually associated with a breakdown of a global 
symmetry. We now show that this is also expected to be true in the SU(3) gauge 
theory. 
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20.3 Spontaneous Breakdown of the Center Symmetry 
and the Deconfinement Phase Transition 


The lattice action of the pure SU(3) gauge theory is not only invariant under 
periodic gauge transformations, but also possesses a further symmetry which is not 
shared by the Wilson line. Consider the elements of SU(3) belonging to the center 
C of the group.* They are given by exp(27il/3) € Z(3) where | = 0,1,2. Clearly 
the action (10.16) is invariant if we multiply all time-like oriented link variables 
U, between two neighbouring spatial sections of the lattice by an element of the 


center 
U4(%, n4) —> 2U,4(n, na), 


where z € C. But the Wilson line is not invariant since it contains one link variable 


which transforms non-trivially: 
Li) > zL(ñ). 


Now if the ground state of the quantum system respects the symmetry of the classical 
action, then link configurations related by the center symmetry will occur with 
the same probability. Thus the same number of configurations will yield the values 
Lı = 2/3 (1 = 0,1, 2) for the Wilson line. Since X`, exp(27il/3) = 0, it follows that 
the expectation value of the Wilson line must vanish. But this we had interpreted 
as signalizing confinement. Hence we expect that the center symmetry is realized 
in the low temperature, confining phase of the pure SU(3) gauge theory. On the 
other hand, if (L) Æ 0, then the center symmetry is necessarily broken. We hence 
expect that a deconfinement phase transition is accompanied by a breakdown of 
the center symmetry and that the phases of the Polyakov loops cluster around 
any one of the Z(3) roots. As we shall see in section 6, this is borne out by MC 
calculations. That the Z7(3) symmetry plays a crucial role in the confinement problem 
has been suggested some time ago by Svetitsky and Yaffe (1982). These authors 
argued that the critical behaviour of the SU(3) gauge theory is that of an Z(3) 
spin model. Since this model exhibits a first-order phase transition, one also expects 
that a deconfinement phase transition in the pure SU(3) gauge theory, is of first 
order. 


The above considerations applied only to the pure gauge sector, or equivalently 
in the infinite quark mass limit. The case of infinitely heavy quarks is of course 


1 


* The center C of a group G consists of all elements z for which zgz~* = g, with 


gEG. 
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unphysical. Nevertheless the study of the pure SU (3) gauge theory provides us with 
important information regarding the role played by the non-abelian gauge field for 
quark confinement. As we have pointed out before, one generally believes that quark 
confinement is a consequence of the non-abelian self-couplings of the gauge potential. 
At low temperatures, this non-abelian coupling is expected to lead to the formation 
of a flux tube (— string) connecting the quark and antiquark. The energy stored 
in the string is proportional to its length which is of the order of the separation of 
the quark and antiquark pair. As the temperature is increased, the string begins to 
fluctuate more and more, its length now being larger than the separation between 
the quarks. At the same time the number of possible string configurations with a 
given length will increase. That is, the entropy will start competing with the energy 
carried by the string. At sufficiently large temperature, the system may then prefer 
to form networks of flux tubes to which the quark and antiquark are attached to. 
Thus above some critical temperature a new phase may be formed, consisting of 
huge networks of flux tubes (Patel, 1984). The energy of such a configuration will 
be roughly the same, no matter where the quark and antiquark are hooked onto a 
network. This corresponds to deconfinement. When dynamical quarks are coupled 
to the gauge potentials, then flux tubes can break. The probability for this to occur 
increases with decreasing quark mass. This is also true for the single flux tube 
connecting the quark and antiquark at low temperatures. In both cases the forces 
between the quarks get screened. But whereas the screening at low temperatures is 
due to pair production processes along the single string connecting the two quarks, 
the breakdown of the network in the presence of light dynamical quarks resembles 
more the Debye screening in a plasma. 


Finally we want to mention that a fermionic contribution to the action breaks 
the center symmetry explicitly. Hence the expectation value of the Wilson line need 
not vanish in the confining phase. In this case the free energy of a gg pair approaches 
a finite constant for infinite separations, which is consistent with the expectation 
that the force between two quarks is screened by vacuum polarization effects. 


20.4 How to Determine the Transition Temperature 


When studying QCD at finite temperature in a Monte Carlo simulation one 
must first decide on the spatial and temporal extension of the lattice to be used. In 
principle, the spatial volume should be chosen large enough so that finite volume 
effects do not play an important role. For a given set of lattice sites the linear physical 
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extension of the lattice will depend on the lattice spacing, and hence on the value 
of the bare coupling constant. Again, in principle, this coupling should be taken 
small enough to approximate continuum physics. Let N, be the number of lattice 
sites along any one of the three spatial directions. It then follows from the euclidean 
space-time symmetry of the path integral formulation that for lattices with temporal 
extent N, > N, physics should be insensitive to the periodic boundary conditions 
in the time direction — if it is not sensitive to the finite spatial volume. Hence such 
a choice of lattice is appropriate for studying QCD at “zero” temperatures.* On 
the other hand, to study QCD at high temperatures, the temporal extension of the 
lattice must be much smaller than in the space directions. This is the reason why 
Monte Carlo computations are carried out on lattices with N, < N,. For a given 
lattice spacing a the physical temperature is given by 


_ 1 
~— Noa’ 


Thus the temperature can be varied by either changing N, (then the temperature 
varies in a discontinuous way), or by varying the lattice spacing, which can be done 
by changing the coupling go. In principle the best way of proceeding would be to 
introduce two types of couplings which allow one to vary the lattice spacing in the 
temporal direction without changing the spatial volume of the lattice. But if this 
volume is large enough for finite volume effects to be negligible (which they are not 
in general) then a single coupling constant should suffice. 


To determine the critical temperature at a phase transition one studies the tem- 
perature dependence of an order parameter, and of such thermodynamical quantities 
as the energy density, specific heat, etc.. If the QCD coupling 6/g@ is large enough, 
then the lattice spacing is related to the bare coupling constant by (9.21c,d) and 
the temperature is given by 


Ap 


E N,R(go) i 
Let ge be the critical coupling at which the phase transition takes place. Then the 
critical temperature is given by 
Az 


T, = NROJ (20.25) 


* Actually, the temperature is never really zero on a lattice with finite temporal 
extension. 


Non-Perturbative QCD at Finite Temperature 517 


To test whether one is really determining a physical transition temperature, one 
should repeat the simulation for lattices of different temporal extensions, determine 
ge in each case (ge will of course depend on the choice of N,) and check that 


N,R(g-(N-)) = const. (20.26) 


Another way of obtaining the transition temperature in physical units is to measure 
some other observable, such as a hadron mass. Since the critical temperature and 
hadron mass in lattice units are given by f, = T.a and my = mya, where my is 
the physical hadron mass, it follows that a ./Mmy = T./my. Hence the temperature 


a 
Te = í x mH. 
MH 


As we shall see in section 6 there exists strong evidence that QCD undergoes a 


in physical units is given by 


deconfinement phase transition at high temperatures. If so, this would be an inter- 
esting prediction of this theory which, if confirmed by experiment, would constitute 
an important test of QCD as being the correct theory of strong interactions. 


20.5 A Two-Dimensional Model. Test of Theoretical Concepts 


In the previous sections we have introduced a number of important concepts 
which are relevant for studying the thermodynamics of a pure gauge theory. Since 
our discussion has been in part quite formal, it is instructive to check the theoretical 
ideas in a solvable model. The simplest lattice model one can consider is the U(1) 
gauge theory in one time and one space dimension. This theory will confine a qq-pair, 
since in one space dimension the field energy cannot spread out in space. In this 
section we will use the compact U(1) gauge theory as a toy model to calculate the 
following quantities: i) the expectation value of the Polyakov loop, ii) the expectation 
value of two oppositely oriented Polyakov loops (which is related to the free energy 
of a static gq-pair), and iii) the ensemble average of the electric field energy density 
stored in the string connecting an oppositely charged pair. We will compute these 
quantities using the character expansion, in order to illustrate at the same time a 
technique which is relevant for strong coupling expansions in SU(N) lattice gauge 
theories.* For the simple model we consider the calculations could actually be carried 
out without making use of this sophisticated method. 


* See e.g., Migdal (1975); Drouffe and Zuber (1983); Munster (1981); Wolf (1993). 
The character expansion has been used by Rusakov (1990) to compute observables 
in U(N) gauge theories on arbitrary two-dimensional manifolds. 
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The basic idea of the character expansion is the following. In a lattice gauge 
theory the pure gauge part of the action has the form 


where Up are the plaquette variables, and F (Up) is a real valued function of the 
plaquette variables which is invariant under gauge transformations, F(g~'Upg) = 
F(Up), with g an element of the unitary gauge group G. We have denoted the 
coupling by &, instead of Ê, which we reserve for the inverse temperature measured 
in lattice units. Since exp(—A&F(Up)) is a class function on G it can be expanded 
in terms of irreducible characters (traces of irreducible representations) of Up as 
follows 


exp(—&F'(Up)) 2 A (Ê)Xu (Up), (20.27) 


where v labels the irreducible representations of G, y, is the character of Up in the 
v’th irreducible representation, and d, is the dimension of the representation. For a 
real class function F(U), conjugate representations y, and xp contribute with the 
same weight in (20.27). The plaquette variables Up must be chosen with a conven- 
tional orientation. The convention chosen is immaterial, for changing the convention 
merely replaces Up by UŁ, and hence the representation “v” by its conjugate “p”. 
Below we list some important formulae which we will need for our discussion. 

Let V, W, Vi, Q1, etc. be elements of a compact unitary group G, and dV the 
normalized Haar measure on G (i.e., f DV = 1), satisfying 


dV =dV '=d(VW); WEG. (20.28) 


Then the following relations hold:* 


f dV x(V)xw(V") = Ow, (20.29a) 
1 

| WA VVV = q 0X (Vi V2), (20.29b) 
1 

J Wav ovia) = Exh). (20.29) 


* Making use of (20.28), these formulae are seen to hold also if V denotes a 
product of link variables and dV, the corresponding product of Haar measures. 
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From the character expansion (20.27), and the orthogonality relation (20.29a) it 
follows that 


1 . 
Av(k) = > f dU Cesk, (20.30) 


In the case where G = U(1), the irreducible representations are one dimensional, 
and the characters are given by* x (U) = e*®, where v is an integer. The U(1) 
action has the form (see (8.10)) 


S¢|[U] = p3 i = 5(Up + uh) = pa — cos Op}, (20.31) 
where & = Z, with ê the charge e measured in lattice units, i.e., ê = ea. Op is the 
sum of the phases of the directed link variables around a plaquette P. The Haar 
measure, normalized to unity, is given by dU = d0/27. When calculating the expec- 
tation value of an observable we can replace the Boltzmann factor exp(—&S¢|U]) 
by Į [p exp(& cos @p). Then 


f DUOW] Tp eêf UP) 


(0) = FDU [pet (20.32) 
where 
f(Up) = cos Op. (20.326) 
Accordingly, eq. (20.27) is replaced in the U(1) gauge theory by 
(Ur) — oe BAU); (20.33) 


where the coefficients have been calculated from (20.30) with ÅF (U), dU and x (U) 
replaced by —& cos 0, dð /2r and exp(iv@), respectively. [,(&) is the modified Bessel 
function of order v. 

Consider two plaquettes P} and P, having a link in common. With each pla- 
quette there is a factor exp(Af(Up)) asssociated with it. The character expan- 
sion allows us to perform the integration over the common link-variable, which 


we denote by V. This is also the case for non-abelian gauge theories, where this 


* For SU(2) the link variables in the fundamental representation can be 
parametrized in form U = cos £ +i. Tsin $, where g; are the Pauli matrices 
and ñ a unit vector. The Haar measure and characters are given in this case by 
dU = z sin? SdodQ and x,(U) = er ae where j takes integer or half integer 
values. 
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method acquires its real power. For the U(1) gauge theory the integral of interest is 
given by 


f dV eR Urd ettr) = F (R aA | dV xo (Us ho (URN. 
VI V2 
Let Qı and Qə denote the path ordered products* of link variables along the solid 
and dottet paths shown in fig. (20-3). Then Up, = QV and Up, = V'Qz. 


| ee |a 


Fig. 20-3 Two plaquettes which are glued together at the common link. 
Making use of (20.29b) with d, = 1, one obtains 


Jayi rest@n) = NOILA)’ xX Vor); 
where Uəp, is the “path ordered” product of link variables around the boundary 
of the area covered by the two plaquettes. This area, measured in lattice units, 
equals the power of the coefficient [,(&). Proceeding in this way, one can carry out 
successively the integration over all link variables lying inside of a simply connected 
two-dimensional lattice of area A, bounded by a simple closed contour 0A. The 
result is the A-functional [Migdal (1975)], 


Ka(Uaa) = X_I (R)] xu (Uaa), (20.34) 
where Usa = Qo’ NoN is the path ordered product of link variables around the 
boundary of the lattice shown in fig. (20-4), and A is the number of plaquettes 
in the domain bounded by OA. This expression holds for a lattice bounded by an 
arbitrarily shaped contour. 

The only other K-functional we shall need is that associated with a lattice with 
a hole, depicted in fig. (20-5a). We shall denote this functional by K'4,,, where Ais 
the number of plaquettes bounded by the two closed curves. It is obtained by glueing 


* Of course in the abelian case path ordering is irrelevant. We shall nevertheless 
use this language and always write the product of link variables in the path ordered 
form, as would be required in the non-abelian case. 
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Qg 


Q9 


Fig. 20-4 Al link variables except for those on the boundary of the lat- 
tice have been integrated out. The corresponding K-functional only depends 


on the path ordered product of the link-variables along the boundary. 


together the K-functionals for the two sufaces without holes, shown in fig. (20-5b), 


along the common links. Hence 


Kao = | aVidVakKa, (Uaa) Ka; (Uos): 


@ı @ Qy 


(a) (b) 


Fig. 20-5 Two surfaces without holes which are glued together along 


the common links. 
Written out explicitely we have that 


Kao = Don) a) f VAa (UVV) Vian). 
viv 
Making use of (20.29b) with d, = 1, we can perform the integral over V, and obtain 
Kao = SOANA f dVaxv(QsVawrwe¥4 0) 


V 


This integral is of the form (20.29c).* Hence 


Ka (w) = YOAN X Axl), (20.35) 


V 


* In the non-abelian case one makes use of the invariance of the character (trace) 
under cyclic permutations of the matrix valued group elements. 
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where Q and w are the products of the link variables along the closed contours shown 
in fig. (20-5a). As we shall see, all other K-functionals which we will need can be 
obtained from (20.34) and (20.35). These K-functionals will depend on i) the link 
variables living on the boundary of the lattice, and ii) the link variables on which 
the observable depends whose expectation value we want to calculate. 

At finite temperature the lattice has a finite extension in the euclidean time 
direction, given by the inverse temperature (3, and the link variables at times 7 = 0 
and T = # are identified. For the time-like oriented link variables on the spatial 
boundary of the lattice one can, for example, impose periodic, or free boundary 
conditions. Let I, denote the set of unconstrained variables on the boundary of 
the lattice, and I the set of variables on which the observable O depends. The 
corresponding finite temperature K-functional we denote generically by KO (T, T). 
Then the expectation value (20.32a) will be given by 


_ f DT,Dr OKO (Tz, T) 
E f DTLKØACT:) ? 


(0) (20.36a) 


where 
KOT) = ‘s DIK“ (T, T). (20.36b) 


Having set up the general framework, we now proceed to some concrete calculations. 
(i) The Polyakov Loop 


Consider the expectation value of a Polyakov loop (or Wilson line) in the v = 1 


representation, 1.e., 


(L) = (xi(Ur)), 


where Up denotes the (path ordered) product of link variables along a closed loop T 
winding around the compactified surface along the temperature axis. To calculate 
this expectation value we must evaluate the numerator and denominator in (20.32a). 

Consider first the denominator. The relevant finite-temperature K-functional is 
obtained from (20.34) by identifying al with Qo in Vag = Qo NgA (see fig. (20-4)), 
and integrating the expression over Qo, making use of (20.29c) with d, = 1. One 
then finds that 


KOES O Oa (20.37) 


V 


This is the K-functional associated with the surface shown in fig. (20-6). 
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Fig. 20-6 Lattice which is compactified along the temperature axis. 
The corresponding finite temperature K-functional only depends on the 


path ordered products of link variables Q and Q. 


We next must decide what type of boundary conditions we want to impose on 
the link variables at the ends of the cylinder. Imposing periodic boundary conditions, 
i.e., identifying Q and Q, and integrating the expression over 9, fig. (20-6) is glued 
together to the torus. Making use of (20.29a) the corresponding A-functional is 
given by 

oe) = Z (torus) E SL, (20.38) 
which is just the denominator of (20.32a). 

If instead of toroidal boundary conditions we impose free spatial boundary con- 
ditions, then integrating (20.37) over Q and Q’ projects out the trivial representation. 
Hence 


ee = Liree = [1o(@)]4. (20.39) 


Ztree is just the denominator of (20.32a) for free spatial boundary conditions. 

Consider next the numerator of (20.32a), or of (20.36a) with O/T] replaced by 
xi(Ur). The relevant K-functional is that associated with fig. (20-7a). It is given 
by the product of the K-functionals associated with the two surfaces shown in 
fig. (20-7b): 


KO = BOO UK. OLY): (20.40) 
Imposing the periodic boundary condition Q = Q, and integrating over Q, we 
obtain 
Kira (Ur, UL) = X R) x (Ur)x (Op), 
where A is the total area of the lattice, measured in lattice units. The expectation 
value of the Polyakov loop (L) = (x1(Ur)) is now given by 


1 


L orus) — 
Ne Z (torus) 


f DUpxi (Ur) Kee" (Up, Up). 
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(a) (b) 


Fig. 20-7 (a) All link variables except for those living on the closed 
contours are integrated out. The corresponding K-functional is given by 


product of the K-functionals associated with the two surfaces shown in (b). 


A pictorial representation of the numerator is given in fig. (20-8). Evaluation of the 
integral yields 


AIE 


lv? 


Z (torus) 
where the Wigner coefficient DE, is defined by 


DE, = f dUxr(U)xr(U)xk(U') 


= Skrtr (for U(1)): (20.41) 


Hence 


cher = 0, 


which according to the criterium (20.22) implies confinement. This is of course ex- 
pected to be the case in one space dimension, as we have pointed out at the begin- 
ning of this section. As the reader can readily verify, the same result is obtained by 
imposing free boundary conditions. 


Fig. 20-8 Fig. (20-7b) glued together to a torus. Also shown is the 


insertion of a Polyakov loop. 
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In order to keep the following disussion as simple as possible, we will choose 


free boundary conditions from now on. 
(ii) The Free Energy of Static qq-Pair 


According to (20.20) the free energy of a qq pair, measured relative to the 
vacuum, is related to the expectation value of two oppositely oriented Wilson lines by 


f.,(R, 8) = ~3ImLabe) (20.42a) 


where R = |n—n’|, and 
In=xi(Ur); L}, = x(U}). (20.42b) 


Here Ur and Us denote the product of link variables along the two closed paths 
shown in fig. (20.9a), located at the spatial lattice sites n and n’ of the two 


1 
A3 
EER 
(a) (b) 


Fig. 20-9 (a) Two oppositely oriented Polyakov loops winding around 


charges. 


the compactified lattice; (b) The relevant K-functional is given by the prod- 


uct of the K-functionals associated with the 3 surfaces. 


For free spatial boundary conditions the relevant K-functional is given by the prod- 
uct of the A-functionals associated with the three surfaces in fig. (20-9b), integrated 
over Q and Q, 


KERA, = | YK O, UNK UL Ue) KL UL.) 


Making use of the expression (20.37), the integral can be readily performed and one 
obtains 


Ra (UL, Ur) = MA A E O e e). 


V 
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The expectation value in (20.42a) is then given by 


(Lakh) = g — | pda Ur) (UKE UL, Ue. 


(free) 


The integral can be evaluated immediately by making use of the orthogonality re- 
lation (20.29a) and of (20.39): 


7 h(a)\” 
(L,Lt,) = (H ) , (20.43) 


where Ay is the number of plaquettes enclosed by the two Polyakov loops. According 
o (20.42a), the free energy of a static oppositely charge pair is therefore given in 
lattice units by 


Bi Oo ae A 
Fi(R,&) = | n —— | R. 20.44 

aa ) ( L ( Ê) ( ) 
The right hand side coincides with the expression we derived in chapter 8 for the 
qq-potential at zero temperature (cf. eq. (8.17)) . This is not surprising, since in one 
space dimension the string connecting the charged pair cannot fluctuate. From our 
discussion in chapter 8 it therefore follows immediately that in the continuum limit 


(È = x = = — oo) the free energy, measured in physical units, is given by 


1 
Fyg( R) = eR (20.45) 


Hence in this model the gq-system is confined. 
(iii) Energy Sum Rule 


In the following we first derive an energy sum rule which relates the mean 
energy of a static quark—antiquark pair to the field energy stored in the string. The 
sum rule is then evaluated using the character expansion. 

Consider the partition function for a static qq pair: 


Zag = ponni = Zoli) 


where Zo = f DUe~°¢. The mean energy, measured relative to the vacuum, is then 
given by 
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To evaluate the rhs we must be able to vary the temperature in a continuous way. 
Since 6 = Bar, where a, is the lattice spacing in the euclidean time direction, we 
can vary the temperature by varying a,, keeping the number of lattice spacings 
Ê in the temporal direction fixed. To calculate the @-derivative we must therefore 
first evaluate the expectation value (La Lt) on an anisotropic lattice. From our 
discussion in section 2 of chapter 10 it is evident that the finite temperature action 
on an anisotropic lattice is given for our U (1) model by 


SOU; | = RE XIL — Re Up], (20.46) 
P 


where € = @, with a the spatial lattice spacing. Since the naive continuum limit of 
this action is that of a free theory, we do not expect that the coupling & must be 
tuned with the lattice spacings a and a, when taking the continuum limit (as was 
the case for the non-abelian theory). The mean energy, measured in lattice units is 


therefore given by 
a 1/08 
(Ê) = > (Zmans) , (20.47a) 
é=1 


where 


DULL, —RE J p[1-ReUp] 
(ion SE J nit (20.470) 
[DUE Lele Reve 


In (20.47a) we have returned to an isotropic lattice after differentiation. Performing 


the differentiation in € we obtain 


pea PE 20.484 
(E) a ) ( ) 
where 
P=) [1—ReUp], (20.485) 
and 
APE 
(P)qg—0 = LLI (P). (20.48c) 


In the naive continuum limit P > z J d’xFiz2F,2. In one space dimension the field 
tensor F),, has only one non-vanishing component, Fi2, corresponding to the elec- 
tric field. One of the objectives of this calculation will be to confirm that the 
euclidean formulation, with this minus sign in (20.48a), gives the expected answer 
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for the mean energy. A similar expression had been obtained in chapter 10 for the 
contribution of the electric field to the energy sum rule in the pure SU(3) gauge 
theory. 

Because of translational invariance in the euclidean time direction, we can also 
write (20.48a) in the form 


— 
a 
II 
a> 


(—P')aq-0, (20.49) 


where P’ denotes the contribution to (20.48b) arising from plaquettes located on a 
fixed time slice. From here we infer that the energy density, as probed by a plaquette, 
is given in lattice units by 


=. | EnLl,ReUp) _ 
(E) =h (LBL) (ReUp) | . (20.50) 


The expectation values are calculated on an isotropic lattice according to (20.32). 
For free spatial boundary conditions (GD) is given by (20.43). The relevant 
K-functional for evaluating (L,L' Re Up) before imposing free spatial boundary con- 
ditions, is given by the product of i) the K-functionals associated with the surfaces 
with areas A; and As in fig. (20-10), ii) the A-functional associated with the surface 
A>, where the window has the size of a single plaquette, and iii) the K-functional of 
a single plaquette, whose Fourier Bessel expansion is given by (20.33). The finite- 
temperature K-functional associated with the surface Ax is obtained from (20.35) in 


the by now familiar way. One readily finds that 


KY, = IL@)”x(Ub)x(Ur) xP). (20.51) 


Fig. 20-10 The K-functional relevant for the computation of (Ln Et, 
Re Up) is given, before imposing spatial boundary conditions, by the prod- 
uct of the K-functionals associated with the three surfaces with areas Aj, 


Ag, and A3, and the K-functional for a single plaquette. 
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Hence the K-functional associated with fig. (20-10), integrated over Q and Q (— free 
boundary conditions) is given by 


K (bey | a.) ses ae, (On) 


V2 
x 2 Ip (Ê Xal (Up). 
This K-functional has to be folded with 


1 
L,L' Re Up = xı (Ur)x (UL) = 


zXı(Up) + xa (U})]. 


One then finds that 
1 (LANË s (Lale) 

L => 4 Di, + Dit 

(baby Ren) = 5 (Fas) 2 | Tay ) (Pim + PH: 
where the Wigner coefficients have been defined in (20.41). Hence 

pitty se : eg. 
PINE E E TSN Ta) Io(R) J 

This result is also valid if the plaquette touches a Wilson line. Dividing this ex- 


pression by (20.43), with Ag replaced by Âs + 1 (i.e., the area enclosed by the two 
Polyakov loops, including the area of the window), we obtain 


(LnLt,5(Up +Up)) Il) + L(A) 
iL, EE) 2h (A) 


(20.52) 


The reader will have noticed that in obtaining this expression we have probed the 
field energy with a plaquette placed in between the Wilson lines. It can be shown 
that the corresponding expectation value with a plaquette placed outside the area 
bounded by the two Polyakov loops vanishes. 

Finally, let us compute the expectation value of Re Up in (20.50). The relevant 
K-functional is given by the product of i) the K-functional (20.51) with Â= ASA. 
integrated over Up and Ur (— free boundary conditions), and ii) the K-functional 
for a single plaquette is given by (20.33). One then finds that 


(ReUp) = g AOD Fay J DU eg balWe) aU) 
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or 


1 (&) 
Io(R) 


Here we have made use of the fact that x (Ut) = y_,(U), and I_,(&) = I (Ê). 
Taking the difference of (20.52) and (20.53), we obtain the mean energy density in 


(Re Up) = (20.53) 


lattice units 


(€) = ee = ae. (20.54) 


In the continuum limit & — oo. Expanding the ratio of modified Bessel functions in 
powers of 1 one finds that each of the two terms in the above expression is singular 
in this limit. The singular parts however cancel in the difference, and after setting 
R =, one finds that the mean energy per unit length, measured in physical units, 
i.e., E = a is given by e?/2, or 


(E) = 5OR. 
Notice that the mean energy coincides with the free energy (20.45). This is particular 
to the simple model we have considered, where the free energy does not depend on 
the temperature. 

The expression (20.54) could also have been derived directly from (20.48a). 
Thus on an anisotropic lattice eh) is given by (20.43) with & replaced by Â 
(as follows from the form of the action (20.46)). Performing the differentiation in 
(20.47a) one readily verifies that one recovers the result (20.54). But our work has not 
been in vain, for it served to test some subtle points we mentioned in chapter 10. 
Thus it not only served to test the energy sum rule, but in particular the minus 
sign in (20.49a), which is typical for the euclidean formulation, as we have already 
seen in chapter 10. There is another lesson we have learned. As we have mentioned 
above both terms in (20.54) diverge in the continuum limit, but their difference is 
finite. We had encountered a similar situation in chapter 18, when we discussed the 
energy sum rule for the harmonic oscillator. Hence the computation of the electric 
field energy density from correlators of plaquette variables with two Wilson lines, 
and averaged plaquette variables, involves, close to the continuum limit, taking the 
difference of two large numbers of the same order of magnitude. This may be a 
serious stumbling block for numerical simulations. These are the main messages we 
wanted to convey. 
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20.6 Monte Carlo Study of the Deconfinement Phase 
Transition in the Pure SU(3) Gauge Theory 


Numerical simulations of the pure SU(3) gauge theory at finite temperature 
have been carried out since the early eighties.* Since then much effort has been 
invested in studying the deconfinement phase transition, which is expected to be 
associated with a breakdown of the Z(3) center symmetry, and which had been 
predicted by Polyakov (1978) and Susskind (1979). Svetitsky and Yaffe (1982) then 
conjectured that the phase transition should be first order. The order parameter 
which distinguishes the two phases is the expectation value of the Wilson line (or 
Polyakov loop). When quarks are coupled to the gauge fields the action is no longer 
Z(3) symmetric and the Wilson line no longer plays the role of an order parame- 
ter. But at least for large quark masses, such as those of the “charmed”, “bottom” 
and “top” quarks, it is still expected to show a rapid variation across the transition 
region. QCD with only heavy quarks is however not the theory one is ultimately 
interested in. In the real world we also have the light “up” and “down” quark, 
and a heavier “strange” quark. Of these, at least the “up” and “down” quarks, are 
expected to influence the phase transition in a decisive way. Thus in the limit of 
vanishing quark masses, the continuum action possesses a chiral symmetry. This 
symmetry is broken in the low temperature phase and is expected to be restored at 
sufficiently high temperatures (Pisarski and Wilczek, 1984). The order parameter 
which characterizes the two phases in the zero quark mass limit is the chiral con- 
densate (ww). It now replaces the Wilson line which tests the center symmetry in 
the pure gauge theory. 


In this section we present some early numerical results of lattice calculations 
which strongly support the above mentioned expectations that the deconfinement 
phase transition is of first order. Clearly, it is impossible to discuss the numerous 
contributions made in the literature , and to present a critical analysis of the results. 
But this is also not the purpose of this section. Our objective is to stimulate the 
readers interest in this subject. To this end we shall select a few representative results 
of early Monte Carlo simulations. Hence the figures we present, do not represent the 
best numerical data available today, and we apologize to the many physicists that 
have made important contributions in this field, and whom we do not mention here 


* Of course many calculations have also been performed in the pure SU(2) gauge 
theory, which is much easier to simulate. 
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explicitly. The reader should confer the proceedings for more recent results, and the 
original articles cited for a critical assessment of the numerical results presented here. 


After these general remarks, let us now first take a look at what Monte Carlo 
“experiments” tell us about the phase transition in the pure SU(3) gauge theory, 
i.e., in the infinite quark mass limit. In particular we are interested in establishing 
the nature of the transition (if it exists), and the critical temperature at which the 
phase transition takes place. 

In the infinite volume limit a first order deconfinement phase transition should 
show up as a discontinuity in the Wilson line and energy density. The latent heat 
associated with the transition tells us how much energy has to be pumped into the 
system to produce the new state of matter. On a finite lattice any discontinuous 
behaviour of an observable will be smoothed out, but a rapid variation across the 
transition region should still be seen. Such a variation would however not exclude 
the possibility that the transition is second order. There are several characteristic 
features of a first order phase transition: i) the coexistence of phases at the crit- 
ical temperature. In a Monte Carlo calculation this should manifest itself in the 
more or less frequent flip of the system between the “ordered” and “disordered” 
phases. The frequency with which these flipps occur will depend on the lattice vol- 
ume used, decreasing with increasing volume, since the system will tend to remain 
in either of the two metastable states for a longer simulation time; ii) On a fi- 
nite lattice the critical coupling 6/g2 at which the phase transition occurs should 
show a specific finite size scaling behaviour. In particular, for a first order phase 
transition, the location of the transition is expected to be shifted by an amount 
proportional to 1/V, where V is the spatial volume of the lattice.; iii) additional 
information about the nature of the transition can be obtained from the finite size 
scaling analysis of the peak and width in the specific heat or the susceptibility 
of the Polyakov loop, which should show a specific dependence on the volume.* 
Thus, if the transition is first order, then the height and width in the suscepti- 
bility of the order parameter is expected to increase linearly with the volume and 
shrink like 1/V, respectively.** Studying the response of thermodynamical observ- 
ables to a change in lattice volume is probably the best method to establish the 
order of the phase transition. But it is very time consuming. In most simulations 
one has therefore looked for signs of metastable states. Such states are however not 


* The susceptibility of the Polyakov loop is defined by x = V(((Re L)?)—(Re LY’). 
** The scaling behaviour of first-order phase transitions has been discussed e.g., by 


Imry (1980); Fisher and Berker (1982); Binder and Landau (1984). 
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easily detected, especially if one is working on small lattices, since the flips between 
different thermodynamical states cannot be clearly disentangled from the statistical 
fluctuations. 

What concerns the measurement of the transition temperature T}, there are 
different ways one can proceed. If the transition is first order, and the spatial lat- 
tice volume large enough, then localizing the (smoothed out) discontinuity in the 
energy density or order parameter should suffice to determine Te. Alternatively, one 
may test the Z(3) symmetry directly by looking at the distribution of the real and 
imaginary parts of Polyakov loops, measured on a large number of link configura- 
tions, as a function of the temperature. In the Z(3) symmetric phase, configurations 
related by the Z(3) symmetry should occur with equal probability. On the other 
hand, in the Z(3) broken phase the system will spend substantial simulation time 
in one of the three vacua, before tunnelling between the vacua will restore the 7(3) 
symmetry. 

After these general remarks, let us now take a look at some specific examples 


of early Monte Carlo calculations. 


<L> 


0.3 
0.2 p4 


0.1 ; 


E eee rt 
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Fig. 20-11 MC data of Celic et al. (1983) showing (a) the hysteresis 
pattern for the order parameter, and (b) the temperature dependence of 


the energy density in the phase transition region. 


First evidence for the existence of a first order phase transition in the pure 
SU(3) gauge theory came from computer simulations dating back to 1981 (Kajantie, 
Montonen and Pietarinen, 1981).* In the first few years most of the calculations were 


* For a review of early calculations see Cleymans et al. (1986). 
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performed on lattices of small spatial volume. The observation of hysteresis effects, 
of coexisting states, and of rapid changes in the energy density and Polyakov loop 
suggested that the transition is of first order. In fig. (20-11) we show data obtained 
by Celic, Engels and Satz (1983) exibiting the hysteresis pattern for the order pa- 
rameter, and the energy density as a function of the temperature measured on a 
8° x 3 lattice. These data are suggestive of a first order phase transition. The la- 
tent heat was found to be Ae = (3.75 + 0.25)T*. Using Monte Carlo data for the 
string tension available at that time, the critical temperature in physical units was 
determined to be T, = 208 + 20 MeV.* 

As another example we show in fig. (20-12) later data obtained by Kogut et al. 
(1985) for the averaged Wilson line and the energy density on a 6° x 2 lattice. Notice 
that both quantities exhibit a very steep variation in the transition region at the 
same value of the coupling (and therefore also temperature). 


W.L 
L] 
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5 3 š 
i D 0.7 
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Fig. 20-12 (a) The Wilson line and (b) the gluon energy density as a 
function of the coupling 6/g?. The figure is taken from Kogut et al. (1985). 


* For other early calculations of the latent heat see e.g., Kogut et al. (1983b); 
Svetitsky and Fucito (1983). 
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In both examples the lattices are however still too small to allow one to be sure 
that one is seeing continuum physics. Strong evidence that the SU(3) gauge theory 
does indeed exhibit a first order phase transition came from numerical calculations 
performed by Gottlieb et al. (1985) on lattices with varying temporal extent, ranging 
between N, = 8 and N, = 16. These authors performed long Monte Carlo runs at 
different couplings, and measured the real and imaginary parts of the Polyakov loop 
averaged over the spatial lattice for each configuration generated after every ten 
sweeps. The results for the largest lattice they have used (19° x 14) are shown in 
fig. (20-13a). 
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Fig. 20-13 (a) Scatter plots of the Polyakov loop (raw data) obtained 
by Gottlieb et al. (1985) for 6/g% = 6.45, 6.475 and 6.5, exhibiting the 
transition from the confined to the deconfined phase; (b) Scatter plot of the 
same data as in (a), where always five successive measurements have been 


averaged. 


The averaged Polyakov loop is denoted by P. fig. (20-13b) shows the same data, 
where always five successive measurements have been averaged. In the figures labeled 
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by (a) the system is in the deconfined phase, with the data distributed more or less 
uniformely around the origin. The figures labeled by (8) show the coexistence of the 
deconfined and confined phases, while the figures labeled by (y) correspond to the 
Z(3) broken phase, with the data clustering around a non-vanishing expectation 
value of the Polyakov loop. Notice that the transition from the Z(3) symmetric 
to the Z(3) broken phase occurs within the narrow interval 6.45 < 6/92 < 6.5.* 
For another choice of lattice the critical coupling will of course be different. To 
test whether one is extracting continuum physics, one must check whether relation 
(20.26) holds. If so, the critical temperature in units of the renormalization group 


invariant scale, Az, is given by (20.25). 


TWO-LOOP SCALING 


COUPLING: 6/g2 


Fig. 20-14 The critical temperature measured in units of the lattice 
parameter calculated on lattices with temporal extensions N, = 2,4,6 
(Kennedy et al. 1985) and N, = 8,10,12 and 14 (Gottlieb et al. 1985). 
Asymptotic scaling appears to set in for 6/9? > 6.15. 


Figure (20-14) shows the results for T/A; obtained by these authors for various 
choices of N, ranging between N, = 8 and N, = 14. The data at N, = 2,4, and 
6 (first three points) are earlier results obtained by Kennedy et al. (1985). The 
plateau observed for 6/g¢ > 6.15 strongly suggests that one is extracting continuum 


* Recall that varying the coupling corresponds to varying the lattice spacing and 
hence the temperature. 
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physics.* This need however not be so. Just like the first two points in the figure, 
when considered by themselves, could have suggested that scaling sets in already for 
6/g6 = 5.1, it could happen that the plateau observed in the range 6.15 < 6/g < 6.5 
does not correspond to scaling but is followed by a scaling violating behaviour similar 
to that observed for 5.1 < 6/g < 5.7. To obtain the temperature in physical units 
one must eliminate the lattice scale parameter. This can be done by measuring 
another physical quantity such as the string tension. Then T, = (T../VG)/a, where 
T. and ô are the critical temperature and string tension measured in lattice units. 
Using the value 400 MeV for the square root of the string tension one finds that 
Te = 250 MeV. 


Further evidence for a first order phase transition came from measurements 
of the latent heat on large spatial lattices, and from the observation of metastable 
states. A nice example is provided by a Monte Carlo simulation of Brown et al. 
(1988) performed on a 24? x 4 lattice. 


O — 24x4 


è — split 


(e+p)/T* 


Fig. 20-15 MC data of Brown et al. (1988) for the sum of the energy 
density and pressure measured in units of T+ plotted versus 6/92 for a 
24° x 4 lattice. The solid points have been obtained by dividing the events 
in a single MC run, showing flip-flop behaviour, by hand into confined and 


deconfined parts. 


One of the quantities which has been measured by these authors is the sum of the 


energy density and pressure measured in units of T4. Since the pressure should vary 


* In fact, Gottlieb et al. used the measurement of T, to determine the coupling 
at which scaling sets in. 
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continuously across the transition region, a measurement of the discontinuity in 
(e + p)/T* yields directly the latent heat in units of T4. 

Figure (20-15) shows the behaviour of (e + p)/T“ in the transition region, as 
obtained by Brown et al. on a 243 x 4 lattice. In the same Monte Carlo experiment 


the coexistence of the two phases at the critical temperature was also clearly seen. 
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Fig. 20-16 Evolution of (e + p)/T* (a) and the argument of the 
Polyakov loop (b) on a 24? x 4 lattice as a function of the simulation time. 
The solid horizontal lines are MC data showing that the system resides in 
one of the three vacua with broken Z(3) symmetry. In the remaining time 
intervals the system is in the Z(3) symmetric confining phase. The figure 


is taken from Brown et al. (1988). 


In figs. (20-16a,b) taken from Brown et al. (1988), we show the evolution of 
(«+ p)/T* and of the argument of the Polyakov loop as a function of the simulation 
time at the phase transition. The values for (e+p) /T* obtained by dividing the events 
in a single Monte Carlo run -showing flip-flop behaviour- by hand into confined 
and deconfined parts are displayed in fig. (20-15) by the dark dots. As seen from 
fig. (20-16b), the “time” evolution of the argument of the Polyakov loop also displays 
the Z(3) symmetric phase as well as the three vacua with broken 7(3) symmetry in 
which the system remains for longer simulation times. The observation of coexisting 
phases allows one to determine the discontinuity indirectly from fig. (20-15). The 
authors find that Ae/T* = 2.54 + 0.12. 

Fukugita, Okawa and Ukawa (1989) have analyzed in a very large-scale simu- 
lation the finite size dependence of the flip-flop behaviour at the phase transition, 
and of the peak and width in the susceptibility of the Polyakov loop on lattices for 
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spatial volumes ranging between 8° and 36°, and fixed temporal extension, N, = 4. 
They found, in particular, that on a 24° x 4 lattice and at a coupling 6/g = 5.6925, 
the system “appears to stay in one phase over (1 — 3) x 10* sweeps before flipping 
to the other phase”. The average duration between flip-flops was found to increase 
strongly with the lattice volume and to be consistent with that expected for a first 
order phase transition. Furthermore the volume dependence of the height and width 
of the susceptibility of the Polyakov loop also turned out to be consistent with the 
predictions for a first order phase transition, increasing linearly with the volume, 


and shrinking like 1/V, respectively. 


The detailed studies that have been carried out so far strongly support that 
the deconfinement phase transition in the pure SU(3) gauge theory is of first order.* 
This is a very nice result. But the SU(3) gauge theory is not the real world. The 
next step therefore consists in including the effect of dynamical (finite mass) quarks. 


20.7 The Chiral Phase Transition 


Let us now ask what happens to the phase transition when we couple dy- 
namical quarks to the gauge potentials. For sufficiently large quark masses it is 
reasonable to expect that the presence of quarks will not influence the results ob- 
tained in the pure gauge theory very much. A realistic simulation, however, should 
be performed with “up” and “down” quarks with a bare mass of the order of a few 
MeV, and a heavier “strange” quark with a bare mass about twenty times larger. 
The influence of the heavy “charmed”, “top”, and “bottom” quarks on the phase 
transition can very likely be ignored. This may also to be true for the “strange” 
quark. Hence as a first approximation one would like to study the case of QCD with 
two light, roughly degenerate, quarks. This case is interesting, since the chiral phase 
transition is expected to be driven by the light quarks. But also the case of four 
degenerate low mass quarks is interesting from the theoretical point of view, since 
there exist general arguments (Pisarski and Wilczek, 1984) predicting a first order 
chiral symmetry restoring phase transition for three or more flavours of massless 
quarks. 

The majority of the Monte Carlo simulations have been carried out with Kogut- 
Susskind fermions. The reason for this is the following. As we have seen in chapter 4, 


the staggered fermion action possesses a continuous axial flavour symmetry in 


* There had been some doubts regarding this raised by the APE collaboration 
(Bacilieri et al., 1989). 
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the limit of vanishing quark masses. This allows one to study spontaneous chiral 
symmetry breaking and the associated Goldstone phenomenon without having to 
tune any parameters, as would be required in the case for Wilson fermions. Thus 
in the case of staggered fermions the chiral limit just corresponds to setting the 
quark masses to zero. On the other hand, for Wilson fermions chiral symme- 
try is broken explicitely by the fermionic action, and the chiral limit is realized 
at a critical value of the hopping parameter «K, corresponding to vanishing pion 
mass (see section 3 of chapter 17). This critical value can however only be de- 
termined by generating ensembles of gauge field configurations at different values 
of k, and extrapolating the data to Ket. This turns out to be a quite non-trivial 
and time consuming problem. In addition one is faced with the problem that the 
number of degrees of freedom for Wilson fermions is much larger than for Kogut- 
Susskind fermions. Consequently, simulations with Wilson fermions have been per- 
formed on much smaller lattices than those employed for staggered fermions. For 
these reasons, staggered fermions are more convenient for studying the chiral phase 


transition. 


By 1991, numerous calculations with dynamical fermions had already been 
performed on lattices with a spatial extension up to 16 lattice sites, and temporal 
extention N, = 4,6,8. In most simulations the quarks have been taken to have the 
same mass. The general scenario that emerged was the following. As the quark mass 
is decreased from mm = oo, the first-order deconfinement phase transition weakens,* 
and even seems to disappear for intermediate quark masses. As the quark masses 
are decreased further, the transition gathers eventually again in strength and, in the 
case of three or four quark flavours, exhibits characteristics of a first order phase 
transition for sufficiently small quark masses. Clear signals of metastable states have 
been observed.** In the case of two quark flavours the transition turned out to be 
much weaker. 

Let us now look at some Monte Carlo simulations. As in the case of the pure 
SU(3) gauge theory we have selected only a few representative early examples which 
will hopefully stimulate the reader to further reading. 

In the early days, before the advent of the supercomputers and the development 
of more refined algorithms for including the effects of the fermionic determinant 


* See for example Hasenfratz, Karsch, and Stamatescu (1983); Fukugita and 


Ukawa (1986). 
** See for example: Gavai, Potvin and Sanielevici (1987), and Gottlieb et al. 


(1987b). 


Non-Perturbative QCD at Finite Temperature 541 


in numerical simulations, physicists have studied the temperature dependence of 
the chiral condensate (yw) and of the quark and gluon internal energies in the 
quenched approximation. In fig. (20-17) we show early results obtained by Kogut 
et al. (1983a) for the chiral condensate and the Wilson line. The chiral condensate 
was computed from the fermion propagator by taking the limit of vanishing bare 


fermion mass. 
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Fig. 20-17 MC data of Kogut et al. (1983a) for the chiral order 
parameter and the expectation value of the Wilson line as a function of 
6/gé in quenched QCD. The calculations were performed on a (a) 8° x 2 
and (b) 8° x 4 lattice. 


Notice that there exists only a single transition region across which both parameters 
show a very rapid variation. Since the fermionic determinant was neglected in this 
calculation, the sharp rise in the Wilson line corresponds to the deconfinement phase 
transition in a pure gluonic medium. A similar strong variation has been observed 
at the same transition temperature separately in the fermion and gluon internal 
energies (see e.g., Kogut et al., 1983b). 


Until the mid-eighties, simulations including dynamical fermions were still in 
an exploratory stage. Early results for the Wilson line and chiral condensate for four 
light flavours showed again a strong variation of both quantities at the same critical 
temperature (Polonyi et al., 1984). Since then many simulations, using different 
algorithms, quark masses, and larger lattices have been performed. In fig. (20-18) 
we show the data for the Wilson line and chiral condensate obtained by Karsch, 
Kogut, Sinclair and Wyld (1987) for four degenerate light quarks, using the hybrid 
algorithm. The results suggest a first order chiral phase transition. Notice that the 
Wilson line, although it is not an order parameter in full QCD, still rises steeply 
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across the transition region. This suggests that the mechanism for deconfinement in 
the presence of dynamical fermions is that responsible for the restauration of chiral 


symmetry. 


48 49 5.0 51 52 5.3 
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Fig. 20-18 The chiral order parameter (triangles) and the expectation 
value of the Wilson line (dots) calculated by Karsch et al. (1987) on an 
83 x 4 lattice for QCD with staggered fermions. 


Most of the simulations have been carried out with two or four flavours of 
mass-degenerate quarks. For some earlier simulations of the more realistic case of 
two equal light quarks and a heavier strange quark see e.g., Kogut and Sinclair 
(1988), Brown et al. (1990), and more recently Karsch and Laermann (1994), where 
again chiral symmetry restauration was found to take place at the same critical 
temperature where deconfinement sets in. This critical temperature was determined 
to be To & 173 MeV. 

In the following we will take a look at some Monte Carlo studies of the high 
temperature phase, emphasizing, as always, the earlier pioneering work. We shall say 
nothing about the full phase diagram of QCD in the temperature-chemical potential 
plane, which is the subject of intensive current research. Monte Carlo simulations 
with a non-vanishing chemical potential are problematic, since the fermion determi- 
nant associated with the lattice action (19.90) is complex. Recall that the logarithm 
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of this determinant contributes to the effective action. Hence a direct implementation 
of Monte Carlo techniques with a Boltzmann factor e~°* is not possible. In princi- 
ple one could write det K = | det K le", and only include | det K| into the effective 
action. Denote this action by Soe The ensemble average of an observable can then 
be trivially written in the form 


where the expectation values on the rhs are now calculated with the (phase 
quenched) action Sax: The trouble with this formula is, that in actual numerical 
simulations the fluctuation of the phase et makes this procedure impracticable. 
These fluctuations grow with the lattice volume leading to large cancellations among 
contributions to the numerator, as well as to the denominator. As a consequence an 
enormous number of configurations are required to achieve any reasonable accuracy. 
A number of proposals have however been made to circumvent this problem. For 
references to earlier attempts the reader can confer the article by Fodor and Katz 
(Fodor, 2002).* 


20.8 Some Monte Carlo Results on the High Temperature 
Phase of QCD 


The confirmation that quarks are confined in hadronic matter at low tempera- 
tures, and the (strongly suggested) existence of a phase transition at temperatures 
of the order of 10}? Kelvin, are the two most spectacular predictions of lattice QCD. 
Such a transition would probably have occured about 10~° seconds after the big 
bang. It has been speculated for some time that the high temperature phase is 
that of a quark-gluon plasma (QGP), where hadronic matter is disolved into its 
constituents. The possibility of implementing the QCD phase transition in the lab- 
oratory has become feasable within the past decade through heavy ion collisions 
carried out at ultrarelativistic energies. In these collisions the initial kinetic energy 
is deposited in a very short time interval in a small spatial region, creating matter 
with densities 10 to 100 times that of ordinary nuclear matter. Ion beams of 1%” Ag, 
with 11.4 GeV per nucleon have been produced in 1992 by the AGS accelerator at 
Brookhaven National Laboratory. At the CERN SPS accelerator beams of ions as 
heavy as °*S have been obtained with energies up to 160 GeV per nucleon. The 


* For more recent proposals see (Fodor, 2002; Allton, 2002; de Forcrand, 2002; 
Anagnostopoulos, 2002). 
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verification that a quark—gluon plasma is actually formed in such collisions is a very 
non trivial problem since it requires an unambiguous signature for its formation. 
For this a detailed understanding of the dynamics of a plasma is necessary. Lattice 
calculations can only provide us at present with bulk quantities like the mean energy 
density, entropy and pressure, but not with the expected particle yields, momentum 
spectra, etc., at freeze out. 

If the high temperature phase is indeed that of a quark-gluon plasma con- 
sisting of a weakly interacting gas of quarks and gluons, as is suggested by renor- 
malization group arguments (Collins and Perry, 1975), then one would expect that 
the energy density and pressure are approximately that of an ideal gas of quarks 
and gluons, and that the interquark potential is Debye screened. But because of 
the severe infrared divergencies encountered in perturbation theory, the behaviour 
of these observables in the deconfined phase could very well turn out to be non 
perturbative even at very high temperatures. The only way to estimate the non 
perturbative effects is to calculate the above quantities numerically. In the following 
we will take a look at some early Monte Carlo simulations of the high temper- 
ature phase of QCD. We will be very brief, and present here only a few results 
without going into details. Most of the material in this section has been taken 
from the review article by Karsch published by World Scientific (1990), where the 
reader can also find an extensive list of references to the work published on this 


subject. 
Energy Density and Pressure Above T, 


Early Monte Carlo calculations performed in the pure SU(3) gauge theory 
showed that above the critical temperature the energy density approached very 
quickly the Stefan—Boltzmann limit for a free gluon gas. An example is shown in 
fig. (20-11). This behaviour of the energy density has also been confirmed in later 
calculations performed on larger lattices. 

On the other hand, it has been found that the pressure approaches the Stefan— 
Boltzman limit only slowly. Figure (20-19) taken from the above mentioned review 
by Karsch, shows the Monte Carlo data for the energy density and pressure ob- 
tained by Attig et al. (unpublished), (dots and triangles), and Brown et al. (1988), 
(squares), on a 12? x 4 lattice and 24? x 4 lattice, respectively. The numerical 
results are compared with the perturbative prediction (dashed horizontal lines) 
of Heller and Karsch (1985) for a 12? x 4 lattice. As seen from this figure, the 
energy density agrees rather well with (lattice) perturbation theory already at 
temperatures slightly above T}, while the pressure rises only slowly above the phase 
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transition and approaches the perturbative prediction at best for temperatures 
above 3T.. As we will see below, however, the approach of the energy density 
to the Stefan-Boltzmann limit is probably much slower than it appears in the 
figure. 


Fig. 20-19 Energy density and pressure in units of the ideal gas values 
as a function of T/T.. The dots and triangles are data of Attig et al. 
(unpublished), and the squares are data of Brown et al. (1988). The lines 
are drawn to guide the eye. The figure is taken from Karsch (1990). 


Note that the pressure seems to be negative slightly above T}. In a high statistics 
simulation performed on a lattice with spatial volume 16, Deng (1989) has studied, 
in particular, the behaviour of the pressure just above the phase transition. The 
results are shown in fig. (20-20), where we also display, for comparison, the data 
obtained by this author for the energy density. 


As seen from fig. (20-20b), the pressure is not only negative slightly above T, 
but also appears to be discontinuous at the phase transition. Hence the extraction 
of the latent heat from a measurement of the discontinuity in (€ + p) , or (e — 3p), 
which assumes that the pressure is continuous at the phase transition, will lead to 
wrong conclusions. Engels et al. (1990) have subsequently discussed the origin of 
the problem. As we have seen in section 1, the energy density and pressure can 
be obtained from the expectation value of plaquette variables, if one knows the 
derivatives of the bare gauge coupling with respect to the spatial and temporal 
lattice spacings, a, and a,, evaluated at a, = a,. In most simulations, the thermo- 
dynamical quantities have been extracted by assuming that the above mentioned 
derivatives can be approximated by their leading order weak coupling expressions. 
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Fig. 20-20 MC data of Deng (1989) for (a) the energy density and (b) the pressure, measured 


in units of T4, as a function of 6/g@. The calculation was performed on a 16° x 4 lattice. 


But for the couplings at which the MC calculations are performed, these derivatives 
actually deviate substantially from the low order perturbative results (Burgers et al., 
1988). 

The above mentioned authors have therefore used an alternative, non perturba- 
tive, procedure for calculating the pressure. The basic idea is to calculate this quan- 
tity from the relation p = —f, where f is the free energy density: f = —T(In Z)/V.* 
Of course the free energy cannot be computed directly in a Monte Carlo simulation 
(which only allows one to calculate expectation values). But its derivative with re- 
spect to the coupling A = 6/g@ can be calculated since —AO ln Z/OX = (Sg), where 
Sq is the gauge action.** 


By integrating this equation one then obtains, apart from an additive constant, 
the free energy, and hence the pressure, as a function of the coupling (and therefore 
also of the temperature). The free energy was normalized by subtracting the vacuum 
contribution at zero temperature (actually, the temperature is never really zero on 
a finite periodic lattice). By proceeding in this way one circumvents the problem of 
having to compute derivatives of the bare coupling constant. Figure (20-21) shows 
the pressure as a function of 6/gé obtained by these authors (solid line) together 
with the MC data of of Deng (1989) and Brown et al. (1988). The pressure is seen 
to be positive everywhere and continuous at the phase transition. 


* This relation assumes that the system is homogenous. The authors discuss the 


validity of this assumption in their paper. 
** Recall that we are still discussing the case of a pure SU(3) gauge theory. 


In order to avoid any confusion with the inverse temperature, 8 = 1/T, we have 
denoted the coupling 6/g@ by À and not by 8 as is usually done in the literature. 
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Fig. 20-21 The pressure in units of T+ obtained by Engels et al. (1990) 
in the pure SU(3) gauge theory (solid line) together with the MC data of 
Deng (1989) and Brown et al. (1988) based on the perturbative expressions 


for the G-function. 


The above authors have also calculated the energy density, which — as seen 
from eq. (20.8) — requires the knowledge of the 3-function. For couplings 6/9? < 6.1 
this G-function (which can be obtained from a Monte Carlo renormalization group 
analysis), deviates considerably from that given by the perturbative expression 
(9.21a,b). By using the non-perturbative (@-function, and their results for the pres- 
sure, the authors find that the energy density approaches the Stefan-Boltzmann limit 
much slower that originally believed, and that the “discontinuity” at the phase tran- 
sition is much weaker than that suggested by the data displayed in fig. (20-19). This 
is shown in fig. (20-22). 

So far we have only considered the pure SU(3) gauge theory. For full QCD there 
exists no such detailed analysis. Simulations with dynamical fermion indicated that 
the behaviour of the energy density and pressure (obtained by using the leading 
order perturbative expressions for the derivatives of the bare coupling constant) 
is similar to that encountered in the pure gauge theory. Again the energy density 
was found to rise steeply in the transition region, approaching rapidly the ideal 
gas value (from above), while the pressure was found to rise only slowly above the 
critical temperature. 


As an example we show in fig. (20-23), taken from the above mentioned review 
by Karsch, the energy density and pressure as a function of the coupling 6/g? for 
QCD with two light quarks. The data shown is that of Gottlieb et al., (1987). 
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Fig. 20-22 The energy density in units of T* obtained by Engels et al. 
(1990) as a function of 6/g (solid line). The calculation is based on the 
results for the pressure shown in fig. (20.22) and on a non-perturbative 
expression for the G-function. The MC data are from Brown et al. (1988), 
and Deng (1989). 


Fig. 20-23 Energy density and pressure in units of T4 as a function of 
6/gê for QCD with two flavours. The data is from Gottlieb et al. (1987). 


In contradistinction to the pure SU(3) gauge theory, the pressure, due to the quarks 
and gluons, appears to be positive everywhere and continuous at the phase transi- 
tion. The same behaviour was also observed in a simulation carried out by Kogut 
and Sinclair (1990) with four dynamical light quarks. The partial pressure due to 
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the gluons was however found to be negative in the vicinity of the phase transition, 
just as in the pure SU(3) gauge case. 

This concludes our discussion of the energy density and pressure in the high 
temperature phase of QCD. Let us now take a brief look at the static quark-antiquark 
potential above the critical temperature. 


The qq-Potential Above T; 


In the presence of a quark gluon plasma the static qq-potential is expected 
to be Debye screened. The screening mass is determined, in a way analogous to 
that for an ordinary plasma, from the zero momentum limit of the time compo- 
nent of the vacuum polarization tensor evaluated at zero frequency. In one loop 
order the electric screening mass is given by (19.88). In two loop order one is faced 
with infrared divergencies, and an infinite number of graphs need to be summed to 
yield an infrared finite result (Toimela, 1985). Hence one can only trust the low- 
est order perturbative result. The lattice formulation of QCD provides us with 
the possibility to study the qg-potential non perturbatively. The results of the 
Monte Carlo simulations can then be compared with the low order perturbative 
calculations. 

There are several qg-potentials that can be studied, since the quark—antiquark 
pair can be in a singlet or an octet state. We denote these potentials by Vi(R, 7) 
and Vg(R,7'), and identify them with the free energy of the system: 


(Tr e FT) o =e WRT)/T 


Here the trace is taken over all states of the system with a heavy qq pair in the 
singlet (l = 1) or octet (l = 8) state, separated by a distance R. We now define the 
thermal average of the colour singlet and octet quark—antiquark potential V(R,T) 
by taking the average of the above expression over the two possible states weighted 
with their degeneracy: 

9 
The colour averaged potential can be extracted from the following correlation func- 


e- V@T)/T _ l (e-Yi(RT)/T j 8e% (RT)/T), 


tion of two Polyakov loops (McLerran and Svetitsky, 1981), 


varr _ LÒT IR) 
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is the Polyakov loop averaged over the NÌ spatial lattice sites. By normalizing the 
correlation function in this way, one eliminates divergent self-energy contributions 
to the potential. For a detailed discussion of the singlet and octet potentials we refer 
the reader to the paper by Nadkarni (1986), and to the review article by Karsch 
cited before. Here we only make some general remarks. 

Perturbation theory predicts that the singlet and octet potentials are related 


by 
Vi(R, ) 4 
= —8 +0 i 
Va(R,T) 2 
where 
2(T) 1 
kaTa. ( ) 1 —ma(T)R 


3r R 


in leading order. Hence the singlet potential is attractive, while the octet potential is 
repulsive. Their relative strength is such that the colour averaged potential behaves 
like [exp(—2mg(T)R)|/R?. 

The determination of the screening mass from Monte Carlo simulations is very 
difficult since one needs to study the behaviour of the correlation functions over 
a large range of separations of the quark and antiquark. But for large separations 
the signal tends to get drowned in the statistical noise. And this situation worsens 
with increasing temperature, since the screening mass is expected to increase with 
temperature. For this reason the region slightly above the phase transition, which 
is more accessible to numerical computations, has been studied in greatest detail. 
Knowledge of the potential in this region is in fact of great importance, since for 
temperatures just above T, a quark gluon plasma may have been formed in the 
experiments performed at CERN, involving the high energy collisions of heavy nuclei 
(Abreu et al., 1988). A strongly screened potential would inhibit the formation 
of bound states with a large radius. The suppression of such bound states could 
(possibly) be used as a signal for plasma formation. What numerical simulations 
tell us is that close to the critical temperature the colour averaged potential can 
actually be well approximated by a simple screened Coulomb form with an effective 
screening mass. It is therefore non-perturbative in this region. There exists however 
some evidence that for temperatures well above the critical temperature the colour 
averaged potential, as well as the potentials in the singlet and octet channels, aquire 
the Debye screened form predicted by perturbation theory. This is supported, in 
particular, by a high statistics calculation of Gao (1990) performed on a 24° x N, 
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lattice, with N- = 4,6, and 16. This author found good indications that perturbative 
behaviour sets in at temperatures T > 3.57%. 


20.9 Some Possible Signatures for Plasma Formation 


In the previous sections we have seen that there are strong indications from 
lattice calculations that at high temperatures QCD undergoes a phase transition 
to a new state of matter, the quark gluon plasma. Such a plasma is expected to 
be formed in very high energy collisions of heavy nuclei. It is therefore important 
to look for a unambiguous experimental signal for plasma formation. Our following 
discussion of a possible signature will be more than incomplete and is mainly in- 
tended to stimulate the reader to confer the extensive literature on this fascinating 
subject. For earlier comprehensive reviews the reader may consult the book “Quark— 
Gluon Plasma 2” published by World Scientific (1995), and the review article by 
Meyer-Ortmanns (1996). 

Of the signatures that have been considered in the literature we have chosen 
to discuss in greatest detail the “J/W suppression”, proposed by Matsui and Satz 
(1986), because of its simplicity, and because it has been the trigger for many sub- 
sequent investigations. This signature has been the subject of much dispute, since 
it is believed not to provide an unambiguous signal for plasma formation. Other 
signatures have been intensively discussed since then, and we shall only mention 
them briefly at the end. 

Many years ago Matsui and Satz (1986) made an interesting proposal for a pos- 
sible signal of plasma formation. These authors had emphasized that, because the 
qq-potential is Debye screened in a deconfining medium, the formation of gqg-bound 
states will be strongly influenced by the presence of a quark—gluon plasma if the 
screening length (which can be estimated from lattice calculations) is sufficiently 
small. This led them to predict that the formation of the J/w (a 3S1 éc-bound 
state with a mass of 3.1 GeV) should be strongly suppressed in high energy nucleus— 
nucleus collisions if a hot quark-gluon plasma is formed. Since the w*p~ decay of 
the J/w provides a very clear experimental signal for its formation, and since the 
mechanism for background muon pair production is fairly well understood, this reso- 
nance appears to be a good candidate for studying the properties of the deconfining 
medium. 

Experiments involving high energy collisions of heavy nuclei performed at 
CERN (Abreu et al. (1988); Grossiord (1989); Baglin (1989)) have shown that J/w 
formation is substantially suppressed for small transverse momenta of the J/q, and 
for large values of the total transverse energy released in the collisions. The plasma 
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hypothesis is able to account for the observed suppression pattern. But if J/y sup- 
pression is to be an unambiguous signal for plasma formation, then one must rule 
out the possibility that other more conventional mechanisms can also explain the 
observed effects. In fact, following the pioneering work of Matsui and Satz, several 
authors have pointed out that inelastic scattering of the J/w in a dense nuclear 
medium can also lead to substantial suppression (see e.g., Gavin, Gyulassy and 
Jackson, 1988; Gerschel and Hüfner, 1988). Nuclear absorption alone, however, does 
not suffice to reproduce the experimental data. But by including also initial state 
interactions, one is able to obtain results compatible with the observed J/ọ sup- 
pression pattern. (Gavin and Gyulassy, 1988; Hüfner, Kurihara and Pirner, 1988; 
Blaizot and Ollitraut, 1989). 


In the following we shall take the point of view that a plasma has been formed 
in the heavy ion experiments performed at CERN, and that the observed J/w sup- 
pression pattern is due to Debye screening in a plasma. For a review of other possible 
suppression mechanisms see Blaizot and Ollitraut (1990). 


What is so attractive about the plasma hypothesis is that it gives a simple 
qualitative explanation of the effects observed in the NA38 experiments. That a 
plasma could have been formed is not out of this world. The above mentioned 
collaboration has studied, in particular, the J/w~ production in collisions of oxygen 
and sulfur at 200 GeV/nucleon incident on a uranium target. A rough (may be too 
optimistic) estimate of the energy density deposited in the collisions (Satz, 1990) 
yields the value e = 2.8 GeV/fm?. From lattice calculations one estimates the energy 
density required for deconfinement to be 2-2.5 GeV/fm?. From these estimates one 
can at least conclude that the formation of the plasma in the above collision process 
cannot be excluded. But, given the uncertainties in the estimates, one must accept 
the possibility that a plasma has not been formed. 


In the plasma picture, J/7 suppression is not a consequence of individual colli- 
sions between nucleons in the projectile and target nuclei, but is the result of a col- 
lective property of the medium, i.e., the existence of a Debye-screened qq potential. 
The details of the suppression pattern will, however, depend on the characteristics 
of the plasma formed in the collision, such as its spatial extension, temperature, 
hydrodynamical expansion etc.. But independent of such details one can make the 
following general statement: since the screening length decreases with increasing 
temperature, the influence of the plasma on bound state formation should become 
more pronounced with increasing temperature. Hence there should exist a Debye 
temperature Tp above which the potential is so short-ranged that it can no longer 
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bind a given quark—antiquark pair. This temperature will depend on the particular 
pair considered. 


For temperatures below the transition to the quark-gluon plasma the static 
qq-potential is of the form 


vis a er (20.55) 


where ø is the temperature dependent string tension, and œ the temperature de- 
pendent coupling constant. From renormalization group arguments a is expected 
to decrease with increasing temperature. At the critical temperatur T., the string 
tension vanishes, and above T, the colour singlet potential is expected to be replaced 
by a Debye screened Coulomb potential of the form 


V(r) = Tero), (20.56) 
r 


where rp(T) is the Debye screening length, which can be estimated from lattice 
calculations. In the WKB approximation one can determine the minimum screening 
radius gean) for which the potential (20.6) can still accommodate a bound state of 
a quark and antiquark with zero angular momentum and radial excitation number 
n (Blaizot and Ollitraut, 1987): 


rp (7) = 2ma. 


(20.57) 


Here m is the mass of the quarks. The J/y resonance is a 3S; bound state of a c 
and ¢ quark with n = 1. Inserting in (20.57) some typical values for the charmed 
quark mass, me, and coupling constant a(m. ~ 1.37GeV, a ~ 0.5) determined 
from spectrum calculations (Quigg and Rosner, 1979; Eichten et al., 1980), one 
obtains that nin) ~ 0.45 fm. The actual value is however expected to be larger, 
since the effective coupling constant decreases with increasing temperature. Making 
use of the estimates for rp(T) obtained from lattice calculations, one is led to the 
expectation that the J/w cannot be formed already at temperatures slightly above 
the deconfinement phase transition. Other resonances like the w~’, which also decays 
into a wtp” pair, but have a larger binding radius than the J/w should be suppressed 
already at a lower temperature. 


Let us now follow the fate of a cé pair, which is expected to be produced within 
a very small space-time volume in the early state of the collision process before the 
plasma had the time to form. Because of the large mass of the charmed quarks, 
it is unlikely that the c@-pair is produced within the plasma. Thus the creation of 
charmed quarks at temperature T should be suppressed by the Boltzmann factor 
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exp(—m,T).* In the absence of a quark-gluon plasma the c and ¢ quarks would 
begin to separate and combine to form a J/w once their separation has reached 
the binding radius of the J/q (which is about 0.2 — 0.5fm). The time required for 
this binding process to take place in the rest frame of the quark pairs is called the 
formation time 79. It can be estimated from the radius of the J/w and the average 
radial momentum of the charmed quarks in the J/w bound state. In addition to 
the formation time there are two other important time scales which are relevant for 
discussing the fate of the cc-system: the time required for a plasma to be formed 
in the collision process, and the time required for the plasma temperature to drop 
below Tp, where Debye-screening is no longer effective in inhibiting J/~ formation. 
This cooling process is associated with an expansion of the plasma whereby the 
central hot region shrinks with time. Hence to study the fate of a éc-pair we must 
follow their motion through the dense nuclear medium taking into account the hy- 
drodynamical expansion of the system.** This is a complicated problem and one 
must resort to simple model calculations.*** But the general qualitative features of 
J/w suppression can be deduced without performing any explicit calculation. The 
general scenario is the following. 


Let us assume that the cc-pair is produced before a plasma has been formed. 
If the c and č quarks find themselves in a deconfining medium by the time they 
could form a J/w, then the J/y will not be formed. Hence the c and ¢ quarks 
will eventually leave the hot plasma region and combine with other non-charmed 
quarks (of which there are many around) to form charmed particles (— open charm). 
The number of éc-pairs which are still trapped within the plasma by the time their 
separation is of the order of the bound state radius of the J/q will depend on various 
factors. First of all, if the Gc-system carries sufficiently large transverse momentum 
pr, then it will be able to escape the hot plasma region before having reached the 
bound state radius of the J/w. Hence normal J/w formation will be possible. These 
J/w’s decay subsequently into a utu~ pair, which can be easily detected in the 
experiment. Hence for sufficiently large pr, J/w formation should not be suppressed 
at all. But just how large pr must be for this to be the case depends on the plasma 
life time and on the region occupied by the hot plasma in the course of its expansion. 


* See e.g., the review of Satz in “Quark—Gluon Plasma”, edited by R.C. Hwa 
(World Scientific, 1990). 
** Unless they have already escaped the critical region by the time the plasma 


has been formed. In this case the plasma will not affect J/wW formation. 
*** See the review by Karsch in the reference given in the previous footnote. 
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Thus if the plasma lifetime is sufficiently short, then even J/w’s with low transverse 
momentum should not be suppressed. But the plasma lifetime is a function of the 
initial temperature. And the initial temperature depends on the energy deposited 
in the collision. The higher the energy density €, the higher the initial temperature, 
and hence the plasma life time. If the initial temperature of the plasma is high 
enough, it will take a longer time to cool below the critical temperature Tp where 
Debye screening no longer is effective. Now a measure for the energy deposited in a 
collision is the total transverse energy Er released in the event. This energy tells us 
how violent the collision was. Hence for a given initial spatial extension of the hot 
plasma, we expect that the screening mechanism will become more effective as Er 


is increased. 


© E <33 GeV 
o E; >82 GeV 


dN / dM 


Fig. 20-24 Dilepton spectrum in oxygen-uranium collisions for two 
transverse energy cuts observed by the NA38 collaboration at CERN (Abreu 
et al., 1988). The figure is taken from the review by Satz (1990). 


Let us now look at the experimental situation. Formation of the J/w should 
show up as a peak in the invariant mass M of the tp pairs at the mass of the 
J/w. In fig. (20-24) we show the dilepton spectrum in oxygen-uranium collisions 
obtained by the NA38 collaboration at CERN (Abreu et al., 1988) for two trans- 
verse energy cuts. This figure is taken from the review by Satz cited earlier. To 
exhibit the suppression of the J/ at larger transverse energies, the fitted wtp 
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continuum” in the Er < 33GeV and Er > 81 GeV data (arising from other pro- 
cesses than the decay of the J/w, w’ etc.) have been matched. 


Figure (20-25) shows the dependence of the ratio of the number of J/w events to 
the number of continuum events N,,/N, as a function of the transverse energy. The 
figure is taken from the review of Kluberg (1988). The ratio is seen to decrease by 
about a factor of 2 between the lowest and highest transverse energy bins considered. 


20 40 60 80 100 120 
E, GeV 


Fig. 20-25 Ratio of the number of J/w events to the number of con- 
tinuum events, in oxygen—uranium collisions, as a function of the transverse 


energy. The figure is taken from the review by Kluberg (1988). 


As we have pointed out earlier, the formation of a plasma should also lead to 
stronger J/ suppression for smaller transverse momenta of the J/w’s. This effect 
has been clearly seen by the NA38 collaboration. 

In fig. (20-26) we show the pr dependence of the ratio of J/j events in the 
highest transverse energy bin, to the number of events in the lowest Er bin. The 
figure is taken from Abreu et al., (1988), and shows the expected decrease in the J/w 


* There are several sources for background pty production which need to be 
considered in detail in order to determine the actual strength of the observed effect. 
In particular one requires detailed information about the dependence of the produc- 
tion rate on the transverse energy and momentum of the background utu pairs 
before one can acertain that the observed effect is not due to an enhancement of 
ut” production in the continuum. For a discussion of this problem see the reviews 
of Satz and of Blaizot and Ollitrault (1990). 
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Fig. 20-26 Ratio of J/w events in the highest transverse energy bin to 
the number of events in the lowest Er bin as a function of the transverse 


momentum. The data is from Abreu et al. (1988). 


suppression for increasing transverse momenta of the J/. Model calculations based 
on the plasma hypothesis show that one can get reasonable quantitative agreement 


with the experimental data. 
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Fig. 20-27 Ratio R(pr) of the number of events in the highest trans- 
verse energy bin to the number of events in the lowest transverse energy 
bin as a function of the transverse momentum of the J/w. The solid lines 
are the results obtained by Hüfner, Kurihara and Pirner (1988). The pr de- 
pendence is due to initial state interactions. The data is from Abreu et al. 


(1988). 


But, as we have already mentioned, a large amount of J/w suppression can also 
be obtained assuming that the J/w disintegrates due to inelastic scattering processes 
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in a dense nuclear medium. By including also the effects arising from initial state 
interactions, one can obtain a pr-dependence of the J/w suppression compatible with 
the experimental data (Gavin and Gyulassy, 1988; Hiifner, Kurihara and Pirner, 
1988; Blaizot and Ollitraut, 1989). As an example we show in fig. (20-27) the results 
obtained by Hiifner, Kurihara and Pirner (1988) for the ratio of the number of 
high Er to low Er events as a function of the transverse momentum in oxygen- 
uranium and sulfur—uranium collisions. The data are from Abreu et al. (1988). In 
their analysis gluon multiple scattering was the dominant mechanism for the pr 
distribution of the J/w in nuclear collisions. As seen from the figure, the agreement 
with the experimental data is quite good. Hence one does not know which of the 
scenarios for J/w suppression (if any) is correct. Probably, J/~ suppression is a 
result of the interplay of several different mechanisms. 

We close this chapter with a very brief discussion of two other proposals made 
in the literature for a possible signature of the formation of a quark—gluon plasma. 
For details the reader should consult the book mentioned at the beginning of this 
section, and the review article by Meyer-Ortmanns (1996). The main objective is, as 
always, to look for features of particle spectra which are sensitive to their production 


in a deconfined medium. 
Dilepton Production 


It has been argued already many years ago that dilepton production could 
provide a clean signal for the formation of a QGP.* Since leptons only interact 
electromagnetically or weakly they can escape from the dense nuclear matter with- 
out further rescattering, and therefore carry the information about their production 
at all stages of the collision process, from the initial hadronic phase, through the evo- 
lution of the plasma until freeze-out. There are several mechanisms for dilepton pro- 
duction which are operative in different kinematical regions. At high invariant masses 
(larger than 2-2.5 GeV) we have Drell-Yan production due to parton-antiparton an- 
nihilation, and lepton pairs originating from the decay of different hadrons. These 
processes are well understood. Low mass dileptons (with an invariant mass less 
than 1 GeV) are mainly produced from the decay of neutral mesons. If they origi- 
nate at the late stage of the collision process, where the system has cooled down, 
then they carry no information about the hot and dense matter in a plasma. On 
the other hand suppression lepton pairs in the low mass region could be interpreted 
as being due to the melting of the p and @ within the plasma. Candidates for a 


* For a review see Ruuskanen (1992). 
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signal of plasma formation are the thermal leptons with an invariant mass in the 
intermediate mass region. They originate from parton collisions in a hot and dense 
medium and their spectrum is sensitive to the temperature of the plasma at the 
time of their formation, as well as to the nature of the phase transition, close to 
T, (Cleymans et al. (1987)). A typical observable is the differential multiplicity per 
invariant mass-squared, transverse momentum and rapidity interval. The prediction 
of the dilepton spectrum is carried out within the hydrodynamical framework, and 
involves several assumptions and approximations (see e.g., the review by Meyer- 
Ortmanns (1996)). 


Strangeness Production 


It was predicted already some time ago that the production of strange hadrons 
should be enhanced in heavy ion collisions [Rafelsky (1981)]. Such an enhancement 
was observed for example for the ratio Kt/m* [Abbott et al. (1990)]. The mecha- 
nism for strangeness production is quite different in a quark-gluon plasma (where 
strange quark pairs are produced from a very dense medium of quarks and gluons) 
and in a gas of hadrons (where hadrons with opposite strangeness are produced in 
inelastic hadron—hadron collisions). Although the observed enhancement of strange 
particles is consistent with the idea that a QGP has been formed, there are nu- 
merous assumptions that go into predicting this enhancement, and the involved 
sources of possible systematic errors may be difficult to control [see e.g., the re- 
view by Meyer-Ortmanns (1996)]. The problem is that because strange particles 
interact strongly, the accumulation of strangeness proceeds throughout all stages of 
the collision process, from the very beginning to the very end. In fact the observed 
K*+t/r*t enhancement can also be be explained in a more conventional way. That 
strangeness could play a crucial role in the search for a signature of QGP formation 
had been advocated by many physicists. It has also been proposed that the forma- 
tion of a quark—gluon plasma in heavy ion collisions could lead to the production of 
exotic droplets of stable or metastable strange quark matter, consisting of approx- 
imately equal numbers of strange, “up”, and “down” quarks [Greiner et al. (1987)]. 
For a review we refer the reader to the book “Quark—Gluon Plasma 2” mentioned 
earlier. 

But what does experiment tell us? The Relativistic Heavy Ion Collider (RHIC) 
at Brookhaven National Laboratory began its operation in 2000. Two ion beams are 
brought to collision with a center of mass energy of 200 GeV per Nucleon. Whatever 
the precise implications of the results may turn out to be, it appears that one 
statement can be made rather safely: the data strongly suggest that the phenomena 
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observed in the nuclear collisions reflect collective behaviour. The energy density 
deposited in the early stage of the collision has been estimated to be 20 GeV/fm’, 
which exceeds the theoretical estimate given earlier by far. May be we are in for 
many more surprises once sufficient precise data is available from RHIC. 

Much can be said about the very important problem of finding an unambigous 
signal for the formation of quark-gluon plasma. We have only taken here a glimpse 
at a few of the proposals made in the literature so far. Several other signals, like 
direct photons, jet production, hadron mass modifications in hot dense media have 
also been discussed. But a definite signature for plasma formation is still waiting to 
be found. Clearly, the experimental verification of the existence of a quark—gluon 
plasma would be the most spectacular prediction of lattice QCD. 
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APPENDIX A 


The energy sum rule (10.40) has been checked in lattice perturbation theory by 
Feuerbacher (2003a,b) up to O(g§). In this appendix we give a few technical details 
which are useful for carrying out the very extensive computations. In the following 
all quantities are understood to be measured in lattice units, i.e., we suppress the 
“hat” on the dimensioned quantities. 

The first step in verifying the energy sum rule consists in making use of the 
exact action sum rule (10.24a) to cast the energy sum rule in a form which minimizes 
the computational effort. 

With the definition (10.39b) the energy sum rule (10.30) takes the form 

PRD) = fim = fn- (=P; + Pajaro + EESO AIP, + Pojo, (AD) 


Tio T 290 


where (OQ) g-0 has been defined in (10.24b), and where, in accordance with (10.25a), 
we have made the replacement 


' _ 1 
(P's)qq—0 = jim 7p Polao (A.2) 


Next we make the decomposition (=P, + Ps) = —(P,; + Ps) + 2(P;). Then (A.1) 
takes the following form for SU(N), 


A ty rf _ 1f g % B1(go) 
V(R,T) = lim T — =) n_(S)qq_-0 + ayt-(Ss)aa-0 + Tag O0 (A.3) 


where S is the action (10.22) on an isotropic lattice, and S, is the contribution to 
the action arising from the spacial plaquettes only. This form of the energy sum 
rule is particularily convenient, since one can make use of the exact action sum rule 
(10.24a)* to express limr_,.((S)gqz-0/T') in terms of the potential and derivatives 
thereof. Thus the action sum rule can be rewritten in the form 


ov 
lim 19) ,e-9 = -9i —. A.4 
m )aq—0 50 O92 (A.4) 
The energy sum rule (for SU(N)) then becomes equivalent to the following 
statement 
4 9 t 2 
; 9 OV  Brlgo) 2V _ |, 1 go 
=n- = lim =n-=(Ss)qq-0- A. 
CON GG Oa, a oT W 638)aa-0 (A.5) 


* Recall that the action sum rule follows directly from the definition of the 
potential via the Wilson loop. 
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Since the leading contribution to the potential is of O(g@), and since the same is 
true for (S¢)qqz-0 (7 = T, s), as we shall see below, we only need to know 7_ up to 
O(g3). Now up to O(g§) n- is given by (Karsch 1982), 


Nn = Ty +cN (A.6) 


where c has been determined by this author as a function of the anisotropy (which 
here is set equal to 1). 

The potential has been calculated in lattice perturbation theory up to O(g§) by 
Kovacs (1982), and by Heller and Karsch (1985), and is given by (9.8). To compute 
the connected correlator 


(S's) qg-0 = — (Ss) (A.7) 


up to this order, we must expand the action and the Wilson loop in powers of the 
coupling. Consider first the expansion of the Wilson loop, normalized for SU(N) 


conveniently as follows, 


WIU] = <r] Up, (A.8) 
LEC 


where C is a rectangular loop, and U; denotes the matrix valued link variable as- 
sociated with the link labeled by @. Written in terms of the gauge potentials we 
have 


U; = 694e, (A.9) 
The expansion of W[U] has the form 
W = 1 - gw? — gw — gqw + Olg’). (A.10) 


Note that because of the trace in (A.8) there is no O(go) term.* Since (A.10) starts 
with the unit element, the leading term in W which contributes to (A.7) is of O(g@). 
We therefore only need to expand S, up to this order: 


So = SO + goSY + GSP + O(95). (A.11) 


* Expanding the product of the link variables in (A.8) in powers of the coupling, 
the leading term is just given by the sum of gauge potentials associated with the 
links along the Wilson loop. For SU(N) (N > 2) these are elements of a Lie algebra 
with vanishing trace. 
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The perturbative computation of the (gauge invariant) rhs of (A.5) is done most 
conveniently in the Feynman gauge. Since we are computing expectation values of 
operators which are at least of O(g?), the “Boltzmann” factor in the path integral 
expressions can replaced by e~%«, where 


Ser = S + SO + gS,, + O(g8). (A.12) 


meas 


Here se and SẸ are the contributions arising from the Faddeev—Popov deter- 
minant (associated with the gauge fixing), and from the integration measure (see 
chapter 15). Up to O(g?) the Boltzmann factor e°:* can be expanded as follows 


1 
eset my e80 (: + 90S + 96 Foes + 5?) 4 6 + $2.) 


Then up to O(g§) (Ss)qq_-o is given by (Feuerbacher, 2003) 


(3s) qq-0 = — 90 (Sw con + 99 (SSP ww )con 
1 


= oboe F mA SQ) con 


alos 0 SO) wo) con + Goss SO) cos (A.13a) 


me as 


SQW) con + JSO SDO con 


where, generically 
(Ow) con = (Ow) — (O) (wu) (A.13b) 


and S% is the free action. The subsript “con” stands for “connected.” Note that all 
expectation values are now calculated with the Boltzmann factor exp(—S). Note 
also that gopS and g2S® are the contributions to the action of the 3 and 4-gluon 
vertex (see chap. 15). For a perturbative calculation one must express the above 
expectation values in terms of expectation values of products of gauge potentials 
living on the links of the lattice. Consider e.g., the Wilson loop whose expansion 
determines the w™’s in (A.10), 


a in I] nA — in eBe (A.14) 
rec 


where Be is again an element of the Lie-algebra of SU(N), and where the product 
of the exponentials is ordered along the contour C in the counterclockwise sense. 
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The index £ = 1,2,3---- labels the successive links along the contour. Making 
repeated use of the Campbell-Baker—Hausdorff formula, the exponent Be will be 
given by the sum of J jec Bı and higher order commutators in the Bys, where 
Be = tgoAe. Hence every term in this expansion will be an element of the Lie- 
algebra and therefore traceless. For this reason we only need to know Be up to 
order g in order to calculate the contribution to the Wilson loop up to order gj. 
We had already made use of this when expanding the plaquette contributions to 
the action in section (15.3). In particular we had made use of (15.31) to calculate 
the argument of the exponential associated with an elementary plaquette. In fact, 
this formula remains valid for an arbitrary product of link variables. Thus one can 
easily convince oneself that if (15.31) holds for the product e?!e? ---e?» = eM» it 
also holds for e“e?"+1, An alternative form for (15.31) has be used by Feuerbacher 
(2003). To keep in the spirit of this author we will make use of it below. Up to O(g?) 
the exponent Be in (A.14), expressed in terms of the gauge potentials, is given by 


. 1 1 
Be = igo So Ai z 590 D [Ai,, Ai] = rea ` [An, Ail, Aiz] 
l 


, lı <lo À lı <l2<l3 (A 15) 
0 0 : 
= SO An, An, As] - T% XO [[An, An], Ar] + OC). 
(U1 ,l2)<ls lı <l2 


Expanding the exponential (A.14) one finds that the coefficients wy in (A.10) are 
given as follows for SU(N) (Heller, 1985), 


2 
’ 


1 
2): B 
-alg 


where B = 1,..., N, and 
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4 : l 
a oR »(Sa) ax (Lava) 


lı<l2 
-Tr (sa [a Aah) 
lı <lə<l3 
a 02 XO Mn, [Ae Al] (A.16) 
(11 ,l2)<l3 
SoA i [Ans Asla) 
-z7 z(y a 


i 2 
— ay (x) S [An, Av] 


l lı<l2 


In perturbation theory the expectation values in (A.13a) involve propagators con- 
necting sites located on the Wilson loop and on the boundary of spacial plaquettes, 
modified by 3- and 4-gluon interactions arising from Ser. In fig. (A-1) we show 
relevant diagrams contributing to (A.13a). The figure is taken from Feuerbacher 
(2003). 

The evaluation of the terms in (A.13a) is evidently quite non trivial, and 
requires substancial gymnastics. When computing the expectation values in (A.13a) 
one is confronted with various types of partial sums involving gauge potentials liv- 
ing on the square contour of the Wilson loop. In the following we give two simple 
examples demonstrating the technicalities involved. 


Example 1 


Consider e.g., the sum over potentials along the square contour of a Wilson 
loop. Let No denote the base point of the Wilson loop with spacial and temporal 
extent R and T (measured in lattice units). The sum of interest has the form 


R-1 
XO Ac = YX (Ap(No + nft) — Au(No + TH + nji) 
LEC n=0 
T-1 
+ (AL(No + Rfii+ nv) — A,(No +nv)). (A.17) 
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Fig. A-1 Connected diagrams contributing to (Ss}qg-0, with 


(Ss)qq-0 given by (A.13a), in next to leading order (Feuerbacher, 
2003b). 


Fourier decomposing the potentials as follows* 


dtp ~ . Ê 
A(N) a Alpe” N+), A.18 
A pz (27)4 (p) l ) 
and making use of the identity 
R-1 : Pu 
eilmput *) = CRF = (Re ) (A.19) 
Að sın (2) 


one readily finds that the above sum can be written in the form 


S Ac= —28 / d’pAg(p)e” *R24TD sin(Tp,/2) sin(Rp,/2) 
lew (A.20) 


* Recall that the potentials are evaluated at the midpoints of the links (see 
chapter 14). 
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where u # v. Note that the argument of the exponential involves the lattice site 
located at the center of the loop. 


Example 2 


As another example consider the restricted sum $, <, Ae, Ae], where 41 and 
lə label the potentials along the Wilson loop in an ordered way. A convenient way 
for evaluating this sum is the following: a) choose, in turn, lı to correspond to points 
on the four sides of the loop; b) for every such choice sum over all £2 associated with 
the remaining sides (thus satisfying 0: > 41); c) finally consider the contributions 
where ¢; and f> correspond, in turn, to points lying on the same line element of the 
Wilson loop C. One then readily sees that 


`> [An , An] 77 > (A.21) 


hy <lo k=1 
where 
R-1 T-1 
T, = XO ANo + nå), A,(No + RÊ +n'v) — ANa + nro) 
n=0 21 
R-1 R-1 
— XN Alno + nâ), X Ay(No + TP + n'A) 
n=0 n'=0 
R-2 R-1 
+|X A(N + nf), XO Ay(No+n'fi) 
n=0 n’=n+1 
T-1 R-1 
T, = XOAN + RA + nd), — XOAN + Te n'i) 
n=0 n'=0 
T-1 T-1 
+ |S A (No + RÂ + nô), — X` A(N +n’) (A.22) 
n=0 n'=0 
T—2 T-1 
+ |S A (No + RÂ + nd), A,(No + Râ +n'v)} , 
n=0 n'’=n+1 
R-1 T-I 
Ts = |- X ANo +T? + np),— >> ANo + nò) 
n=0 n'=0 
R-1 n-1 
+|- ANo +T + nâ), -Y A,(No+ TO +n'p)| , 
n=1 n'=0 
T-1 n—-1 
Ty = |— X A (M +n), -X A(N + 7'0)]. 
n=l n’=0 
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The corresponding Fourier integral expressions for Tk can now be obtained making 
use of (A.17). Thus for example one readily finds that 


z Dn, (No + nâ), ANo + RA + n'O] = | (dP) APAC), Av) 


; R\ T 
p’) (No4 Ray f TE) eiPu S e ip T sin(p 7) sin(p, 3) 


sin() sin(%) 


Clearly, restricted multiple sums of double commutators of the gauge potentials, 
lead to expressions which are far more complicated. Major simplifications however 
result when one considers the limit T — oo, which is of interest when checking the 
energy sum rule. Furthermore, a large number of lattice integrals can be calculated 
almost analytically. In evaluating the integrals extensive use is made of the cubic 
lattice symmetry, and of partial integration. This is demonstrated by the following 
examples taken from Feuerbacher (2003). All relations hold in d dimensions. 


Consider the following integral which vanishes by construction. 


if d'p ð sin(p,) 
=0 
pz ( 


27) p, P? 


: er 
Py = 2sin (50) 


d 
= oP, 
p=1 


By performing the differentiation in the integrand one is readily led to 


where 


and 


dip pi, 4 —2d 1 
herer Teta aa 
where 
d’p 1 
Ao = i (Q7)4 pe 4 (A.23b) 
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This integral can be reduced to a one-dimensional integral as follows: We first write 
(A.22b) in the form 


= a dt tx oP oxp(—Arsin’ (5))) (A.23c) 


where 


ia. f dar e~t? (A.23d) 


~ OF 


TT 


is the Bessel function. This integral can be easily evaluated numerically. 
Another trivial integral is given e.g., by 


d x4 d ep Ape?) 
rad f Se te tay) f ere, 
pz (2m)¢ (p*) 


where u # v. Making use of (A.21a) one therefore has that 


= ^o; HÉV. (A.24) 


| dp pp  2d—4 
pz (27)? (°)?  d(d — 1) 


There are many further lattice integrals that can be evaluated with similar tech- 
niques. For the readers convenience we present some further useful integrals taken 
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from Feuerbacher (2003a): 


dp Br, 1 
Ls a sigs 


+ ane at Re tne 


z (27) (P) d(d-1) 


d’p Pube 2d — 6 8 
= Ao — A 
Cay GBP T EAA TEETH A 
(A.25a) 
where A, is given by 
d4p 1 
Ai = a—4) f — A.25b 
an | ie ea 


In the limit d — 4 we have that A; > Tone: There are many other type of lattice 
integrals which need to be evaluated in order to check the energy sum rule (A.1). 
The complete set of calculations, which go beyond checking the energy sum rule, 
can be found in (Feuerbacher, 2003). 


APPENDIX B 


Up to O(e?) the vertices in momentum space associated with the axial vector 
and pseudoscalar currents (14.41) and (14.42), and with the operator A defined in 
(14.43), are easily obtained by Fourier transforming the field as follows, 


(2) = I (d) D)e”, 


pe 


Er 


oe) = f (ap 


Aa) = f (ak) Aue, 
BZ 
where, generically, 
_ dq 


If O(x) stands for any of the operators js,(2), js(x) or A(x), defined in (14.41), 
(14.42), and (14.43), then we define the Fourier transform O by 


O(a) =f (da) e**6(a), (B.1a) 
BZ 
where 
O(a) = | (dp'Vldp) Vap) (B.15) 
Here the dots stand for possible photon momenta k; (see below), and 
Viasp',p,---) = (20)*6 (p — p—q—---)V((a;n',p,--), (B.1e) 


with the vertices V(q;p’,p,---) defined as follows 


p 
q dps +p 
a > © cos (C > ) a) Yd » (B.2a) 
p 
Pp ! 
' ee + 
tg > -eae T sin ((! 9 p ) a) VY» (B.2b) 
pl " 
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PF ky 
q _; Iua 1 
ae = —a’e’ s Âe 2 cos (=) a) Yus, (B.2c) 
Kd s 
pl 


es E |M, (p, a) + M, (p', a) 5; (B.2d) 


k 
> erd sin € + =) a+ sin G — 5 a bas, (B.2e) 
p p 


A : k+k 
me > are bw cos € 5 i ) a + cos G ees ) abas. (B.2f) 
u u 


pN k, v 


Taking the left derivative of j5,,(x) amounts to contracting the vertices (B.2a-c) 
with —2i sin(q„a/2) exp(iq,a/2). Hence the exponentials appearing in the vertices 


(B.2a-c) are eliminated by this contraction. 


APPENDIX C 


Consider a general group element of SU(3) in the fundamental representation: 
U(d) =e, 
8 
p= Jorra 
A=1 


We want to compute U~'dU, where 6U = U(¢+6¢) —U(@). To this end we introduce 
the following matrices (Boulware, 1970) 


(C.1) 


W(A) = U(X), 
W (A) = U(A(G + 66)) — U (àQ), 


where À is a real parameter, and where for simplicity, we have suppressed the 
dependence of W on @. Next, we derive a differential equation for 


5y(A) = iW- HASWA), (C.2) 


and obtain its solution, subject to the condition that dy(0) = 0. Then U~'6U is 
given by idx(1). We now give the details. 
From (C.2) we obtain 


2 5x(A) = -i SW (A) —iW-2(A) SW (A). (C.3) 


AO Oy, 


o 


IW (A) = 15W (A) + i(W (A) + W(A)) 59, 


into (C.3), one finds that 


ZEX) = OXA), 6] + 50 + ix). 


Since 6x(A) is itself of order 6¢, we have that up to O(d¢), 


x(a) = i[5x(A), 6] + 66. (C.4) 
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Furthermore, up to this order, dy is an element of the Lie algebra of SU(3).* Hence 
we may write dx(A) in the form 


5x(A) = $07 45x4 (A). 
A 


An analogous decomposition holds of course for 6¢: 
õp = X T4504. 
A 


Making use of the commutation relations (15.2a), one finds that (C.4) implies the 
following differential equation for the components dy: 


ZAO) =- E Sanc AA + 564 (C5) 
B,C 


But according to (15.8) 
S faced? =t > tae, 
C B 


where t° are the generators of SU (3) in the adjoint representation. Hence we may 
write (C.5) in the form 


O S 
Hox) = —1@6x(A) + 6¢, (C.6) 
where 0x and 6b are vectors with components x4 and 6¢4 (A = 1,...,8), respec- 


tively, and where 
>= Do 
A 


is an element of the Lie algebra of SU(3) in the adjoint representation. The corre- 
sponding generators t^ are normalized according to (15.9). The solution to (C.6), 
subject to the requirement that dy4(0) = 0, is now immediately obtained: 


—1AD 1 = 
SZA) = (>) 56. 


*This can be easily seen by applying the Campbell—Baker—Hausdorff formula to 
iy (A) = [ei> eitie) — 1], 
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Setting À = 1, we therefore find that 


U'6U =i X_ T4Ma2(0)50", (C.7a) 
B 
where the matrix M(@) is given by 
1— et? 
M(¢) = Ob (C.7b) 


This is the result we have been looking for. A similar expression to (C.7a) can be 
derived for ÀUU! by solving the differential equation for 


dx(A) = —iðW (A)W (A), 
with W (A) as defined above. One readily finds that 
bU(¢)U-"(¢) = i X` TAM an(—¢) 69". (C.8) 
A,B 


This expression will be useful in the following, where we study how U(@) transforms 


under infinitesimal gauge transformations. 


APPENDIX D 


In this appendix we give a proof of formula (15.19). 
Let U(@¢) be the group element defined in (C.1). Consider the following 
infinitesimal transformation 


eU (pje ™™ = U(b + 64), (D.1) 


where dw and ôw’ are infinitesimal elements of the Lie algebra of SU(3) in the 
fundamental representation. They can be decomposed as follows 


bw = b3 Tou. 
A 

bu! = S To: 
A 


We want to calculate 6¢ up to terms linear in dw and dw’. This can be easily 
accomplished by making use of the results obtained in appendix C. Consider first 


the product 
U(gje = U(b + ind); (D.2) 


where the superscript R on bf is to remind us that we are interested in the change 


of ¢ arising from the group multiplication of U (¢) with e~" from the right. Clearly 


the leading contribution to dnd is of order dw’. To calculate this change we write 
the right-hand side of (D.2) in the form 


U(b + dod) = U(G){1 + UG) dU (9)}, 


where U~'6U is given by (C.7) with 6¢ replaced by bf But to this order we may 
replace exp(—idw’) in (D.2) by 1 — idw’. Hence we conclude that 


=~ 2 Me JEn”, (D.3a) 


or 
= — X > M43(¢)6w"”. (D.3b) 
Next we calculate 
JU pe" = e U(g'), 


where ¢' = 6+ Sino. Let us denote the change in ¢’ arising from the left multipli- 
cation of U(¢') with exp(idw) by Sly; then 


UCH) =U + O68). (D.4) 
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The right-hand side can be written in the form 
UCH + d(H) = {1 + U(S)U“"(¢)}U(4), 


where U (') = U(d¢' + dG) (o) — U(¢'). On the other hand the left-hand side of 
(D.4) can be approximated by (1 +7dw)U(¢’). Now 6U(¢’)U~1(¢’) is given by (C.8) 
with ¢ replaced by (@’). Hence we are led to the following relation between dw“ and 
Sb” in leading order 


bw4 = X` Map(-4) 6.9”. 
B 
Inversion of this equation gives 


Sip = X Map(—-4)dw”. (D.5) 


The total change in ¢ induced by the infinitesimal transformation (D.1) is therefore 
given by the sum of (D.3b) and (D.5): 


564 = X [Miko w? — Mjp(d)dw"?] . (D.6) 


B 


Consider now an infinitesimal gauge transformation of the link variables 
U,,(n) a eet (nje AOA, 


Let wpa (n) denote the change in the group-parameters, defined in (15.1a,b), in- 
duced by this transformation. By making the appropriate substitutions in (D.6), 
one obtains 


Supa ln) = X [Map (—4,(n)) 8w? (n) — Mag (by(n)) ðw” (n+ A). (D-7) 


B 


This expression may also be written in the form (15.19). To this effect we set 
w? (n + ft) = dw? (n) + OR Sw? (n), 
where or is the right lattice derivative. Then (D.7) becomes 
bw) a(n) = X {[M~*(—eu(n)) — M“*(b,(n))]apdw? (n) 
B 


— Mya (o,(n)) O26? (n)}. (D.8) 
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Making use of the explicit form for M(@) given in (C.7b), one can show after some 
simple algebra, that 


M~"(—6,(n)) — M~"(@,(n)) = —i®,(n), (D.9a) 
where 
,(n) = So df (nye. (D.9b) 
Substituting (D.9) into expression (D.8) we finally obtain 
buy bj (n) = — >, (id (n) + M*($,.(n))O2) 4,50" (n), (D.10) 


which is the result we wanted to prove. 


APPENDIX E 


In this appendix we derive a formula which allows us to carry out sums over 
fermionic Matsubara frequencies in the continuum formulation, where these frequen- 
cies are not restricted to a finite interval (Pietig, 1994). 

Consider the function 
—i 
h(w) = eT 
where w is a complex variable. It has simple poles with unit residue located at 
w =w; +iu, where w = w; are the fermionic Matsubara frequencies (19.57). Let 
f(w) be a function of the complex variable w which is non-singular for Im w € 


[u — €, u + €], with e€ infinitessimal. Then 

5 DO Hor tin) = z | wro) (E-1) 

aR W T == . 
a f H 2rib C Ne Wh, 

where, for u > 0, C is the closed contour depicted in fig. E-1. 


Im w 


Re w 


Fig. E-1 Contour of integration C in eq. (E.1). 


By making use of the relation 
1 1 


— (E.2) 
e” +1 e+] 


on the upper branch of the contour we can write (E.1) in the form 


E ar t= tae He) 
= w; +i) = — w flw 
p fans ‘ 2T —ootiptie 
1 oo+ip+te 
sk do —f) 
2T —oo+iu+ie id ame ale 1 
1 oo+ip—te 
E TIRE.. 
aT seotu eiB(w—tp) + 1 
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Consider the case where f(w) is of the form f(w) = p(w)/q(w), where p(w) and q(w) 
are polynomials in w. Then we can close the integration contours in the last two 
integrals in the lower and upper planes, respectively, and obtain 

1 oe) : l 1 cotiptie Ry (wi) 

3 x flor + ip) = oP: ae dw f(w) +4 De Gin) 1] 


l=—0o Imaj;<p+e 


-i X = (E.3) 
Im ©; >pu+e 
where R,(W;) stand for the residues at the poles of f(w) whose location we have 
denoted by ®;. 
Next consider the integral in (E.3). If f(w) vanishes faster than |w|~! for 


|w| — oo, then the residue theorem tells us that 
1 ootip+ie 1 oo 7 
= dw fl) =< f dw fw)-i D Ra) 
—o0+iu-+ie —o0 0<Im o;<p-te 
Making use of the identity (E.2) we have 


>> -Ry(@i) 


0<Im &;<pte 


= 1 1 
= `> Rs (@i) (sma +1 e~ib(Či—in) 4 z) 


0<Imū;<u+e 


so that 


1 & E œ dw l R(@;) 
pe fw; += f g Ww) +t ePi) + 1 


a. ae Im @;<0 
$ E.4 
=y ` R(G) l ) 
— ec -B@i-itw) 4 1" 
Ima@;>0 


where we have now set € = 0, since by assumption f(w) is non-singular in the strip 
Imw € [u— e, u+ e]. 


APPENDIX F 


In this Appendix we derive expressions which are useful for performing sums 
over fermionic and bosonic Matsubara frequencies on the lattice. We first consider 
the fermionic case (Pietig, 1994). 


(i) Fermionic Frequency Sums 


As we have seen in section (19.11) the following type of sums are of interest: 


> 
A 


gle HH): {P}, 


CHU" are the fermionic Matsubara frequencies, with B the 


where ©; 
inverse temperature measured in units of the lattice spacing. The dependence of 
glet Cr +). £;}) on the momentum variables {p;} will be suppressed from now on. 


Consider the following function of the complex variable w: 


7 
ie) SS E O F.1 
h(w) eiB(@-ifi) 4 1 (F.1) 


It has simple poles located at © = © + fi, with unit residue. Hence if g(e”) has 
no singularities for Imw =€ [fi — «€, À + €], then 


-(1-})r (1-4)m Re w 


Fig. F-1 Contour of integration C. 
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Introducing the variable z = e“, the poles of h(@) are located on a circle with radius 
eÊ in the complex z-plane. The upper and lower branches of the contour in fig. (F- 
1) are mapped onto two circles of radius |z| = exp(— Â + €) and |z| = exp(—fi — €), 
respectively, traversed in a counterclockwise sense. Hence (F.2) takes the form 

2—1 


t > g(t +) = -=f dz g) 
B 2 3 277% |z|=e-Ate Z [e428 + 1] (F.3) 
aa) 
1 dz glz) 


-+ Teas A. a a, Ao a 
271 |z|=e-P-e Z [e428 + 1] 


If |z|-8g(z) — 0 for |z| + 00, then we can distort the contour in the first integral 
to infinity, taking proper account of the singularities. For the case where g(z) is 
a meromorphic function of z, the combined contributions of the two integrals in 
(F.3) yields 


g(r +) =r (Res, 22) 1 (F4) 


1 

EA mae ’ 

T. i zZ J eêĝâzf +1 
2 


where Res;, 2 are the residues of g(z)/z at the poles, whose position we have 


denoted by Z;. 
(ii) Bosonic Frequency Sums 


Bosonic frequency sums on the lattice of the type required in section 11 of 


chapter 19, i.e., 


with © = 27 / Ê can also be readily performed. By considering instead of h(w) in 
(F.1) the function 
a5 iĝ 
Jw) = a 
O=- 
which has simple poles with unit residue located at the bosonic Matsubara frequen- 
cies 7, and following the same line of arguments as in the fermionic case, one 
readily derives the following summation formula: 
ĝi ge) 
ie a Res,, (£) 
b 2 z 1. 


¿= ê i 


(F.5) 


APPENDIX G 


THE ELECTRIC SCREENING MASS FOR NAIVE FERMIONS 
IN LATTICE QED TO ONE-LOOP ORDER 


The electric screening mass squared has been defined in section 6 of chapter 19 
as the infrared limit of the 44-component of the vacuum polarization tensor evaluated 
for vanishing photon frequency (cf. eq. (19.71)). In this appendix we compute this 
screening mass for naive fermions (i.e., for vanishing Wilson parameter), following 
closely the work of R. Pietig (1994). 

In the following the vacuum polarization tensor is defined as the negative of 
the one-particle irreducible diagrams with two external photon lines. The Feynman 
diagrams contribution in O(g?) are shown in fig. (19-6). Using the finite temperature 
lattice Feynman rules discussed in chapter 19, one finds, after carrying out the traces 
in Dirac space that 


> 


fi") tf) = 4024 >» Ln sin’ (z + iĝ) 


sin’ (©; + ijt) + Ê? 


B A 
1 T [ dp ire + ifi)[G? — sin(@y tor + if) sin(@, + ih) 


-4e J, OT (sin? (7 + iñ) + Ê?J[sin? (ót + OF + if) + Ê?] 
t=- 7 : : 
(G.1a) 
where 
E? = X sin Pit Th’, 
P= Y sintha (G.1b) 


GS ` sin p; sin(p + k); + m? 


and where 7 and ô; are the Matsubara frequencies for bosons and fermions de- 
fined in (19.92b) and (19.93b). All quantities are measured in lattice units. The first 
integral is the contribution of diagram (b) in fig. (19-6), which has no analog in the 
continuum. As always, the fermionic Matsubara frequencies appear in the combina- 
tion w; +ij. The frequency sum can be performed by making use of the summation 
formula (F.4). 
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Expression (G.la) can be written in the form (recall that we always take Ê to 


be even) 
1E p ap 
Bnat T P py ioy 
Mer k =de DT ap E) (G.2a) 
ae 
where 
20-2 _ 1)2 2—2 iM iM 2 
iC oe (ze ) 7 (ze He’ 2 +e ) 


(2He-fz)? =A e Bes)? (2Êe-ôz)? — (z2e— 2h — 1)? 


(QzePG)? + (22e? — 1) (eê? e222 = e~ ii) 


(2Fe-hz)? — (22er e- 28 = eW ian )2 


(G.2b) 


is a meromorphic function of z. We have suppressed for simplicity the dependence 
of f(z) on the momentum variables. Let us rewrite this expression as follows, 


etÊ(z2e72ħ — 1)? 
I- (2 — zi) 


422Ĝ2e7?Â 4 (226-28 = 1) (z2e~ eit = emin) 
x 


BA-2io$ 72), ope jon y 9 
plea Cai +i +e"? ) 


faa 


The aea) mead, 
where 
zı = —23 = eh? 
zg = — 24 = Êt? 
zi = 25 = eô- Pen 
eee (G.3b) 
db = ar sinh Ê, 
o = ar sinh F. 


Now for |z| + œœ, f(z) approaches a constant. Hence we can make direct use of the 
summation formula (F.4) to calculate the frequency sum (G.2a). Thus 


By 

1 x R(z;) R(z;) 

T = ry | 1 G.4 
py i 2 ae +1 zÊ seul as 


where 
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are the residues of f(z)/z at z = z;. A similar statement holds for R(z/). Notice 
that only the poles at z = z;, z = z; contribute, since the residue of the aparent pole 
at z = 0 vanishes. The computation of the residues is straightforward, although 


tedious. One finds that 
R(21) = R(z3) T —R(z2)* z —R(z4)* —5 tanh ĝ ap H(é, h, G), (G 5a) 
ROJ = R(z4) = —R(a)* = —R(24)* = A*(d, 6, G), 


where* 
Ar E cosh?(¢ = BC? af sinh ĝsinh(ĝ 2) Ga 
sinh(2¢) sinh(¢@ — w — ir) sinh(¢ + Y — i+) 
Hence (G.4) is given by 
Ê 
Pi a 1 1 
bere = — h = A = x z 
am, igo) == tenho — +1 Alte) 4 -| 
f=—5 
+2|H(6,0,€)——>— + Wi, 6, — 
aia e(ii-¢) +1 ae e(a—-¥) +1 
A A NA 1 es 1 
AiO t+ POIs, 
(G.6) 


where we have made used of the fact that e°7 = 1, since B is even. Now from the 
definitions of ó and 2) given in (G.3b), and the definition (G.1b) we see that for any 
function K(ĝ, a, G); 

K(¢,0,@) —> K(d, 4, G). 


> 
=- 7 


po—p-k 

Hence if K(¢,W, Â) is a periodic function of p with period 27, then 
| Pored f to KOGO (G7) 
Making use of this relation, with K given by the rhs of (G.6), we can write (G.1la) 


in the form 


be T age x Sea A 
18) (ot k) = —4e? f oa [tanh å — 4Re H(6, ù, Ĝ)] 


—T 


1 1 
x — near rear 
ac +1 elte) + -| 


*We have supressed in H the dependence on the photon frequency. 
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This expression can be decomposed as follows by making use of the identity 
(e +1)! +(e +1) = 1, 


Tye” (Gir, k) = Tyg? Gir, k) + Malt, &) pr. (G.8) 
where 
2 = T dp 5 EA 
fee eae f Saltau} — 4Re (6.0.4) 
a lT 
1 1 
$ (a i za) (G-9a) 
and 
ac s d? i ri. 7 A 
iene -4e | i [tanh ¢ — 4Re H(¢, v), G)]. (G.9b) 


As we shall see below (G.9a) is the finite e (— f.T.) contribution arising 


vac) 


from the presence of the heat bath, while ie (®t, Å) is the lattice expression which 
one obtains by using the zero temperature, zero chemical potential lattice Feynman 
rules, with the fourth component of the photon momentum evaluated at 7. Indeed, 
for A = 0 and B — oo, the expression corresponding to (G.1a) is obtained by setting 
ft = 0, replacing w, by the continuous variable p4, and the frequency sum by an 
integral according to 6-' >>, > J" dp4/2m. Upon introducing z = e’?* as a new 
integration variables, we therefore have that 


ie) = < S oe fact f(z 


where f(z) is given by (G.3a) with A = 0, and where the contour integration is 


carried out over a circle in the complex z-plane with unit radius. Since for fj = 0, 
the singularities of f(z) inside the circle are located at +e? and +e7%-iêr , one is 
then led to the result (G.9b). As we now show, (G.9) does not contribute to the 
screening mass. 


Consider (G.9b) for vanishing frequency. One readily verifies that 


(vac) S d’ fi TOT A 
POR = ae fF fran — 40(4,8,G)), (C100) 


where 


Mo A G? coth b + sinh 26 
h = S ee G.106 
(YG) 2sinh(¢ — Y) sinh(¢ + Y) aM 


To compute the corresponding contribution to the screening mass we must take 
the limit k — 0. In this limit ý > ¢, so that h(d,a,G) becomes singular. This 


Appendix G 587 


singularity is however integrable. To see this we make use of (G.7) to rewrite (G.10) 


in the form 
(vac) T dp PL aA A 
POA = -e [EF tanh 6 — 2f, Â, Gii 
Grr 
where 
f(d, a, G) ae Alg, b, Â) an h(a), d, G) 


Making use of the relations for hyperbolic functions, f (6, 0, G) can be written as 


follows 
Bist mien! SA 1 G2 sd 
eG) = — |— = ~ + cosh(¢ + ; 
PG) 2sinh( +4) | sinh dsinhw ere) 
New torres 0, G2 — sinh? J, and y > ¢. Hence 
Ted. IAS ook 1 a 
f(¢,~,G) — 5 tanh Q. (G.12) 


k0 
Inserting this expression into (G.11) we therefore find that 


lim TY} (0, k) = 0. (G.13) 


Hence there is no contribution to the screening mass arising from bye (Gt, $Å). 

Consider now the second term on the rhs of (G.8), i.e., (G.9a). Let us replace 
the second term in the integrand by an expression symmetrized in @ and w. One 
then verifies that (G.9a) can be written in the form 


X $ T Lô i Beate. tee Ws z% _ 
AOO, = 4e? | EE {tanh — 26, Å, eol) + Geo] 


+A, Å, @)Atiro } (G.14) 
where 
Aĝrp = [fiep($) — rolh) + ie (¢) — rolh), 
and (Ô= ¢, ) 


ñro(ô) = OEN (G.15) 
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are the lattice Fermi-Dirac distribution functions for particles and antiparticles. 
While h(d, WỌ, G) is singular in the limit k — 0, the product h(d, w, G)A‘jrp is finite, 
as can be seen by setting w = bte and taking the limit € > 0. The remaining terms 
n (G.14) are finite in this limit, as follows from (G.12). One then finds that 


ita Gee =4 = 2a = (G.16) 
— 4e j at . $ 
ro 44(0,k) = a Af E =Â) +1)2  [eb(@+A) + 1]2 


It is now evident that this expression possesses a finite continuum limit, since for 
B > oO, Bh = Gy fixed, only momenta p; contribute for which Bd is finite. This im- 
plies that Ê = sin hd is of O(1/). Nevertheless, the above expression is not the lat- 
tice analog of (19.78). First of all there is an extra factor two multiplying the integral. 
This factor arises from excitation in frequency space near the corner of the Brillouin 
zone. Such a factor was of course expected since we have carried out our compu- 
tations with naive fermions. Of course we also expect to see the effects of the 2° 
douplers arising from excitations in 3-momenta at the edges of the Brillouin zone. 
This can be easily seen. To this effect we notice the momentum dependence of b 
appears in the form sin? p;, which also vanishes at the edges of the Brillouin zone. 
Hence the integral (G.16) is just 23 times the integral extending over only half the 
Brillouin zone. This integral is now dominated for B — oo by momenta f; of the 
order of 1/ B (for which Go takes finite values). We are therefore now allowed to 
replace db = arsinh Ê by Jp tm. Introducing the dimensionful variables p;, m, u 
and 6 by p; = pja, Ñ = ma, fi = pa and B = 2/a, we therefore find that the 
physical screening mass, Me = Me1/a, is given by 


ate wee a) 
malp, H, m) = lim “aa (E pa, ma) 
oo vy eby Pe +m?—p) 
= 32e 
ae eb V +m? —p) + 1]? 


aa, z 
f : .17 
[eP V P+m?+u) 4 1]2 l ) 


Peforming the angular integrations, and an additional partial integration in |p| we 


finally obtain 


1 1 


V/p?-+m?—p) mi eß( VP? +m+n) +1 


G18) 


m= 165 [dp 2p +m 
5 T? Jo E +m? 


which is just sixteen times the result we obtained in continuum perturbation theory. 
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We want to call the readers attention to the fact that the first term in (G.1a), 
arising from the diagram (b) in fig. (19-6), which has no continuum analog, played an 
essential role in obtaining (except for the factor 16, of course) the correct continuum 


limit. 
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Hybrid Monte Carlo algorithm, 304-307, 313-316, 
344 


Importance sampling, 284 
Infrared problem, 403, 459, 501, 502 
Instanton, 345-358 


J/w suppression, 551-558 
Kogut—Susskind (staggered) fermions, 57-73 


Langevin algorithm, 293-295 

Latent heat, 506, 509, 537, 545 

Lattice Ay-Parameter, 272—274 

Lattice degree of divergence, 206-208 
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